
▲❛✉r❡❛ ❚r✐❡♥♥❛❧❡ ✐♥ ❋✐s✐❝❛

❊✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛

❡ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇

❘❡❧❛t♦r❡✿

Pr♦❢✳ ▲✉❝❛ ●✉✐❞♦ ▼♦❧✐♥❛r✐

❊❧❛❜♦r❛t♦ ✜♥❛❧❡ ❞✐✿

●✐♦✈❛♥♥✐ ❚r✐❝❡❧❧❛

✼✼✺✽✽✼

P❆❈❙✿ ✵✸✳✼✵✳✰❦

❆♥♥♦ ❆❝❝❛❞❡♠✐❝♦ ✷✵✶✷✲✷✵✶✸



■♥❞✐❝❡

■♥tr♦❞✉③✐♦♥❡ ✼

❈❛♣✐t♦❧♦ ✶✳ ▲✬❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r ✾

✶✳✶✳ ▲❛ ❞✐♥❛♠✐❝❛ ❞✐ ✉♥ s✐st❡♠❛ ✾

✶✳✷✳ ❖♣❡r❛t♦r✐ ✉♥✐t❛r✐ ✶✵

✶✳✸✳ ▲❡ tr❛s❧❛③✐♦♥✐ t❡♠♣♦r❛❧✐ ✶✸

❈❛♣✐t♦❧♦ ✷✳ ■❧ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦ ✶✼

✷✳✶✳ ❈❛r❛tt❡r✐③③❛③✐♦♥❡ ❞✐ ✉♥ s✐st❡♠❛ ❛❞✐❛❜❛t✐❝♦ ✶✼

✷✳✷✳ ▲✬❡✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛ ✷✵

✷✳✸✳ ❚r❛s❢♦r♠❛③✐♦♥✐ ❞✐ ❣❛✉❣❡ ✷✸

✷✳✹✳ ▲❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❛❞ ❛ss✐ r♦t❛♥t✐ ✷✹

❈❛♣✐t♦❧♦ ✸✳ ■❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ✸✸

✸✳✶✳ ❊✈♦❧✉③✐♦♥❡ r✐s♣❡tt♦ ❛❧ ❢❛tt♦r❡ ❞✐ ♦r❞✐♥❡ ❞✐ ❣r❛♥❞❡③③❛ ✸✹

✸✳✷✳ ■❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ✸✻

✸✳✸✳ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ❡ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦ ✹✵

✸✳✹✳ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ❡ ❧❡❣❣✐ ❞✐ ❡✈♦❧✉③✐♦♥❡ ✹✶

✸✳✺✳ ❆❝❝❡♥♥✐ ❛❧❧❛ t❡♦r✐❛ ❞❡✐ ❝❛♠♣✐ ✹✸

❈❛♣✐t♦❧♦ ✹✳ ❙♣❛③✐ ✜♥✐t♦✲❞✐♠❡♥s✐♦♥❛❧✐ ✹✾

✹✳✶✳ ❍❛♠✐❧t♦♥✐❛♥❡ 2× 2✱ ❡s❡♠♣✐♦ ♣❡❞❛❣♦❣✐❝♦ ✹✾

✹✳✷✳ ▲✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ♣❡r ❧❡ ♠❛tr✐❝✐ 2× 2 ✺✻

✹✳✸✳ ❈♦♥s✐❞❡r❛③✐♦♥✐ s✉❧❧❡ ❍❛♠✐❧t♦♥✐❛♥❡ 3× 3 ✻✵

✹✳✹✳ ■♠♣♦s✐③✐♦♥✐ s✉❧❧❛ s♦❧✉③✐♦♥❡ ✻✸

❈♦♥❝❧✉s✐♦♥✐ ✻✺

❇✐❜❧✐♦❣r❛✜❛ ✻✼

✺



■♥tr♦❞✉③✐♦♥❡

◆❡❧ ❝♦♥t❡st♦ ❞❡❧❧❛ ♠❡❝❝❛♥✐❝❛ q✉❛♥t✐st✐❝❛✱ ♣❛rt✐❝♦❧❛r❡ ✐♥t❡r❡ss❡ ♣r❡s❡♥t❛♥♦ ✐ s✐✲

st❡♠✐ ❞✐♥❛♠✐❝✐ ✐♥ ❝✉✐ ❧✬❍❛♠✐❧t♦♥✐❛♥❛ H(t) ❞✐♣❡♥❞❡ ❡s♣❧✐❝✐t❛♠❡♥t❡ ❞❛❧ t❡♠♣♦✳ ❉❛

♦❣♥✉♥❛ ❞✐ ❡ss❡✱ ♠❡❞✐❛♥t❡ ✐❧ r✐s❝❛❧❛♠❡♥t♦ ❞❡✐ t❡♠♣✐✱ s✐ ♣✉ò ❞❡✜♥✐r❡ ✉♥❛ ❢❛♠✐❣❧✐❛ ❞✐

❍❛♠✐❧t♦♥✐❛♥❡✱ tr❛ ❧❡ q✉❛❧✐ H(ǫt) ✈❛r✐❛ t❛♥t♦ ♣✐ù ❧❡♥t❛♠❡♥t❡ q✉❛♥t♦ ♣✐ù ❧❛ ✈❡❧♦❝✐tà ❞✐

tr❛s❢♦r♠❛③✐♦♥❡ ǫ è ♣✐❝❝♦❧❛ ❬✺❪✳

■♥ q✉❡st♦ ❧❛✈♦r♦ s♦♥♦ st❛t❡ ❝♦♥s✐❞❡r❛t❡ ❍❛♠✐❧t♦♥✐❛♥❡ ❧❡♥t❛♠❡♥t❡ ✈❛r✐❛❜✐❧✐✱ ✐♥ ❝✉✐ ❧❛

✈❡❧♦❝✐tà ❞✐ tr❛s❢♦r♠❛③✐♦♥❡ è ♣♦rt❛t❛✱ ❛❧ ❧✐♠✐t❡✱ ❛❞ ❡ss❡r❡ ♥✉❧❧❛✳

■❧ ❢♦r♠❛❧✐s♠♦ ♣✐ù ❝♦♥✈❡♥✐❡♥t❡ ♣❡r ❧❛ ❞❡s❝r✐③✐♦♥❡ ❞❡❧❧❡ tr❛s❢♦r♠❛③✐♦♥✐ ❧❡♥t❡ è q✉❡❧❧♦

❞❡❧❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛✳ ◗✉❡st❛ ❝♦♥s✐st❡ ♥❡❧ ❝❛r❛tt❡r✐③③❛r❡ ♣❡r ♦❣♥✐ t❡♠♣♦

❧❛ ❞❡❝♦♠♣♦s✐③✐♦♥❡ s♣❡ttr❛❧❡ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ❡ ♥❡❧ ❞❡t❡r♠✐♥❛r❡ ✉♥ ♦♣❡r❛t♦r❡ ✉♥✐t❛✲

r✐♦ ❝♦♥t✐♥✉♦ ❝❤❡ ❝♦♥♥❡tt❛ ❣❧✐ ❛✉t♦s♣❛③✐ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ tr❛ ❞✉❡ t❡♠♣✐ ❞✐✈❡rs✐✳

◗✉❡st✐ s♦♥♦ ✐ t❡r♠✐♥✐ ❣❡♥❡r❛❧✐ ✐♠♣✐❡❣❛t✐ ❞❛ ❑❛t♦ ♣❡r ❧❛ s✉❛ ❞✐♠♦str❛③✐♦♥❡ ❞❡❧ ❚❡♦✲

r❡♠❛ ❆❞✐❛❜❛t✐❝♦ t❡♠♣♦r❛❧❡ ✭✶✾✺✵✮ ❬✶❪✱ ❝❤❡ ❣❡♥❡r❛❧✐③③❛ st✉❞✐ ♣r❡❝❡❞❡♥t✐✱ ✐♥ ❝✉✐ ❤❛

✐♥tr♦❞♦tt♦ ❧❛ ❝♦str✉③✐♦♥❡ ❞❡❧❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛ ❡ ❤❛ ❞✐♠♦str❛t♦ ❝♦✲

♠❡ ❡ss♦ s✐❛ ✉❣✉❛❧❡✱ ♥❡❧ ❧✐♠✐t❡ ❞✐ ✈❡❧♦❝✐tà ❞✐ tr❛s❢♦r♠❛③✐♦♥❡ ♥✉❧❧❛✱ ❛❧❧✬♦♣❡r❛t♦r❡ ❝❤❡

r✐s♦❧✈❡ ❧✬❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r✳ ▲❛ tr❛tt❛③✐♦♥❡ ❞✐ ❑❛t♦ è ♣❛rt✐❝♦❧❛r♠❡♥t❡ ❝♦♠♦❞❛

♥❡❧❧♦ st✉❞✐♦ ❞✐ ♣❡rt✉r❜❛③✐♦♥✐ ❝❤❡ ✈❡♥❣♦♥♦ ❛❝❝❡s❡ ❡ s♣❡♥t❡✱ ♦ ♣♦ss♦♥♦ ❝♦♠✉♥q✉❡ ❡s✲

s❡r❡ ♣❛r❛♠❡tr✐③③❛t❡ ♥❡❧ t❡♠♣♦✱ ❞✐✈❡♥❡♥❞♦ ✉♥♦ str✉♠❡♥t♦ ✉t✐❧❡ ♣❡r ❢❛r❡ ❛ss❡r③✐♦♥✐ ❞✐

st❛❜✐❧✐tà ✐♥ ✉♥ s✐st❡♠❛ ❝♦♠♣❧❡ss♦✿ ❡ss♦ ❡s♣r✐♠❡ ❡♥tr♦ ❝❤❡ ♠❛r❣✐♥❡ ❞✐ ❡rr♦r❡ s✐ ♣♦ss❛

❛✛❡r♠❛r❡ ❝❤❡ ✉♥ ❛✉t♦st❛t♦ ❡✈♦❧✈❛ ❞✐♥❛♠✐❝❛♠❡♥t❡ ✐♥ ✉♥ ❛✉t♦st❛t♦✱ ✐♥ ❢✉♥③✐♦♥❡ ❞❡✐

t❡♠♣✐ ❝❛r❛tt❡r✐st✐❝✐ ❞✐ ✈❛r✐❛③✐♦♥❡ ❞✐ ✉♥❛ ♣❡rt✉r❜❛③✐♦♥❡✳

■♥ q✉❡st♦ ❝♦♥t❡st♦ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ♣✉❜❜❧✐❝❛r♦♥♦ ♥❡❧ ✶✾✺✶ ✉♥ ❛rt✐❝♦❧♦ ❬✷❪ ✐♥ ❝✉✐

❝♦♠♣❛r✐✈❛ ✐♥ ❛♣♣❡♥❞✐❝❡ ✉♥❛ ❢♦r♠✉❧❛ ❝❤❡ ❞❡s❝r✐✈❡ ❝♦♠❡ ✉♥ ❛✉t♦st❛t♦ ❞✐ ✉♥✬❍❛♠✐❧t♦✲

♥✐❛♥❛ ♣❡rt✉r❜❛t❛ ♣♦ss❛ ❡ss❡r❡ r✐❝❛✈❛t♦ ❞❛ q✉❡❧❧♦ ✐♠♣❡rt✉r❜❛t♦ s❡❝♦♥❞♦ ❝♦♥s✐❞❡r❛③✐♦♥✐

❛♥❛❧♦❣❤❡ ❛ q✉❡❧❧❡ ❞❡❧ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦✿ ♠❡❞✐❛♥t❡ ✉♥✬♦♣♣♦rt✉♥❛ ❢✉♥③✐♦♥❡ ❞✐ ❛❝✲

❝❡♥s✐♦♥❡ ❝❤❡ ♠♦❞✉❧❛ ❧❛ ♣❡rt✉r❜❛③✐♦♥❡✱ s✐ ❝♦str✉✐s❝❡ ✉♥ s✐st❡♠❛ ❧❛ ❝✉✐ ❍❛♠✐❧t♦♥✐❛♥❛

s✐ tr❛s❢♦r♠❛ ❞❛❧❧✬❡ss❡r❡ ✉❣✉❛❧❡ ❛ q✉❡❧❧❛ ✐♠♣❡rt✉r❜❛t❛ ✜♥♦ ❛ ❞✐✈❡♥t❛r❡ ✉❣✉❛❧❡ ❛ q✉❡❧❧❛

♣❡rt✉r❜❛t❛✳ ▲❛ ❢✉♥③✐♦♥❡ ❞✐ ❛❝❝❡♥s✐♦♥❡ ♦♣❡r❛ ✐♥ ✉♥ t❡♠♣♦ ✐♥✜♥✐t♦ ❡ ❛❞ ✉♥❛ ✈❡❧♦❝✐tà

❛r❜✐tr❛r✐❛✱ ❛❧ ❧✐♠✐t❡ ♥✉❧❧❛✳

▲❛ ❢♦r♠❛ ❛ ❝✉✐ s✐ ❛rr✐✈❛✱ ♥♦t❛ ❝♦♠❡ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇✱ è ✉♥❛ s❝r✐tt✉r❛

✼



■◆❚❘❖❉❯❩■❖◆❊ ✽

♣❛rt✐❝♦❧❛r♠❡♥t❡ ❝♦♠♣❛tt❛ ❡ ✈❛❧✐❞❛ s❡♥③❛ ❞♦✈❡r r✐❝❤✐❡❞❡r❡ ❢♦rt✐ ❧✐♠✐t❛③✐♦♥✐ s✉❧ s✐st❡♠❛

✜s✐❝♦ ♣r❡s♦ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡✱ ❡ ♣❡r♠❡tt❡ ❞✐ ❢♦r♥✐r❡ r✐s✉❧t❛t✐ ❣❡♥❡r❛❧✐ s✉ ❢❡♥♦♠❡♥✐ ❞✐

✐♥t❡r❛③✐♦♥❡✱ ❡s♣r✐♠✐❜✐❧✐ ♠❡❞✐❛♥t❡ ❣❧✐ ❛✉t♦st❛t✐ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♥♦♥ ♣❡rt✉r❜❛t❛✳

■♥ q✉❡st♦ ❧❛✈♦r♦ s✐ ❞✐s❝✉t❡ ✐♥ t❡r♠✐♥✐ ❣❡♥❡r❛❧✐ ❝♦♠❡ s✐ ♣♦ss❛ ❞❡t❡r♠✐♥❛r❡ ❧❛ ❞✐✲

♥❛♠✐❝❛ ❞✐ ✉♥ s✐st❡♠❛✱ ❡ s✐ ❝❛r❛tt❡r✐③③❛♥♦ ✐❧ ❢♦r♠❛❧✐s♠♦ ❡ ❣❧✐ str✉♠❡♥t✐ ❝❤❡ ❛ q✉❡st♦

✜♥❡ s♦♥♦ st❛t✐ ✐♠♣✐❡❣❛t✐ tr❛❞✐③✐♦♥❛❧♠❡♥t❡ ✐♥ ♠❡❝❝❛♥✐❝❛ q✉❛♥t✐st✐❝❛✳ ▼❡❞✐❛♥t❡ q✉❡st✐

str✉♠❡♥t✐ s✐ ❞❡✜♥✐s❝♦♥♦ r✐❣♦r♦s❛♠❡♥t❡ ✐ s✐st❡♠✐ ❝♦♥ ❡✈♦❧✉③✐♦♥✐ ❧❡♥t❡✱ ❡ s✐ ♣r❡s❡♥t❛ ✐♥

✉♥❛ ❢♦r♠❛ ❣❡♥❡r❛❧❡ ✐❧ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦✱ ❞✐ ❝✉✐ s✐ ❢♦r♥✐s❝❡ ❞✐♠♦str❛③✐♦♥❡✳

❱✐❡♥❡ ❡s♣♦st♦ ✐❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇✱ ♠♦str❛♥❞♦ ❧❡ ❝❛r❛tt❡r✐st✐❝❤❡ ❞❡❧✲

❧✬❛❝❝❡♥s✐♦♥❡ ❝❤❡ ✈✐❡♥❡ ✐♥tr♦❞♦tt❛✱ ❢♦r♥❡♥❞♦ ✉♥❛ ❞✐♠♦str❛③✐♦♥❡ ♦r✐❣✐♥❛❧❡ ❞❡❧ t❡♦r❡♠❛

♦tt❡♥✉t❛ ♠❡❞✐❛♥t❡ ♣r✐♥❝✐♣✐ ✈❛r✐❛③✐♦♥❛❧✐ ❡❞ ❡s♣♦♥❡♥❞♦ ✐❧ r✐s✉❧t❛t♦ ❛ ❝✉✐ ❡ss♦ ❝♦♥❞✉❝❡✳

❱❡♥❣♦♥♦ ♠❡ss✐ ✐♥ ❧✉❝❡ ✐ ❢♦rt✐ r❛♣♣♦rt✐ tr❛ ✐❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ❡ ✐❧ ❚❡♦✲

r❡♠❛ ❆❞✐❛❜❛t✐❝♦✱ ♠♦str❛♥❞♦ ❛♥❝❤❡ ❧❡ r❡❧❛③✐♦♥✐ ❝❤❡ ✐♥t❡r❝♦rr♦♥♦ tr❛ ❣❧✐ ♦♣❡r❛t♦r✐ ❝❤❡

❝♦♠♣❛✐♦♥♦ ✐♥ q✉❡st❡ tr❛tt❛③✐♦♥✐✳ ❉❡❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ s✐ s♦♥♦ ✐♥♦❧tr❡

❝♦♠♠❡♥t❛t❡ ❧❡ ♣♦ss✐❜✐❧✐ ❣❡♥❡r❛❧✐③③❛③✐♦♥✐ s❡❝♦♥❞♦ ❞✐✛❡r❡♥t✐ r❛♣♣r❡s❡♥t❛③✐♦♥✐ ❞✐ ❡✈♦❧✉✲

③✐♦♥❡✱ ❡ ♥❡❧ ♣❛rt✐❝♦❧❛r❡ ❞❡❧❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡ s✐ ♠♦str❛ ❝♦♠❡✱ ♣r♦♣r✐♦

❛ttr❛✈❡rs♦ q✉❡st♦ t❡♦r❡♠❛✱ s✐ ❝♦str✉✐s❝❛ ❧❛ ❜❛s❡ ❢♦r♠❛❧❡ ❝❤❡ ♣❡r♠❡tt❡ ❞✐ ❣✐✉st✐✜❝❛r❡

❣❧✐ str✉♠❡♥t✐ ❞❡✐ ❞✐❛❣r❛♠♠✐ ❞✐ ❋❡②♥♠❛♥ ❬✽❪✳

■♥✜♥❡ s✐ ❡✛❡tt✉❛ ✉♥❛ tr❛tt❛③✐♦♥❡ ❡s❛✉st✐✈❛ ♥❡❧ ❝❛s♦ ❞✐ s✐st❡♠✐ ❛ ❞✉❡ st❛t✐✱ ❞❡s❝r✐tt✐ ❞❛

♠❛tr✐❝✐ 2×2✱ ♣❡r ✐ q✉❛❧✐ s✐ ♦tt❡♥❣♦♥♦ ✐♥ ♠❛♥✐❡r❛ ❡s❛tt❛ ❣❧✐ ♦❣❣❡tt✐ ❞❡s❝r✐tt✐ ✭♠✉♦✈❡♥✲

❞♦ ❞❛ ✉♥ ❧❛✈♦r♦ ❞✐ ❇r♦✉❞❡r✱ ❙t♦❧t③ ❡ P❛♥❛t✐ ❬✶✵❪✮✱ ♣❡r ♣♦✐ ✐♥tr♦❞✉rr❡ ❧❡ ♣r♦❜❧❡♠❛t✐❝❤❡

❝❤❡ ❡♠❡r❣♦♥♦ ♥❡❧ ❝❛s♦ ❞✐ s✐st❡♠✐ ♣✐ù ❛rt✐❝♦❧❛t✐✱ ❛ ♣❛rt✐r❡ ❞❛ q✉❡❧❧♦ ❛ tr❡ st❛t✐✳
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▲✬❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r

✶✳✶✳ ▲❛ ❞✐♥❛♠✐❝❛ ❞✐ ✉♥ s✐st❡♠❛

❇✐s♦❣♥❛ ❢❛r❡ ❞❡❧❧❡ ❛ss✉♥③✐♦♥✐ ✐♥✐③✐❛❧✐ ❡❧❡♠❡♥t❛r✐ ❝❤❡ ❣❛r❛♥t✐s❝❛♥♦ ❝❤❡ s✐❛ ♣♦ss✐❜✐❧❡

❞❡s❝r✐✈❡r❡ ✉♥ s✐st❡♠❛ s❡❝♦♥❞♦ ❞❡❧❧❡ ❧❡❣❣✐ ❞✐♥❛♠✐❝❤❡✳ ❉♦❜❜✐❛♠♦ s✉♣♣♦rr❡ ❝❤❡ ❡s✐st❛♥♦

❞❡❧❧❡ ✈❛r✐❛❜✐❧✐ ❛tt❡ ❛ ❞❡s❝r✐✈❡r❡ ✐❧ s✐st❡♠❛✱ ❝❤❡ ❧✬✐♥s✐❡♠❡ ❞❡✐ ✈❛❧♦r✐ ❛ss✉♥t✐ ❞❛ q✉❡st❡

✈❛r✐❛❜✐❧✐ ❞❡✜♥✐s❝❛ ✉♥♦ st❛t♦ ❞❡❧ s✐st❡♠❛✱ ❝❤❡ ❡s✐st❛ ✉♥ ♣❛r❛♠❡tr♦ r✐s♣❡tt♦ ❛❧ q✉❛❧❡

❡s♣r✐♠❡r❡ ♣❡r ♦❣♥✐ st❛t♦ ❞❡❧❧❡ ❧❡❣❣✐ ❝❤❡ ❞❡s❝r✐✈❛♥♦ ❧❛ ✈❛r✐❛③✐♦♥❡ ❞❡❧❧♦ st❛t♦ st❡ss♦✱ ❡

❝❤❡ q✉❡st❡ ❧❡❣❣✐ s✐❛♥♦ ❢✉♥③✐♦♥✐ s✉❧❧♦ s♣❛③✐♦ ❞❡❣❧✐ st❛t✐✱ ♦✈✈❡r♦ ❝❤❡ q✉❡st❡ ❧❡❣❣✐ ❣❛r❛♥✲

t✐s❝❛♥♦ ❝❤❡ ❛❧ ✈❛r✐❛r❡ ❞❡❧ ♣❛r❛♠❡tr♦ s❝❡❧t♦ ✉♥ s♦❧♦ st❛t♦ ✜♥❛❧❡ s✐❛ ♣r❡✈❡❞✐❜✐❧❡✳

▲✬❡s✐st❡♥③❛ ❞✐ ✉♥ ❢♦r♠❛❧✐s♠♦ ❡❞ ✐❧ ❝♦♠♣♦rt❛♠❡♥t♦ ♥♦♥ ✭✐♥t❡r❛♠❡♥t❡✮ ❝❛s✉❛❧❡ ❞❡❧ s✐✲

st❡♠❛ ❝❤❡ ✐♥✈❡❝❡ r✐s♣❡tt✐ ❞❡❧❧❡ ❧❡❣❣✐ ❛♥❛❧✐t✐❝❤❡ s♦♥♦ ❞✉❡ ❝♦♥❞✐③✐♦♥✐ ❝❤❡ ♣❡r♠❡tt♦♥♦ ❞✐

❞❡s❝r✐✈❡r❡ ❛♥❛❧✐t✐❝❛♠❡♥t❡ ✉♥❛ ❢✉♥③✐♦♥❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ♣❡r q✉❡❧❧❡ ✈❛r✐❛❜✐❧✐ ♥♦♥ ❝❛s✉❛❧✐✳

■♥ ♠❡❝❝❛♥✐❝❛ q✉❛♥t✐st✐❝❛✱ ♥❡❧❧❛ s✉❛ ❢♦r♠✉❧❛③✐♦♥❡ tr❛❞✐③✐♦♥❛❧❡✱ è ♣♦ss✐❜✐❧❡ ✐♠♣✐❡❣❛r❡

❝♦♠❡ ♣❛r❛♠❡tr♦ ✐❧ t❡♠♣♦✱ ❡ ❣❧✐ st❛t✐ q✉❛♥t✐st✐❝✐ ❛♣♣❛rt❡♥❣♦♥♦ ♣❡r ♦❣♥✐ t❡♠♣♦ ❛❞ ✉♥♦

s♣❛③✐♦ ❞✐ ❍✐❧❜❡rt✳ ❙✐❛♠♦ ❝♦sì ♣♦rt❛t✐ ❛❞ ✐♥t❡r♣r❡t❛r❡ ❧❡ ❛ss✉♥③✐♦♥✐ ❞❡❧❧❛ ❞✐♥❛♠✐❝❛ ❝♦✲

♠❡ ❧❛ ♥❡❝❡ss✐tà ❝❤❡ ❡s✐st❛ ✉♥❛ ❜❛s❡ ❞❡❧❧♦ s♣❛③✐♦ ❡ ❝❤❡ ❡s✐st❛ ✉♥ ✐s♦♠♦r✜s♠♦ ❞❡✜♥✐t♦

s✉ t❛❧❡ s♣❛③✐♦ ❝❤❡ ❞❡✜♥✐s❝❛ ❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡✳

■❧ ❢❛tt♦ ❝❤❡ ❡s✐st❛ ✉♥ ♣r♦❞♦tt♦ ✐♥t❡r♥♦ tr❛ st❛t✐ ✐♥ t❛❧❡ s♣❛③✐♦✱ ❡ ❝❤❡ ✐❧ ♣r♦❞♦tt♦ tr❛

❞✉❡ st❛t✐ ♥♦r♠❛❧✐③③❛t✐ s✐ ♣♦ss❛ ✐♥t❡r♣r❡t❛r❡ ✐♥ t❡r♠✐♥✐ ❞✐ ♣r♦❜❛❜✐❧✐tà✱ ✐♥❞✉❝❡ ♥❛t✉r❛❧✲

♠❡♥t❡ ❧❛ r✐❝❤✐❡st❛ ❝❤❡ ❧✬♦♣❡r❛t♦r❡ ❝❤❡ ❞❡s❝r✐✈❡ ❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ s✐❛ ✉♥✐t❛r✐♦✿

✭✶✳✶✳✶✮
∣∣a(t)

〉
= U(t, t0)

∣∣a(t0)
〉

〈
a(t)

∣∣a(t)
〉
=
〈
a(t0)

∣∣U(t, t0)
†U(t, t0)

∣∣a(t0)
〉

❝♦♥s✐❞❡r❛♥❞♦ ❧❛ ❝♦♥s✐st❡♥③❛ ❞❡❧❧✬✐♥t❡r♣r❡t❛③✐♦♥❡ ❞❡❧ ♣r♦❞♦tt♦ ❜r❛✲❦❡t ✐♥ t❡r♠✐♥✐ ❞✐

♣r♦❜❛❜✐❧✐tà✱ ❡ ❝♦♥s✐❞❡r❛♥❞♦ ❧❛ ♥❡❝❡ss✐tà ❝❤❡ ❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ❞✐ ✉♥♦ st❛t♦ s✐❛

✉♥✐✈♦❝❛♠❡♥t❡ ❞❡✜♥✐t❛✱ ❤❛ s❡♥s♦ ✐♠♣♦rr❡ ❧❛ ❝♦♥s❡r✈❛③✐♦♥❡ ❞❡❧❧❛ ♣r♦❜❛❜✐❧✐tà✱ ❝✐♦è ✐♠✲

♣♦♥✐❛♠♦ ❝❤❡

〈
a(t)

∣∣a(t)
〉
=
〈
a(t0)

∣∣U(t, t0)
†U(t, t0)

∣∣a(t0)
〉 !
=
〈
a(t0)

∣∣a(t0)
〉

∀
∣∣a(t0)

〉

✾
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❞❛ ❝✉✐ ❝♦♥s❡❣✉❡ ❝❤❡

✭✶✳✶✳✷✮ U(t, t0)
†U(t, t0) = I

♦✈✈❡r♦ ❧✬♦♣❡r❛t♦r❡ ❞❡✈❡ ❡ss❡r❡ ✉♥✐t❛r✐♦ ♣❡r❝❤é ❞✐ ♦❣♥✐ st❛t♦ s✐❛ ♣r❡s❡r✈❛t❛ ❧❛ ♥♦r♠❛✱

❧❛ ♣r♦❜❛❜✐❧✐tà✱ ❞✉r❛♥t❡ ❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ❝❤❡ è ❞❡✜♥✐t❛ ♣❡r ♦❣♥✐ st❛t♦ ✐♥ ♠❛♥✐❡r❛

✉♥✐✈♦❝❛ ❬✶✸❪✳

◗✉❡st❛ ✐♠♣♦s✐③✐♦♥❡ è ❜✉♦♥❛ ♣❡r❝❤é ✐♠♣❧✐❝❛ ❝❤❡ ✉♥♦ st❛t♦ s✐❛ ❜❡♥ ❞❡✜♥✐t♦✱ ❛♥❝❤❡ ✐♥

♥♦r♠❛✱ ✐♥❞✐♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛❧❧❛ s✉❛ st♦r✐❛✱ ❞❛❧❧❛ st♦r✐❛ ❞❡❧ s✐st❡♠❛✱ ❡ ❞❛❧❧✬✐st❛♥t❡ ❞✐

t❡♠♣♦ ✐♥ ❝✉✐ ✈✐✈❡✳ ❙✐ ❛ss✉♠❡ q✉✐♥❞✐ ❝❤❡ ❧♦ s♣❛③✐♦ H ❛❜❜✐❛ ✉♥❛ ♥❛t✉r❛ ✜ss❛t❛✱ ❡ ♥♦♥

❝❛♠❜✐♥♦ ♥❡❧ t❡♠♣♦ ❧❡ s✉❡ ♣r♦♣r✐❡tà✳ ◗✉❡st♦ ❝✐ ♣❡r♠❡tt❡ ✐♥ ❣❡♥❡r❛❧❡ ❞✐ ❛❞♦♣❡r❛r❡

❛❞ ♦❣♥✐ t❡♠♣♦ ✉♥❛ st❡ss❛ ❜❛s❡ ❞❡❧❧♦ s♣❛③✐♦✱ ❡❞ ❤❛ s❡♥s♦ ❝♦♥❢r♦♥t❛r❡ ♦❣❣❡tt✐ ❝❤❡ ♥♦♥

✈✐✈♦♥♦ ♥❡❧❧♦ st❡ss♦ ✐st❛♥t❡✳

✶✳✷✳ ❖♣❡r❛t♦r✐ ✉♥✐t❛r✐

P❡r ✉♥ ♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦ ✈❛❧❡ ❞❛ ❞❡✜♥✐③✐♦♥❡ ❝❤❡ U †U = UU † = I✱ ♦✈✈❡r♦

U † = U−1✱ ❞♦✈❡ ♣❡r U † s✐ ✐♥t❡♥❞❡ ❧✬♦♣❡r❛t♦r❡ ❛❣❣✐✉♥t♦ ❞✐ U ✳ ❉❛ q✉❡st♦ ❝♦♥s❡❣✉❡

❝❤❡ ♥❡❧ ❝❛s♦ ✐♥ ❝✉✐ ❧♦ s♣❛③✐♦ ❞❡❣❧✐ st❛t✐ s✐❛ ✜♥✐t♦✲❞✐♠❡♥s✐♦♥❛❧❡ r✐s✉❧t❛ det(U) = eiθ✳

❆❞ ✉♥ ♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦ ♣♦ss✐❛♠♦ ❛ss♦❝✐❛r❡ ✉♥❛ ❝❛♠❜✐❛♠❡♥t♦ ❞✐ ❜❛s❡ ♥❡❧❧♦ s♣❛✲

③✐♦✱ ♦ss❡r✈❛♥❞♦ ❝❤❡ ✉♥❛ tr❛s❢♦r♠❛③✐♦♥❡ ✉♥✐t❛r✐❛ tr❛s❢♦r♠❛ ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧❡ ✐♥

✉♥✬❛❧tr❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧❡✱ ♣♦✐❝❤é è ✉♥ ♦♣❡r❛t♦r❡ ❝❤❡ ❛♣♣❧✐❝❛t♦ ❛❞ ❡♥tr❛♠❜✐ ❣❧✐ st❛t✐

❞✐ ❝✉✐ s✐ ❝♦♥s✐❞❡r❛ ✐❧ ♣r♦❞♦tt♦ ✐♥t❡r♥♦✱ ❧❛s❝✐❛ ✐❧ ♣r♦❞♦tt♦ ✐♥✈❛r✐❛t♦✳
[{∣∣ei

〉}]
= H :

〈
ej
∣∣ei
〉
= δji =

〈
ej
∣∣U †U

∣∣ei
〉
⇒
[{
U
∣∣ei
〉}]

= H

❉♦✈❡ s✐ ✐♥t❡♥❞❡
[{∣∣ei

〉}]
❧♦ s♣❛③✐♦ ❣❡♥❡r❛t♦ ❞❛❧ s❡t

{∣∣ei
〉}

❞✐ st❛t✐ ❛♣♣❛rt❡♥❡♥t✐ ❛❞

H✱ ❧♦ s♣❛③✐♦ ❝❤❡ st✐❛♠♦ ♣r❡♥❞❡♥❞♦ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡✳

❉❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ✉♥✐t❛r✐❡tà ❞✐ ✉♥ ♦♣❡r❛t♦r❡ r✐s✉❧t❛ ✐♠♠❡❞✐❛t❛♠❡♥t❡ ❝❤❡✱ ♣r❡s❛

✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ✉♥ q✉❛❧s✐❛s✐ ♣❛r❛♠❡tr♦ z✱ ❞❡✈❡ ❡ss❡r❡

∂

∂z

(
U †U

)
=

∂

∂z
I = 0 =

(
∂

∂z
U †

)
U + U †

(
∂

∂z
U

)

❞❛ ❝✉✐ s✐ ♦tt✐❡♥❡ ❞✐r❡tt❛♠❡♥t❡ ❝❤❡

✭✶✳✷✳✶✮

(
∂

∂z
U

)
= −U

(
∂

∂z
U †

)
U
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✭♦ ✐♥❞✐✛❡r❡♥t❡♠❡♥t❡
(

∂
∂z
U †
)
= −U †

(
∂
∂z
U
)
U †✮ ✳ ❉❛ q✉✐ s✐ r✐❝❛✈❛ ❛♥❝❤❡ ❝❤❡

✭✶✳✷✳✷✮

(
−U

(
∂

∂z
U †

))†

= −

(
∂

∂z
U †

)†

U † = U

(
∂

∂z
U

)†

UU † = U

(
∂

∂z
U

)†

❞♦✈❡ ♥❡❧❧✬✉❧t✐♠♦ ♣❛ss❛❣❣✐♦ è st❛t♦ ♥❡❝❡ss❛r✐♦ s❢r✉tt❛r❡ ♥✉♦✈❛♠❡♥t❡ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐

✉♥✐t❛r✐❡tà ❞✐ U ✳

◗✉❛♥❞♦ ✈❛❧❡ ❝❤❡
(

∂
∂z
U
)†

=
(

∂
∂z
U †
)
✱ ❝❤❡ è ✉♥✬❡q✉❛③✐♦♥❡ ✈❡r✐✜❝❛t❛ q✉❛♥❞♦ z è ✉♥

♣❛r❛♠❡tr♦ str❡tt❛♠❡♥t❡ r❡❛❧❡✱ ❝❤❡ r✐♥♦♠✐♥✐❛♠♦ x✱ s✐ ♦tt✐❡♥❡ ❝❤❡ −U
(

∂
∂x
U †
)
è ✉♥

♦♣❡r❛t♦r❡ ❛♥t✐✲❤❡r♠✐t✐❛♥♦✳

❉❡✜♥❡♥❞♦ q✉✐♥❞✐ HU = −iU
(

∂
∂x
U †
)
✱ ❝❤❡ r✐s✉❧t❛ q✉✐♥❞✐ ❡ss❡r❡ ✉♥ ♦♣❡r❛t♦r❡ ❤❡r♠✐✲

t✐❛♥♦✱ ♦✈✈❡r♦ HU = H
†
U ✱ ❡ss❡♥❞♦ i ❧✬✉♥✐tà ✐♠♠❛❣✐♥❛r✐❛✱ s✐ r✐❝❛✈❛ ✉♥ ♣r♦❜❧❡♠❛ ❞✐

❈❛✉❝❤② ❣❡♥❡r❛❧❡ ♣✐✉tt♦st♦ s❡♠♣❧✐❝❡

✭✶✳✷✳✸✮




i ∂
∂x
U = HUU

U(x0) = I

◗✉❡st❛ ❢♦r♠❛ t♦r♥❡rà ♣✐ù ✈♦❧t❡ ❛ss♦❝✐❛t❛ ❛ ❞✐✈❡rs✐ ♦♣❡r❛t♦r✐ ❞✐ tr❛s❢♦r♠❛③✐♦♥❡✳ ◗✉❡✲

st❛ s❝r✐tt✉r❛ ✈✉♦❧❡ s♦tt♦❧✐♥❡❛r❡ ❝♦♠❡ U ♣r♦✈♦❝❤✐ ✉♥❛ ❡✈♦❧✉③✐♦♥❡ ❞❡❣❧✐ st❛t✐ ❞❡❧ s✐st❡♠❛

❝❤❡✱ ♣❡r ✉♥ ✐♥❝r❡♠❡♥t♦ ✐♥✜♥✐t❡s✐♠♦ ❞✐ x✱ s♦♥♦ ❞❛t✐ ✐st❛♥t❛♥❡❛♠❡♥t❡ ❞❛❧❧✬❛♣♣❧✐❝❛③✐♦✲

♥❡ ❞✐ HU s✉❣❧✐ st❛t✐✱ ❡ q✉✐♥❞✐ ❝♦♠❡ ✉♥❛ ❡✈♦❧✉③✐♦♥❡ ❝♦rr✐s♣♦♥❞❛ ❛❞ ✉♥❛ tr❛s❧❛③✐♦♥❡

r✐s♣❡tt♦ ❛ x✿

∣∣a(x0 + dx)
〉

= U(x0 + dx, x0)
∣∣a(x0)

〉
=

= U(x0, x0)
∣∣a(x0)

〉
+

(
∂

∂x
U(x, x0)

)

x=x0

dx
∣∣a(x0)

〉
=

= (1− iHU (x0) dx)
∣∣a(x0)

〉

●❧✐ ♦♣❡r❛t♦r✐ ✉♥✐t❛r✐ ❝❤❡ ✈❡♥❣♦♥♦ ✉s❛t✐ ♣❡r ❧❛ ❞❡s❝r✐③✐♦♥❡ ❞✐ ✉♥✬❡✈♦❧✉③✐♦♥❡ s♦♥♦ ♦❣✲

❣❡tt✐ ❞❡✜♥✐t✐ ❛ ❞✉❡ ♣❛r❛♠❡tr✐✱ ✐❧ ✈❛❧♦r❡ ✐♥✐③✐❛❧❡ ❡ ✐❧ ✈❛❧♦r❡ ✜♥❛❧❡ ❝❤❡ ✐❧ ♣❛r❛♠❡tr♦

❛ss✉♠❡ ❞✉r❛♥t❡ ❧✬❡✈♦❧✉③✐♦♥❡✳ ◗✉❡st♦ ♣♦rt❛ ❞✐r❡tt❛♠❡♥t❡ ❛❧❧❛ ❧❡❣❣❡ ❞✐ ❝♦♠♣♦s✐③✐♦♥❡

❞❡✐ ♣r♦♣❛❣❛t♦r✐✿

U(x, x0)
∣∣a(x0)

〉
= U(x, x1)U(x1, x0)

∣∣a(x0)
〉

❯♥❛ ❢♦r♠❛ ♣❛rt✐❝♦❧❛r♠❡♥t❡ ❝♦♠♦❞❛ ❞✐ ❞❡s❝r✐✈❡r❡ ✉♥❛ tr❛s❢♦r♠❛③✐♦♥❡ ✉♥✐t❛r✐❛ è

q✉❡❧❧❛ ❞❡❧❧✬❡s♣♦♥❡♥③✐❛❧❡ ❞✐ ✉♥ ♦♣❡r❛t♦r❡ ❤❡r♠✐t✐❛♥♦✱ ♦✈✈❡r♦ ❧✬❡st❡♥s✐♦♥❡ ❛❣❧✐ ♦♣❡r❛t♦r✐
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❞❡❧❧✬✐❞❡❛ ❝❤❡ s✐❛ ♣♦ss✐❜✐❧❡ r❛♣♣r❡s❡♥t❛r❡ ✉♥ ♥✉♠❡r♦ ❝♦♠♣❧❡ss♦ ♠❡❞✐❛♥t❡ ✉♥ ❡s♣♦♥❡♥✲

③✐❛❧❡ eiϕ✳

Pr❡♥❞✐❛♠♦ q✉✐♥❞✐ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ❧❛ s❝r✐tt✉r❛

O = eiG =
∞∑

n=0

1

n!
(iG)n

O† = e−iG†

è ❡✈✐❞❡♥t❡ ❝❤❡ s❡ ❧✬♦♣❡r❛t♦r❡ G è ❤❡r♠✐t✐❛♥♦✱ ❧✬♦♣❡r❛t♦r❡ O ❞❡✈❡ ❡ss❡r❡ ✉♥✐t❛r✐♦✱ ✐♥

q✉❛♥t♦ ✐❧ ❝♦♠♠✉t❛t♦r❡
[
G,G†

]
= GG†−G†G = G2−G2 = 0 ❡ s✉ss✐st❡ ❧✬✉❣✉❛❣❧✐❛♥③❛

eiGe−iG = eiG−iG = I✳ ❊s♣❧✐❝✐t❛♠❡♥t❡✿

OO† =

∞∑

n=0

∞∑

m=0

1

n!

1

m!
in−mGn+m =

=

∞∑

n=0

∞∑

s=n

1

n!

1

(s− n)!
i2n−sGs =

=
∞∑

s=0

s∑

n=0

1

n!

1

(s− n)!

s!

s!
(−i)s−n inGs =

=
∞∑

s=0

(i− i)s

s!
Gs =

= I

❋❛❝❡♥❞♦ ✉♥ ❝♦♥❢r♦♥t♦ ❝♦♥ ❧❛ s❝r✐tt✉r❛ ✐♥ ❢♦r♠❛ ❞✐ ❡q✉❛③✐♦♥❡ ❞✐✛❡r❡♥③✐❛❧❡ ♣r❡❝❡❞❡♥t❡

s✐ ❝♦❣❧✐❡ s✉❜✐t♦ ❧❛ ❞✐✣❝♦❧tà ❝❤❡ s✐ r✐s❝♦♥tr❛ ♥❡❧❧❛ r✐s♦❧✉③✐♦♥❡ ❞✐ ♣r♦❜❧❡♠✐ ❛ss♦❝✐❛t✐ ❛

q✉❡st❡ tr❛s❢♦r♠❛③✐♦♥✐✿ r✐s✉❧t❛ ❛❞ ❡s❡♠♣✐♦ HU = −iU
(

∂
∂x
U †
)
= −ieiG

(
∂
∂x
e−iG

)
=

∞∑
n=0

∞∑
m=1

in−m−1 1
m!

1
n!G

n ∂
∂x
Gm✱ ❞♦✈❡ ✈❛rrà ♣❡r ❞❡✜♥✐③✐♦♥❡

(
∂
∂x
e−iG

)
=

∞∑
n=0

1
n!

(
∂
∂x

(−iG)n
)

❡ ✐♥♦❧tr❡ ✐♥ ❣❡♥❡r❛❧❡
[
eiG,

(
∂
∂x
e−iG

)]
6= 0 ❞❛❧ ♠♦♠❡♥t♦ ❝❤❡ ✐♥ ❣❡♥❡r❛❧❡ ♣❡r ✉♥ ♦♣❡r❛✲

t♦r❡ ❤❡r♠✐t✐❛♥♦
[
G,
(

∂
∂x
G
)]

6= 0✳

◆❡❧ ❝❛s♦ t✐♣✐❝♦ ❝✐ s✐ tr♦✈❛ ❛ st✉❞✐❛r❡ ✉♥❛ s✐t✉❛③✐♦♥❡ ✐♥ ❝✉✐ è ♥♦t❛ HU ❡ s✐ ❞❡s✐❞❡r❛

r✐❝❛✈❛r❡ ❧✬♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦ U ❞❡✜♥✐t♦ ❞❛ G✳ P❡r ❞❡s❝r✐✈❡r❡ U ❧❛ ❢♦r♠❛ ❡s♣♦♥❡♥③✐❛❧❡

è ❡✈✐❞❡♥t❡♠❡♥t❡ q✉❡❧❧❛ ♣✐ù ❝♦♠♣❛tt❛✱ ❡❞ ♦tt❡♥❡r❡ U ♦ G è ❡q✉✐✈❛❧❡♥t❡❀ t✉tt❛✈✐❛ ✐❧

❧❡❣❛♠❡ tr❛ G ❡ HU è ♥♦♥ ❜❛♥❛❧❡✱ ❛ ♠❡♥♦ ❝❤❡ HU ♥♦♥ s✐❛ ✐♥❞✐♣❡♥❞❡♥t❡ ❞❛ x✱ ❡ ❛❧❧♦r❛✱

❡ s♦❧♦ ❛❧❧♦r❛✱ ❞♦✈rà ✈❛❧❡r❡ G = −HUx✳

P✐ù ✐♥ ❣❡♥❡r❛❧❡ s✐ ♦tt✐❡♥❡ ❝❤❡ HU (x) = − ∂
∂x
G(x)✱ ♠❛ s❡♠♣r❡ ♥❡❧ ❝❛s♦ ✐♥ ❝✉✐ s✐ ❛♥♥✉❧❧✐

✐❧ ❝♦♠♠✉t❛t♦r❡ ❛♣♣❡♥❛ ❞❡✜♥✐t♦✳
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P❡r r✐s♦❧✈❡r❡ q✉❡st✐ ♣r♦❜❧❡♠✐ s✐ ♣♦ss♦♥♦ ✉s❛r❡ str✉♠❡♥t✐ ❝♦♠❡ ❧♦ s✈✐❧✉♣♣♦ ❞✐ ❉②s♦♥✱

❝❤❡ ♦tt✐❡♥❡ G ❞❛ ✉♥❛ ✐t❡r❛③✐♦♥❡ ❞✐ ✐♥t❡❣r❛③✐♦♥✐ ❞✐ HU r✐s♣❡tt♦ ❛ x ❝♦♥ ❧✬✐♥tr♦❞✉③✐♦♥❡

❞✐ ✉♥ ♦r❞✐♥❛♠❡♥t♦ ♥❡❧❧✬✐♥t❡❣r❛③✐♦♥❡✱ ❡ss❡♥❞♦ ♥♦t❛ ✉♥❛ ❝♦♥❞✐③✐♦♥❡ ❛❧ ❝♦♥t♦r♥♦ ❞❡❧

♣r♦❜❧❡♠❛ ❬✶✷✱ ✼❪✳

◗✉❡❧❧♦ ❝❤❡ ♦tt❡♥✐❛♠♦ è q✉✐♥❞✐ ❝❤❡ ♦❣♥✐ ♦♣❡r❛t♦r❡ ❤❡r♠✐t✐❛♥♦ ❞❡✜♥✐s❝❡ ✉♥❛ tr❛✲

s❢♦r♠❛③✐♦♥❡ ✉♥✐t❛r✐❛✳ ❚❛❧❡ tr❛s❢♦r♠❛③✐♦♥❡ ❛♠♠❡tt❡ ❝♦♠❡ ❛✉t♦st❛t✐ ❣❧✐ ❛✉t♦st❛t✐ ❞❡❧✲

❧✬♦♣❡r❛t♦r❡ ❝❤❡ ❝♦♠♣❛r❡ ❛❞ ❛r❣♦♠❡♥t♦ ❞❡❧❧❛ ♣r♦♣r✐❛ r✐s❝r✐tt✉r❛ ❡s♣♦♥❡♥③✐❛❧❡✱ ❛ ❝✉✐ è

❛ss♦❝✐❛t♦ ❝♦♠❡ ❛✉t♦✈❛❧♦r❡ ✉♥ ❢❛tt♦r❡ ❞✐ ❢❛s❡✿

∣∣a(x)
〉

: G(x)
∣∣a(x)

〉
= ga(x)

∣∣a(x)
〉

∣∣a(x)
〉
= U(x;x0)

∣∣a(x0)
〉

U(x;x0) ≡ eiG(x), G(x0) = 0, G = G†

∣∣a(x0)
〉
= U(x;x0)

†
∣∣a(x)

〉
= e−iG(x)

∣∣a(x)
〉
= e−iga(x)

∣∣a(x)
〉

❛❧❧♦r❛ ❧✬♦♣❡r❛t♦r❡ ❤❡r♠✐t✐❛♥♦ G è ✐♥ ❞❡✜♥✐t✐✈❛ ✏❧✬✐♥✈❛r✐❛♥t❡✑ ❛ss♦❝✐❛t❛ ❛❧❧❛ tr❛s❢♦r♠❛✲

③✐♦♥❡ U ✱ ✐ ❝✉✐ ❛✉t♦s♣❛③✐ ✐♥ ❢✉♥③✐♦♥❡ ❞✐ x s♦♥♦ ❝♦♥s❡r✈❛t✐✱ ❛♥❝❤❡ s❡ ♣♦ss♦♥♦ s♠❡tt❡r❡

❞✐ ❡ss❡r❡ t❛❧✐✱ ♥❡❧ ❝❛s♦ ✐♥ ❝✉✐ [G(x), G(x0)] 6= 0 ♣❡r x 6= x0✳

❯♥ ♦♣❡r❛t♦r❡ ❤❡r♠✐t✐❛♥♦ è ❞✐❛❣♦♥❛❧✐③③❛❜✐❧❡ ❡❞ ❛♠♠❡tt❡ ❛✉t♦✈❛❧♦r✐ r❡❛❧✐✿ ✐♥ ♠❡❝❝❛♥✐✲

❝❛ q✉❛♥t✐st✐❝❛ ❛ss♦❝✐❛♠♦ ❛❧❧❡ ❣r❛♥❞❡③③❡ ♦ss❡r✈❛❜✐❧✐ ❞❡❣❧✐ ♦♣❡r❛t♦r✐ ❤❡r♠✐t✐❛♥✐ ♣♦✐❝❤é

s✐ ✐❞❡♥t✐✜❝❛ ❧❛ r❡❛❧✐③③❛③✐♦♥❡ ❞✐ ✉♥❛ ♠✐s✉r❛ ❝♦♠❡ ❧✬❛♣♣❧✐❝❛③✐♦♥❡ ❞✐ ✉♥ ♦♣❡r❛t♦r❡✱ ❝❤❡

❞❡✈❡ ❛♠♠❡tt❡r❡ ❝♦♠❡ r✐s✉❧t❛t♦ ✉♥ ✈❛❧♦r❡ r❡❛❧❡ ♣❡r s❡♥s♦ ✜s✐❝♦ ❞❡❧❧❛ ❞❡s❝r✐③✐♦♥❡✳

◗✉❡❧❧♦ ❝❤❡ ❛rr✐✈✐❛♠♦ ❛❞ ❛✛❡r♠❛r❡ è q✉✐♥❞✐ ❝❤❡ ✐♥ ♠❡❝❝❛♥✐❝❛ q✉❛♥t✐st✐❝❛ ✉♥✬♦ss❡r✈❛✲

❜✐❧❡ ❣❡♥❡r❛ ✉♥❛ tr❛s❢♦r♠❛③✐♦♥❡ ✉♥✐t❛r✐❛✱ ❛ q✉❡st❛ tr❛s❢♦r♠❛③✐♦♥❡ ❛ss♦❝✐❛♠♦ ✉♥✬❡✈♦✲

❧✉③✐♦♥❡ ❞❡❧ s✐st❡♠❛✱ ❝❤❡ ♣✉ò ❡ss❡r❡ ✐♥t❡r♣r❡t❛t❛ ✐♥ s❡♥s♦ ❣❡♥❡r❛❧❡ ❝♦♠❡ ✉♥❛ r♦t❛③✐♦♥❡

❞❡❧❧❛ ❜❛s❡ ♥❡❧❧♦ s♣❛③✐♦ H ✭♦ ✉♥✬✐♥✈❡rs✐♦♥❡✱ ❝❤❡ ✐♥ ✉♥ ❝♦♥t❡st♦ ❞✐ ❡✈♦❧✉③✐♦♥❡ è ✉♥ ❝❛s♦

♣❛t♦❧♦❣✐❝♦✮✱ s❡❝♦♥❞♦ ✉♥❛ tr❛s❧❛③✐♦♥❡ r✐s♣❡tt♦ ❛ x✱ r✐❝♦r❞❛♥❞♦ ♣❡rò ❝❤❡ ❧❛ r❡❧❛③✐♦♥❡

tr❛ ❧✬♦♣❡r❛t♦r❡ ✐ ❝✉✐ ❛✉t♦st❛t✐ s♦♥♦ ❝♦♥s❡r✈❛t✐ ❛❧ ✈❛r✐❛r❡ ❞✐ x✱ ❞✉r❛♥t❡ ❧✬❡✈♦❧✉③✐♦♥❡✱ ❡

❧✬♦ss❡r✈❛❜✐❧❡ HU ♥♦t❛ ♥♦♥ è ✐♥ ❣❡♥❡r❛❧❡ ❜❛♥❛❧❡ q✉❛❧♦r❛ HU = HU (x)✳

▲✬❛♥❛❧♦❣✐❛ ❝♦♥ ❧❛ ♠❡❝❝❛♥✐❝❛ ❝❧❛ss✐❝❛ è ♠♦❧t♦ ❢♦rt❡✱ ❡❞ è ❧❡❝✐t♦ ❛s♣❡tt❛rs✐ ❞✐ ♦tt❡✲

♥❡r❡ ❛♥❝♦r❛✱ t❡♥❞❡♥❞♦ ❛❞ ♦♣♣♦rt✉♥✐ ❧✐♠✐t✐✱ ❣❧✐ st❡ss✐ r✐s✉❧t❛t✐ st✉❞✐❛t✐ ♥❡❧❧❛ ♠❡❝❝❛♥✐❝❛

❛♥❛❧✐t✐❝❛✳

✶✳✸✳ ▲❡ tr❛s❧❛③✐♦♥✐ t❡♠♣♦r❛❧✐

▲❡ ❧❡❣❣✐ ❞❡❧❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ✐♥ ♠❡❝❝❛♥✐❝❛ q✉❛♥t✐st✐❝❛ ♣♦ss♦♥♦ ❡ss❡r❡ r✐❝❛✲

✈❛t❡ ❞❛❧❧❡ ❝❛r❛tt❡r✐st✐❝❤❡ ❞❡❣❧✐ ♦♣❡r❛t♦r✐ ✉♥✐t❛r✐ ❝❤❡ ❧❛ ❞❡s❝r✐✈♦♥♦✳
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❈♦♥✈✐❡♥❡ ✐♥♥❛♥③✐t✉tt♦ ❝♦♥s✐❞❡r❛t❡ ✐❧ ❝❛s♦ ✐♥ ❝✉✐ ✐❧ s✐st❡♠❛ s✐❛ ❞❡s❝r✐tt♦ ♣❡r ♦❣♥✐ t❡♠✲

♣♦ ❞❛❧❧❡ st❡ss❡ ❧❡❣❣✐✱ ♦✈✈❡r♦ s✉♣♣♦♥❡♥❞♦ ❝❤❡ ❡s✐st❛ ✉♥ ♦♣❡r❛t♦r❡ ✐♥❞✐♣❡♥❞❡♥t❡ ❞❛❧

t❡♠♣♦ ✭❝❤❡ s❛rà ❧✬❍❛♠✐❧t♦♥✐❛♥❛✮ ❝❤❡ ♣❡r♠❡tt❛ ❞✐ ❞❡✜♥✐r❡ ✉♥❛ ❜❛s❡ ♣r✐✈✐❧❡❣✐❛t❛ ❝♦♥

❝✉✐ st✉❞✐❛r❡ ✐❧ s✐st❡♠❛ ✭q✉❡❧❧❛ ❞❡✐ s✉♦✐ ❛✉t♦st❛t✐✮ ❡ ❝❤❡ r❛♣♣r❡s❡♥t✐ ✉♥❛ ❣r❛♥❞❡③③❛

❝♦♥s❡r✈❛t❛✳ ▲❛ ❞✉❛❧✐tà t❡♠♣♦✲❡♥❡r❣✐❛ ❢♦r♥✐s❝❡ ✉♥❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ♦tt✐♠❛❧❡ ❝❤❡

♣❡r♠❡tt❡ ❛♥❝❤❡ ♥❡❧ ❧✐♠✐t❡ ❝❧❛ss✐❝♦ ❞✐ ❛ss✉♠❡r❡ ❧❛ ❝♦♥s❡r✈❛③✐♦♥❡ ❞❡❧❧✬❡♥❡r❣✐❛ ✐♥ ✉♥

s✐st❡♠❛ ❝❤❡ ♥♦♥ s✉❜✐s❝❛ ♠♦❞✐✜❝❤❡ ♥❡❧ t❡♠♣♦✳

❘✐❝♦r❞✐❛♠♦ ❝❤❡ ❝♦♠✉♥q✉❡ s✐ ❞❡✜♥✐s❝❛ ✉♥ ♦♣❡r❛t♦r❡ ❤❡r♠✐t✐❛♥♦✱ ❝❤❡ ❤❛ q✉✐♥❞✐ ❛✉t♦✲

✈❛❧♦r✐ r❡❛❧✐✱ ❡❞ ✉♥ ♣❛r❛♠❡tr♦✱ ♣✉r❝❤é ♥♦♥ s✐ ❛rr✐✈✐ ❛ ✈✐♦❧❛r❡ ❧❡ ♥❡❝❡ss❛r✐❡ ✐♠♣♦s✐③✐♦♥✐

❝❤❡ ♣❡r♠❡tt♦♥♦ ❞✐ ❞❡✜♥✐r❡ ✉♥❛ ❞✐♥❛♠✐❝❛✱ s✐ ♣✉ò tr♦✈❛r❡ ✉♥ ♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦✲

♥❡ ❞❛❧❧✬❡q✉❛③✐♦♥❡ ❞✐✛❡r❡♥③✐❛❧❡ i ∂
∂x
U = HUU ✱ ❡ ♣♦ss✐❛♠♦ ❝♦♠✉♥q✉❡ ❝❤✐❛♠❛r❡ t❡♠♣♦

q✉❡❧ ♣❛r❛♠❡tr♦ r✐s♣❡tt♦ ❛ ❝✉✐ ❧✬♦♣❡r❛t♦r❡ ❤❡r♠✐t✐❛♥♦ ❝❤❡ ❤❛ ❝♦♠❡ ❛✉t♦✈❛❧♦r✐ ✐ ✈❛❧♦r✐

❡♥❡r❣❡t✐❝✐ ❛♠♠✐ss✐❜✐❧✐ ♣❡r ✐❧ s✐st❡♠❛ r✐s✉❧t✐ s♦❞❞✐s❢❛r❡ q✉❡st❛ ❡q✉❛③✐♦♥❡✳ ▲❛ r❛♣♣r❡✲

s❡♥t❛③✐♦♥❡ ❡♥❡r❣❡t✐❝❛ ♥♦♥ è q✉✐♥❞✐ ✉♥❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ♣r✐✈✐❧❡❣✐❛t❛ ❛ ♣r✐♦r✐✱ ♠❛

❛ss✉♠❡rà ✈❛❧❡♥③❛ ✐♥ t❡r♠✐♥✐ ❞✐ ❝♦♥s❡r✈❛③✐♦♥❡ ❞❡❧❧✬❡♥❡r❣✐❛✳

❙✉♣♣♦♥❡♥❞♦ ❛❧❧♦r❛ HU = H
†
U ❡ ∂

∂x
HU = 0 ❛❞ ♦❣♥✐ ✈❛❧♦r❡ ❞✐ x✱ ♣❡r t✉tt❡ ❧❡ ❝♦♥s✐❞❡✲

r❛③✐♦♥✐ ❛✛r♦♥t❛t❡ ✐♥ ♣r❡❝❡❞❡♥③❛✱

U(x, x0) = e−iHU (x−x0)

r✐s✉❧t❛ s♦❞❞✐s❢❛r❡ ❧✬❡q✉❛③✐♦♥❡ ❡ ❧❡ ❝♦♥❞✐③✐♦♥✐ ❛❧ ❝♦♥t♦r♥♦ ❞❛t❡ ❞❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐

❡✈♦❧✉③✐♦♥❡✱ ♣❡r ❝✉✐ U(x0, x0) = I✿
∣∣a(x)

〉
= U(x, x0)

∣∣a(x0)
〉
✳

❙❡ q✉✐♥❞✐ s✐ ❤❛ ✉♥❛ ❞❡s❝r✐③✐♦♥❡ ❞❡❧ s✐st❡♠❛ ♣❡r ✐❧ q✉❛❧❡ s✐ ❤❛ ✉♥ ♦♣❡r❛t♦r❡ ❤❡r♠✐t✐❛♥♦

❝♦st❛♥t❡✱ ❣❧✐ ❛✉t♦s♣❛③✐ ❞❡❧❧✬♦♣❡r❛t♦r❡ ❡ ❣❧✐ ❛✉t♦✈❛❧♦r✐ ❛❞ ❡ss✐ ❛ss♦❝✐❛t✐ s✐ ❝♦♥s❡r✈❛♥♦✳

◆❡❧ ❝❛s♦ ❞✐ ✉♥❛ ❍❛♠✐❧t♦♥✐❛♥❛ ✭❝❤❡ ❞❡s❝r✐✈❡♥❞♦ ❧♦ s♣❡ttr♦ ❡♥❡r❣❡t✐❝♦ r❡❛❧❡ ❛♣♣❧✐❝❤❡✲

rà ❝♦♠❡ ✉♥ ♦♣❡r❛t♦r❡ ❤❡r♠✐t✐❛♥♦✮ ❝❤❡ s✐ ❝♦♥s❡r✈❛ ♥❡❧ t❡♠♣♦ t❡♠♣♦✱ ❧✬❡q✉❛③✐♦♥❡ ❞✐

❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ s✐ ♣r❡s❡♥t❛ ♥❡❧❧❛ ❢♦r♠❛ ♥♦t❛✿

i~
∂

∂t
U(t, t0) = H0U(t, t0)

◗✉❡st❛ è ❧✬❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r ❞❡❧ s✐st❡♠❛ ♣❡r ❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠✲

♣♦r❛❧❡ ❛ ♣❛rt✐r❡ ❞❛ ✉♥ t❡♠♣♦ t0✳ ▲❛ ❢♦r♠❛ ❡s♣❧✐❝✐t❛ ♣❡r ❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡

è U(t, t0) = e−
i
~
H0(t−t0)✳ ■♥ q✉❡st❛ ❡q✉❛③✐♦♥❡ ❝♦♠♣❛r❡ ❧❛ ❝♦st❛♥t❡ ❢♦♥❞❛♠❡♥t❛❧❡ ~✱

❧❛ ❝♦st❛♥t❡ ❞✐ P❧❛♥❝❦ r✐❞♦tt❛✱ ❝❤❡ q✉✐ ❤❛ ❧❛ ❢✉♥③✐♦♥❡ ❞✐ r✐s❝❛❧❛r❡ ❞✐♠❡♥s✐♦♥❛❧♠❡♥t❡

✐ t❡r♠✐♥✐ ❞❡❧❧✬❡q✉❛③✐♦♥❡✱ ❛✈❡♥❞♦ ❡s♣r❡ss♦ ❍❛♠✐❧t♦♥✐❛♥❛ ❡ t❡♠♣♦ ✐♥ ❢♦r♠❛ ❞✐♠❡♥s✐♦✲

♥❛t❛✱ ♠❛ ❧❛ s✉❛ ❡s✐st❡♥③❛ ❞❡✜♥✐t❛ ❤❛ ✐♠♣❧✐❝❛③✐♦♥✐ ♣✐ù ♣r♦❢♦♥❞❡ ♥❡❧❧❛ ❞❡s❝r✐③✐♦♥❡ ❞✐

s✐st❡♠✐ ✜s✐❝✐✱ è ♠✐s✉r❛❜✐❧❡ ❡ ❝♦st✐t✉✐s❝❡ ✉♥❛ ❝♦st❛♥t❡ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡❧❧❛ ✜s✐❝❛✳ ❊ss❛

♣✉ò ❡ss❡r❡ ♣♦st❛ ❛r❜✐tr❛r✐❛♠❡♥t❡ ~ = 1✱ ❢❛❝❡♥❞♦ ♣❡rò ♦r❛ ❛tt❡♥③✐♦♥❡ ❛ tr❛tt❛r❡ H0 ❡
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t s❡❝♦♥❞♦ ♦♣♣♦rt✉♥✐ r✐s❝❛❧❛♠❡♥t✐✳

◆❡❧ ❝❛s♦ ✐♥ ❝✉✐ ❧❡ ❢♦rt✐ ❧✐♠✐t❛③✐♦♥✐ ❝❤❡ ❛✈❡✈❛♠♦ ♣♦st♦ ❛❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♥♦♥ s✐ ♣♦ss❛♥♦

❝♦♥s✐❞❡r❛r❡ ✈❡r✐✜❝❛t❡✱ ❧✬❡q✉❛③✐♦♥❡ ✈✐❡♥❡ ❧❛s❝✐❛t❛ ✐♥ q✉❡st❛ ❢♦r♠❛✱ t❡♥❡♥❞♦ ♣r❡s❡♥t❡

q✉❛♥t♦ ❞✐s❝✉ss♦ ✐♥ ♣r❡❝❡❞❡♥③❛✿ ❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞❡❧❧✬❡✈♦❧✉③✐♦♥❡ ✐♥ ❢♦r♠❛ ❞✐✛❡r❡♥✲

③✐❛❧❡ ❝✐ ✐♥❞✐❝❛ ❝♦s❛ ♣r♦❞✉❝❛ ❧✬❡✈♦❧✉③✐♦♥❡ ✐♥✜♥✐t❡s✐♠❛ ❞❛❧ t❡♠♣♦ t0 ❛ t0 + dt✱ ❡ q✉❡st♦

♦❣❣❡tt♦ ❞❡✈❡ ❡ss❡r❡✱ ♥❡❧ ❧✐♠✐t❡ ❞✐ ✈❛r✐❛③✐♦♥✐ ❧❡♥t❡✱ ✉❣✉❛❧❡ ❛❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♣❡r❝❤é ❧❡

❡♥❡r❣✐❡ s✐❛♥♦✱ ❛❧ ❧✐♠✐t❡✱ ❝♦♥s❡r✈❛t❡ ❬✶✸✱ ✻❪❀ ❧✬❍❛♠✐❧t♦♥✐❛♥❛ è ✐♥♦❧tr❡ ✉♥ ♦♣❡r❛t♦r❡

❛❞❛tt♦ ❛❧❧✬❡q✉❛③✐♦♥❡ ✐♥ q✉❡st❛ ❢♦r♠❛ ✐♥ q✉❛♥t♦ ❞❡✜♥✐t♦ ✐st❛♥t❛♥❡❛♠❡♥t❡ s✉❧ s♦❧♦ ✈❛✲

❧♦r❡ ❛ss✉♥t♦ ❞❛❧ t❡♠♣♦ t✳

■♥♦❧tr❡ q✉❡st❛ s❝r✐tt✉r❛ ♥❡✐ t❡r♠✐♥✐ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ❝♦♠♣♦rt❛ ❝❤❡ ♣❡r ✉♥ ♦♣❡r❛t♦r❡

❣❡♥❡r✐❝♦ ❛♥❝❤❡ ❛❧ ♣✐ù ❞✐♣❡♥❞❡♥t❡ ❞❛❧ t❡♠♣♦ O(t)✱ s✐ ♦tt✐❡♥❡ ❝❤❡ ❧❛ s✉❛ ❛♣♣❧✐❝❛③✐♦♥❡

r❡st✐t✉✐s❝❡ 〈
a(t)

∣∣O(t)
∣∣b(t)

〉
=
〈
a(t0)

∣∣U(t, t0)
†O(t)U(t, t0)

∣∣b(t0)
〉

❡ q✉❡st♦ ✐♠♣❧✐❝❛ ✉♥❛ ❧❡❣❣❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ♣❡r ✐❧ ♣r♦❞♦tt♦ ✐♥t❡r♥♦ ❝❤❡ è ❞❡❧ t✐♣♦✿

∂

∂t

〈
a(t)

∣∣O(t)
∣∣b(t)

〉
=
〈
a(t0)

∣∣ ∂
∂t

(
U(t, t0)

†O(t)U(t, t0)
) ∣∣b(t0)

〉
=

=
〈
a(t0)

∣∣ 1
i~
U(t, t0)

†

(
−H(t)O(t) + i~

(
∂

∂t
O(t)

)
+O(t)H(t)

)
◦

◦ U(t, t0)
∣∣b(t0)

〉
=

=
〈
a(t)

∣∣ 1
i~

[O(t), H(t)] +

(
∂

∂t
O(t)

) ∣∣b(t)
〉

◗✉❡st❛ ❝❛r❛tt❡r✐③③❛③✐♦♥❡ ❤❛ ✉♥❛ ❢♦rt❡ ✈❛❧❡♥③❛ ❞✐ ♣❛r❛❧❧❡❧✐s♠♦ ❝♦♥ ❧❛ ♠❡❝❝❛♥✐❝❛ ❝❧❛s✲

s✐❝❛✱ ✐♥ q✉❛♥t♦ ♠♦str❛ ❝♦♠❡ ❧✬❡✈♦❧✉③✐♦♥❡ ❞❡❧ ✈❛❧♦r❡ ♠❡❞✐♦ ❞✐♣❡♥❞❛ ❞❛❧ ❝♦♠♠✉t❛t♦r❡

tr❛ ❧✬♦♣❡r❛t♦r❡ ❡ ❧✬❍❛♠✐❧t♦♥✐❛♥❛✱ ♥❡❧❧♦ st❡ss♦ ♠♦❞♦ ✐♥ ❝✉✐ ❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ❞✐

✉♥❛ ✈❛r✐❛❜✐❧❡ ❞✐♥❛♠✐❝❛ ❡r❛ ❛ss♦❝✐❛t❛ ❛❧❧❛ ♣❛r❡♥t❡s✐ ❞✐ P♦✐ss♦♥ tr❛ ❧✬❍❛♠✐❧t♦♥✐❛♥❛ ❝❧❛s✲

s✐❝❛ ❡ ❧❛ ✈❛r✐❛❜✐❧❡ st✉❞✐❛t❛ st❡ss❛✳

❈♦♥❝❧✉❞✐❛♠♦ ❛ss❡r❡♥❞♦ ❝❤❡ ♣r♦♣r✐♦ ❧✬❍❛♠✐❧t♦♥✐❛♥❛ ❡♥❡r❣❡t✐❝❛ ♣✉ò ❝❤✐✉❞❡r❡ ✉♥❛ ❢♦r✲

♠✉❧❛③✐♦♥❡ ❝♦❡r❡♥t❡ ✐♥ q✉❡st❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡✳

■♥✜♥❡ s✐ ♦ss❡r✈❛ ❝❤❡✱ ❛ s❡❝♦♥❞❛ ❞❡❧❧❡ ❝❛r❛tt❡r✐st✐❝❤❡ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛✱ s✐ ♦t✲

t❡rrà U s❡❝♦♥❞♦ ♠❡t♦❞♦❧♦❣✐❡ ❞✐✛❡r❡♥t✐✿ s✐ r✐s❝♦♥tr❡rà ✉♥❛ s♦❧✉③✐♦♥❡ ❛♥❝♦r❛ ❜❛✲

♥❛❧❡ ♥❡❧ ❝❛s♦ ✐♥ ❝✉✐ ❧❡ [H(t1), H(t2)] = 0, ∀t1, t2✱ ❡ q✉❡st❛ s❛rà ✐♥ ♣❛rt✐❝♦❧❛r❡

U(x, x0) = e
− i

~

x́

x0

H(x′)dx′

✱ ♠❛ ♣✐ù ✐♥ ❣❡♥❡r❛❧❡✱ q✉❛♥❞♦ [H(t1), H(t2)] 6= 0✱ ♦❝❝♦rr❡

r✐❝♦rr❡r❡ ❛ str✉♠❡♥t✐ ✐t❡r❛t✐✈✐ ♣❡r ❧✬♦tt❡♥✐♠❡♥t♦ ❞❡❧❧❛ s♦❧✉③✐♦♥❡✳ ❯♥❛ s♦❧✉③✐♦♥❡ ♦tt❡✲

♥✉t❛ ♠❡❞✐❛♥t❡ ✉♥ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ r✐s✉❧t❡rà ✉♥❛ ❛♣♣r♦ss✐♠❛③✐♦♥❡ ✈❛❧✐❞❛ ❡♥tr♦ ✉♥
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❝❡rt♦ ♦r❞✐♥❡ n ♥❡❧ ❝❛s♦ s✐ s✐❛♥♦ ♣r❡s✐ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ❞❡❣❧✐ ✐♥t❡r✈❛❧❧✐ ❞✐ t❡♠♣♦ ❧✐✲

♠✐t❛t✐❀ ♠❡♥tr❡ ♦❝❝♦rr❡ ❝❡r❝❛r❡ ❞✐ ♦tt❡♥❡r❡ ❧❛ s♦❧✉③✐♦♥❡ ❛♥❛❧✐t✐❝❛ ♥❡❧ ❝❛s♦ ✐♥ ❝✉✐ ❧❛

r✐❝❤✐❡st❛ s✐❛ ❞✐ ❝❛r❛tt❡r✐③③❛r❡ ❧✬❡✈♦❧✉③✐♦♥❡ s✐♥♦ ❛❣❧✐ ❡str❡♠✐ ❞❡❧❧✬❛ss❡ ❞❡✐ t❡♠♣✐✱ ♣❡r

t −→ ±∞✱ ❝❤❡ è ♣r♦♣r✐♦ ✐❧ ❝❛s♦ ❝❤❡ ❝✐ s✐ tr♦✈❛ ❛ ❞♦✈❡r st✉❞✐❛r❡ ♣❡r q✉❛♥t♦ r✐❣✉❛r❞❛

✐❧ t❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇✿ ♣❡r ❡ss♦ ✐❧ ♣r♦❝❡❞✐♠❡♥t♦ ✐t❡r❛t✐✈♦ ✐♥ ❣❡♥❡r❛❧❡ ♣♦rt❛

❛❞ ✉♥❛ s♦❧✉③✐♦♥❡ ❝❤❡ ♥♦♥ ❝♦♥✈❡r❣❡ ❬✼❪✳
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■❧ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦

■♥ q✉❡st❛ ♣❛rt❡ s✐ s❡❣✉✐rà ❧❛ tr❛❝❝✐❛ ❞✐ ❑❛t♦ ❬✶❪✱ ▼❡ss✐❛❤ ❬✺❪✱ ❡ ❞✐ ◆❡♥❝✐✉ ❡ ❘❛s❝❤❡

❬✸❪✱ ❝❤❡ ❤❛♥♥♦ ❞✐♠♦str❛t♦ ✐♥ ❢♦r♠❛ ❡str❡♠❛♠❡♥t❡ ❣❡♥❡r❛❧❡ ✐❧ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦✱

❢♦r♥❡♥❞♦ ✉♥♦ st✉❞✐♦ r❡❧❛t✐✈♦ ❛❧❧❛ ❞❡r✐✈❛t❛ ❞✐ ♦r❞✐♥❡ n ❣❡♥❡r✐❝♦ r✐s♣❡tt♦ ❛❧ t❡♠♣♦ ❞❡❣❧✐

♦❣❣❡tt✐ ❞✐ ❛❝❝❡♥s✐♦♥❡ tr❛♠✐t❡ ❝✉✐ è ❝♦str✉✐t❛ ❧✬❍❛♠✐❧t♦♥✐❛♥❛ ❞❡❧ s✐st❡♠❛✳ ❆ ♥♦✐ ♥♦♥

✐♥t❡r❡ss❡rà✱ ✐♥ q✉❡st❛ tr❛tt❛③✐♦♥❡✱ ❧♦ st✉❞✐♦ ❞✐ ✉♥ s✐st❡♠❛ ❝❤❡ s♦❞❞✐s✜ t❛❧✐ ❝♦♥❞✐③✐♦♥✐❀

❛❞ ♦❣♥✐ ♠♦❞♦✱ s✐ t❡♥❣❛ ♣r❡s❡♥t❡ ❝❤❡ s♦tt♦ ❝♦♥❞✐③✐♦♥✐ ❞✐ r❡❣♦❧❛r✐tà ❧❡ ❝❛r❛tt❡r✐st✐❝❤❡

❞❡s❝r✐tt❡ ♣♦ss♦♥♦ ❡ss❡r❡ ✉❧t❡r✐♦r♠❡♥t❡ ❡st❡s❡✳

✷✳✶✳ ❈❛r❛tt❡r✐③③❛③✐♦♥❡ ❞✐ ✉♥ s✐st❡♠❛ ❛❞✐❛❜❛t✐❝♦

■❧ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦ st✉❞✐❛ ❍❛♠✐❧t♦♥✐❛♥❡ ✐♥ ❝✉✐ ❧❛ ✈❛r✐❛③✐♦♥❡ t❡♠♣♦r❛❧❡ s✐❛

❧❡♥t❛✱ ❡❞ ✐♥ ♣❛rt✐❝♦❧❛r❡ ✐♥ ❝✉✐ ❧❛ ✈❛r✐❛③✐♦♥❡ s✐❛ ❞❛t❛ ❞❛ ✉♥ ❧❡♥t♦ ✈❛r✐❛r❡ ❞✐ ✉♥ t❡r♠✐♥❡

♣❡rt✉r❜❛t✐✈♦✳ ▲✬✐♥t❡r❡ss❡ ❞✐ st✉❞✐❛r❡ t❛❧✐ ❍❛♠✐❧t♦♥✐❛♥❡ st❛ ♥❡❧ ❢❛tt♦ ❝✐ s✐ ❛s♣❡tt❛ ❝❤❡

❧❛ ❧♦r♦ ✈❛r✐❛③✐♦♥❡ ❧❡♥t❛ ✐♥❞✉❝❛ ❞❡❧❧❡ r❡❣♦❧❛r✐tà ❛❧ ✈❛r✐❛r❡ ❞❡❧ t❡♠♣♦ ❞❡✐ ♣r♦♣r✐ ❛✉t♦✲

st❛t✐ ❡ ❞❡❣❧✐ ❛✉t♦✈❛❧♦r✐ ❛❞ ❡ss✐ ❛ss♦❝✐❛t✐✳ ❈♦♥✈✐❡♥❡ ❛❧❧♦r❛ ❞❛r❡ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❬✶❪✿

❉❡❢✐♥✐③✐♦♥❡ ✶✳ ❯♥✬❍❛♠✐❧t♦♥✐❛♥❛ H(t) è ✉♥❛ ❍❛♠✐❧t♦♥✐❛♥❛ ❛❞✐❛❜❛t✐❝❛ s❡ ❝♦✲

♠✉♥q✉❡ s✐ ♣r❡♥❞❛♥♦ ✉♥ t❡♠♣♦ t0 ❡ ✉♥ ❛✉t♦s♣❛③✐♦ S̃ ❛ ❝✉✐ è ❛ss♦❝✐❛t♦ ✐❧ ♣r♦✐❡tt♦r❡ P̃

t❛❧❡ ❝❤❡ H(t0)P̃ = ẼP̃ ✱ ♣r❡s♦ ✉♥ ✐♥t♦r♥♦ I ❞✐ t0✱ ❡s✐st❡ ✉♥✬✉♥✐❝❛ ❛♣♣❧✐❝❛③✐♦♥❡ ❝♦♥t✐✲

♥✉❛ ✭♥❡❧❧❛ ♠❡tr✐❝❛ ✐♥❞♦tt❛ ❞❛❧❧❛ ♥♦r♠❛ ✐♥ H✮ ❡ ❞❡r✐✈❛❜✐❧❡ P : I −→ L(H)✱ ♣❡r ❝✉✐

✈❛❧❣❛ ❝❤❡ P 2 = P ✱ P (t0)
∣∣ã
〉
=
∣∣ã
〉
✱ ❡ H(t)P (t) = E(t)P (t) ♣❡r ∀t ∈ I✳ ▲❛ ❢✉♥③✐♦♥❡

E(t) ❝♦sì ❞❡✜♥✐t❛ ❞❡✈❡ ❡ss❡r❡ ❝♦♥t✐♥✉❛ ✐♥ I✱ ❡ ♥❡❝❡ss❛r✐❛♠❡♥t❡ E(t0) = Ẽ✳

P (t) è q✉✐♥❞✐ ✉♥ ♦♣❡r❛t♦r❡ ❝♦♥t✐♥✉♦ ❝❤❡ ❛ss♦❝✐❛ ❛❞ ♦❣♥✐ t❡♠♣♦ ✉♥ ♣r♦✐❡tt♦r❡ s✉

✉♥ ❛✉t♦s♣❛③✐♦ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ✭❡ L(H) è ❧♦ s♣❛③✐♦ ❞✐ ❇❛♥❛❝❤ ❞❡❣❧✐ ♦♣❡r❛t♦r✐ ❞❛ H

❛ H ❬✶✷❪✮✳ ◗✉❡st❛ ❞❡✜♥✐③✐♦♥❡ ✐♥❞✐❝❛ ❝♦♠❡ ❣❧✐ ❛✉t♦st❛t✐ ❡ ❧❡ ❡♥❡r❣✐❡ ❛❞ ❡ss✐ ❛ss♦❝✐❛t❡

s✐❛♥♦ ❢✉♥③✐♦♥✐ ❝♦♥t✐♥✉❡ s✉❧ t❡♠♣♦❀ q✉❡st❛ ❞❡✜♥✐③✐♦♥❡ ♣✉ò ❡st❡♥❞❡rs✐ ♥❡❧ ❝❛s♦ ✐♥ ❝✉✐

s✐❛ ✈❛❧✐❞❛ q✉❛s✐ ♦✈✉♥q✉❡ r✐s♣❡tt♦ ❛❧ t❡♠♣♦ ❡ s✐ ♣r❡s❡♥t✐ ❝r♦ss✐♥❣ ❡♥❡r❣❡t✐❝♦ ❛❝❝✐❞❡♥✲

t❛❧❡✱ ❧❛s❝✐❛♥❞♦ ❣❧✐ ❛✉t♦s♣❛③✐ ❝♦♠✉♥q✉❡ ❜❡♥ ❞✐st✐♥t✐✳

❙✐ s♦tt♦❧✐♥❡❛ ❝❤❡ ❛❧❧✬❡s✐st❡♥③❛ ❞✐ ✉♥ ♣r♦✐❡tt♦r❡ ❞✐♣❡♥❞❡♥t❡ ❞❛❧ t❡♠♣♦ ❝♦♥ ✐❧ ❝♦♠♣♦r✲

t❛♠❡♥t♦ q✉✐ ❞❡s❝r✐tt♦✱ s✐ ♣✉ò ❛ss♦❝✐❛r❡ ✉♥❛ ❢❛♠✐❣❧✐❛ ❞✐ ❢✉♥③✐♦♥✐ ❝❤❡ ❛ss♦❝✐❛ ❛❞ ♦❣♥✐

t❡♠♣♦ ✉♥ ❛✉t♦st❛t♦ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛❀ t❛❧✐ ❢✉♥③✐♦♥✐ ❞❛♥♥♦ ❛✉t♦st❛t✐ ❝❤❡ ❞✐✛❡r✐s❝♦♥♦

✶✼
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tr❛ ❧♦r♦ ❛❧ ♣✐ù ♣❡r ♥♦r♠❛ ❡ ♣❡r ✉♥ ❢❛tt♦r❡ ❞✐ ❢❛s❡ ♣❡r ♦❣♥✐ t❡♠♣♦✳

❈♦♥ ❧✬✐♣♦t❡s✐ ❞✐ ❍❛♠✐❧t♦♥✐❛♥❛ ❛❞✐❛❜❛t✐❝❛ ❝♦sì ❞❡✜♥✐t❛✱ ❑❛t♦ ❤❛ s✉♣❡r❛t♦ ✐❧ ♣r♦❜❧❡♠❛

❞❡❧ ❝r♦ss✐♥❣ ♥❡❧ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦ ❡❞ ❤❛ ♣♦t✉t♦ ❡st❡♥❞❡r❡ ❧❛ tr❛tt❛③✐♦♥❡ ❞❡✐ s✐st❡✲

♠✐ ❛❞✐❛❜❛t✐❝✐ ❛ s♣❡ttr✐ ❝♦♥t✐♥✉✐✱ ❛✈❡♥❞♦ ❞❡✜♥✐t♦ ✉♥❛ ♣r♦♣r✐❡tà ❞✐ ❝♦♥t✐♥✉✐tà ♣❡r ✐❧

❣❡♥❡r✐❝♦ ❡ s✐♥❣♦❧♦ ❛✉t♦st❛t♦✳

◗✉❡st❡ ♣r♦♣r✐❡tà s♦♥♦ ♣❛rt✐❝♦❧❛r♠❡♥t❡ ❣❡♥❡r❛❧✐✱ ❧♦ st✉❞✐♦ ❞✐ ◆❡♥❝✐✉ ❡ ❘❛s❝❤❡ è st❛t♦

s✈♦❧t♦ s✉ ✐♣♦t❡s✐ ♣✐ù str✐♥❣❡♥t✐ s✉ ❞✐ ✉♥ ♥✉♠❡r♦ ✜♥✐t♦ ❞✐ ❛✉t♦s♣❛③✐✱ ❝♦♥ ❛✉t♦✈❛❧♦r✐

❞✐s❝r❡t✐ ❞✐st✐♥t✐ ♣❡r ♦❣♥✐ t❡♠♣♦ ✭❝♦♥s✐❞❡r❛♥❞♦ ✉♥❛ ❝♦❧❧❡③✐♦♥❡ ✜♥✐t❛ ❞✐ ✐♥❞✐❝✐ ♥❛t✉r❛❧✐✱

♣❡r ◆❡♥❝✐✉ ❡ ❘❛s❝❤❡ ❬✸❪ ∃d = min
s∈R

inf
i 6=j

∣∣Ei(s) − Ej(s)
∣∣ > 0✱ ❞♦✈❡ s✐ ❛ss♦❝✐❛♥♦ ❛❣❧✐

✐♥❞✐❝✐ ❧❡ ❢✉♥③✐♦♥✐ ❝♦♥t✐♥✉❡ s✉ s ❞❡✐ ♣r♦✐❡tt♦r✐ s✉ ❛✉t♦s♣❛③✐ ♦rt♦❣♦♥❛❧✐✱ ❡ ❧❡ ❢✉♥③✐♦♥✐

❝♦♥t✐♥✉❡ s✉ s ❞❡❧❧❡ ❡♥❡r❣✐❡ ❛ t❛❧✐ ❛✉t♦s♣❛③✐ ❛ss♦❝✐❛t❡✮✱ ❝❤❡ è ✉♥ ❝❛s♦ ❝❤❡ r✐❡♥tr❛ ✐♥

q✉❡❧❧♦ q✉✐ ❡s♣r❡ss♦✱ ❞♦✈❡ s✐ ♣r❡♥❞♦♥♦ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ♦❧tr❡ ❛❣❧✐ ❛✉t♦st❛t✐ ♥♦t✐ ❛♥❝❤❡

✐❧ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧❡ r✐s♣❡tt♦ ❛❞ H ❛❧❧♦ s♣❛③✐♦ ❝❤❡ ❡ss✐ ❣❡♥❡r❛♥♦✳

◗✉✐ ❝✐ s✐ ❝♦♥❝❡♥tr❛ ♥❡❧❧♦ st✉❞✐♦ ❞❡❧❧❡ ❍❛♠✐❧t♦♥✐❛♥❡ ♣❡r ❝✉✐ ✐❧ t❡r♠✐♥❡ ♣❡rt✉r❜❛t✐✈♦

✐♥❞✐♣❡♥❞❡♥t❡ ❞❛❧ t❡♠♣♦✱ tr❛♠✐t❡ ✉♥ ❢❛tt♦r❡ ♠♦❧t✐♣❧✐❝❛t✐✈♦ r❡❛❧❡✳ ◗✉❡st❛ è ❧❛ ❢♦r♠❛

s✉ ❝✉✐ s✐ ❝♦str✉✐rà ✐❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇✳

H̃(t) = H0 + f(ǫt)V

■♥ q✉❡st❛ s❝r✐tt✉r❛ s✐ ✐♥t❡♥❞❡ ✐❧ t❡r♠✐♥❡ H0 ❝♦♠❡ ❧✬❍❛♠✐❧t♦♥✐❛♥❛ ❝♦st❛♥t❡ ❡ ♥♦♥

♣❡rt✉r❜❛t❛✱ ❞✐ ❝✉✐ è ♥♦t♦ ❧♦ s♣❡ttr♦✱ ❡ r✐s♣❡tt♦ ❛❧❧❛ q✉❛❧❡ ♣r❡♥❞❡r❡♠♦ ✉♥❛ ❜❛s❡ ❞✐

❛✉t♦st❛t✐ ♣❡r ❧♦ s♣❛③✐♦ ❝♦♥s✐❞❡r❛t♦ H✱ ♦ ❝♦♠✉♥q✉❡ ✉♥ s❡t ❞✐ ❛✉t♦st❛t✐ ♦rt♦❣♦♥❛❧✐ ❝❤❡

❛♣♣❛rt❡♥❣❛ ❛❧❧♦ s♣❛③✐♦✳ ▲♦ s♣❡ttr♦ ❞✐ H0 s✐ r✐❝❤✐❡❞❡ ✐♥❢❡r✐♦r♠❡♥t❡ ❧✐♠✐t❛t♦✳ ◗✉❡st♦

r✐❝❤✐❡st❛ è ✜s✐❝❛♠❡♥t❡ r❛❣✐♦♥❡✈♦❧❡ ♥❡❧❧♦ st✉❞✐♦ ❞✐ ❝❛s✐ r❡❛❧✐ ✐♥ ❝✉✐ ❧❛ ❧✐♠✐t❛t❡③③❛ ❞❡❧❧♦

s♣❡ttr♦ ❞❡✈❡ ❡s✐st❡r❡ ♣❡r ✈❡r✐✜❝❛r❡ ❝♦♥❞✐③✐♦♥✐ ❞✐ st❛❜✐❧✐tà✳ ❉✬❛❧tr♦ ❝❛♥t♦✱ ❧❛ ♣♦ss✐❜✐❧✐✲

tà ❝❤❡ ❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♥♦♥ s✐❛ ❧✐♠✐t❛t❛ ✐♥ ♥♦r♠❛ ❣❛r❛♥t✐s❝❡ ❝❤❡ ❝❛s✐ ❞✐ ✐♥t❡r❡ss❡ ♥♦♥

❜❛♥❛❧✐ ♣♦ss❛♥♦ ❡ss❡r❡ ❛✛r♦♥t❛t✐✳

■❧ t❡r♠✐♥❡ H0 ❞❡✈❡ ♥❛t✉r❛❧♠❡♥t❡ r✐s♣❡tt❛r❡ t✉tt❡ ❧❡ r✐❝❤✐❡st❡ ❢❛tt❡ ✐♥ ♣r❡❝❡❞❡♥③❛

♣❡r ✉♥✬❍❛♠✐❧t♦♥✐❛♥❛✿ ❞❡✈❡ ❡ss❡r❡ ❤❡r♠✐t✐❛♥❛ ❡❞ ❛♠♠❡tt❡r❡ q✉✐♥❞✐ ✉♥♦ s♣❡ttr♦ r❡❛❧❡

❞✐ ❛✉t♦✈❛❧♦r✐✳

▲❛ ❢✉♥③✐♦♥❡ f(ǫt) ❡s♣r✐♠❡ q✉❛♥t✐t❛t✐✈❛♠❡♥t❡ ❧❛ ❝❛r❛tt❡r✐st✐❝❛ ❞❡❧❧❛ ❧❡♥t❡③③❛❀ ❡ss❛

è ❧❛ s✇✐t❝❤✐♥❣ ❢✉♥❝t✐♦♥✱ ❧❛ ❢✉♥③✐♦♥❡ ❞✐ ❛❝❝❡♥s✐♦♥❡✱ ❝❤❡ ❞❡✈❡ r✐s♣❡tt❛r❡ ❝♦♥❞✐③✐♦♥✐ ❞✐

r❡❣♦❧❛r✐tà ♣❡r ❛✈❡r❡ ✈❛❧❡♥③❛ ♣r❛t✐❝❛ ♥❡❧❧❡ tr❛tt❛③✐♦♥❡✳ ❚❛❧❡ ❢✉♥③✐♦♥❡ è ❞❡✜♥✐t❛ s✉❧❧✬❛s✲

s❡ r❡❛❧❡ ❞❡✐ t❡♠♣✐ ✐♥ ♠❛♥✐❡r❛ ✐♥❞✐r❡tt❛✱ ✐♥ q✉❛♥t♦ ✐❧ t❡♠♣♦ ❞❡✈❡ ❝♦♠♣❛r✐r❡ ✐♥ t❡r♠✐♥✐

❛❞✐♠❡♥s✐♦♥❛t✐✿ ❝♦♥✈✐❡♥❡ s❝❡❣❧✐❡r❡ ❞✐ st✉❞✐❛r❡ ✐❧ ♣r♦❜❧❡♠❛ ✐♥ t❡r♠✐♥✐ ❞✐ ǫ ❝❤❡ è ❧❛
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♥♦str❛ ✈❡❧♦❝✐tà ❞✐ tr❛s❢♦r♠❛③✐♦♥❡✱ ❝♦sì ❝❤❡ ǫt r✐s✉❧t✐ ❛❞✐♠❡♥s✐♦♥❛t♦❀ ǫ è ✐❧ ♣❛r❛♠❡tr♦

❝❤❡ ❞❡t❡r♠✐♥❡rà ❧❡ ❝❛r❛tt❡r✐st✐❝❤❡ ❞❡❧ s✐st❡♠❛ ❛❧ ♣r♦♣r✐♦ ✈❛r✐❛r❡✳

▲❛ ❢✉♥③✐♦♥❡ f(ǫt) ✈✐❡♥❡ q✉✐♥❞✐ ♣r❡s❛ ❞❡✜♥✐t❛ s✉ t✉tt♦ R❀ ❞❡✈❡ ❛ss✉♠❡r❡ ✈❛❧♦r✐ r❡❛❧✐❀

❡ss❛ ❞❡✈❡ ❡ss❡r❡ ❝♦♥t✐♥✉❛✱ ❧✐♣s❝❤✐t③✐❛♥❛ ❡ ❧✐♠✐t❛t❛✱ ❞♦✈❡ è r❛❣✐♦♥❡✈♦❧❡ ♠❛ ♥♦♥ str❡t✲

t❛♠❡♥t❡ ♥❡❝❡ss❛r✐♦ ❝❤❡ 0 ≤ f(s) ≤ 1 ✭s✐ ♣✉ò ❛❧ ♣✐ù ♦♣❡r❛r❡ ✉♥❛ ♣❛rt✐③✐♦♥❡ ❞✐ R ♣❡r

❞✐✈✐❞❡r❡ ❛ tr❛tt✐ ✐❧ ♣r♦❜❧❡♠❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ❞✐✈❡rs✐ t❡r♠✐♥✐ ♣❡rt✉r❜❛t✐✈✐ ✐♥ ♦❣♥✐ tr❛tt♦✱

♠❛ ❡ss❡♥❞♦ ❧❛ ♣❡rt✉r❜❛③✐♦♥❡ ✜ss❛t❛ è ❝♦♠✉♥q✉❡ ♣r❡❢❡r✐❜✐❧❡ ❝❤❡ s✐❛ r✐❞❡✜♥✐t❛ ❧❛ ♣❡r✲

t✉r❜❛③✐♦♥❡ V r✐s❝❛❧❛♥❞♦❧❛ s✉ sup
s∈R

f(s)✮❀ ❞❡✈❡ ❛ss✉♠❡r❡ ♠❛ss✐♠♦ ♣❡r ✉♥ ✈❛❧♦r❡ ✜♥✐t♦

❞✐ s ❡ s✐ ✐♠♣♦♥❡ t❛❧❡ s = 0 ❡✱ ❞♦♣♦ ❛✈❡r ♦♣❡r❛t♦ ✉♥ ❡✈❡♥t✉❛❧❡ r✐s❝❛❧❛♠❡♥t♦✱ è q✉✐♥❞✐

f(0) = 1✱ ❢❛tt♦ ❝❤❡ ♣✉ò s❡♠♣r❡ ❡ss❡r❡ ✐♠♣♦st♦ r✐❞❡✜♥❡♥❞♦ ♣❡r tr❛s❧❛③✐♦♥❡ ❧✬❛ss❡ ❞❡✐

t❡♠♣✐❀ ❛✐ ✜♥✐ ❞✐ q✉❡st❛ tr❛tt❛③✐♦♥❡✱ ❞❡✈♦♥♦ ❡ss❡r❡ f, ∂
∂s
f ∈ L1(R)✳ ■♥♦❧tr❡ ❡ss❛ ❞❡✲

✈❡ s✈❛♥✐r❡ ♣❡r t❡♠♣✐ ❣r❛♥❞✐ ✐♥ ✈❛❧♦r❡ ❛ss♦❧✉t♦✱ ❡ q✉✐♥❞✐ t❡♥❞❡ ❛s✐♥t♦t✐❝❛♠❡♥t❡ ❛ 0 ❬✸❪✳

❉❡❢✐♥✐③✐♦♥❡ ✷✳ ❙✐ ❞❡✜♥✐s❝❡ ❢✉♥③✐♦♥❡ ❞✐ ❛❝❝❡♥s✐♦♥❡ ✉♥❛ ❢✉♥③✐♦♥❡ ❧✐♣s❝❤✐t③✐❛♥❛

f : R −→ R t❛❧❡ ❝❤❡✿ f, ∂
∂s
f ∈ L1(R)✱ sup

s∈R

f(s) = f(0) = 1✱ 0 ≤ f(s) ≤ 1 ∀s ∈ R✱

lim
s→±∞

f(s) = 0✳

■♥✜♥❡✱ ✐❧ t❡r♠✐♥❡ ♣❡rt✉r❜❛t✐✈♦ V ❞❡✈❡ ♥❛t✉r❛❧♠❡♥t❡ ❡ss❡r❡ ❤❡r♠✐t✐❛♥♦✱ ♣❡r❝❤é

❛♥❝❤❡ H̃(t) s✐❛ ✉♥❛ ❍❛♠✐❧t♦♥✐❛♥❛ ❜❡♥ ❞❡✜♥✐t❛✱ ❡ ❞❡✈❡ ❡ss❡r❡ ❧✐♠✐t❛t♦✳ ❙✐ s❝❡❣❧✐❡

V ✐♥❞✐♣❡♥❞❡♥t❡ ❞❛❧ t❡♠♣♦❀ ✐♠♣✐❡❣❛r❡ ✉♥❛ ❢✉♥③✐♦♥❡ ❞✐ ❛❝❝❡♥s✐♦♥❡ ♣❡r ♠♦❞✉❧❛r❡ ❧❛

♣❡rt✉r❜❛③✐♦♥❡ è ✉♥ ❧✐♠✐t❡ ❛❧❧❛ ✜s✐❝❛ ❝❤❡ r❛♣♣r❡s❡♥t❛❜✐❧❡✱ ✐♥ q✉❛♥t♦ ❝✐ s✐ r✐❞✉❝❡ ❛

❞❡s❝r✐✈❡r❡ ❧❛ ❧❡♥t❛ ❝r❡s❝✐t❛ ❞❡❧❧❛ ♣❡rt✉r❜❛③✐♦♥❡ ✜♥♦ ❛❞ ✉♥ ✈❛❧♦r❡ ✜♥✐t♦ V ✱ ♥♦♥ ❛❜❜✐❛✲

♠♦ ❝♦str✉✐t♦ ✉♥ ♦❣❣❡tt♦ ❝❤❡ ♣❡rt✉r❜✐ ❣❧✐ st❛t✐ ♥❡❧ ♠♦❞♦ ♣✐ù ✈❛r✐❛❜✐❧❡ ❡ ❞✐s♦♠♦❣❡♥❡♦

♣♦ss✐❜✐❧❡ ❝♦♥ ❧❛ s♦❧❛ ❝♦♥❞✐③✐♦♥❡ ❞❡❧❧❛ ❧❡♥t❡③③❛❀ ❛❞ ♦❣♥✐ ♠♦❞♦ q✉❡st❛ ❞❡s❝r✐③✐♦♥❡ è

♣r♦❢♦♥❞❛♠❡♥t❡ ✉t✐❧❡ ♣❡r❝❤é ❤❛ ✐♥ sé ❧❛ ❝❛r❛tt❡r✐st✐❝❛ ❝❤❡ ♦r❛ è ♣r✐♥❝✐♣❛❧❡✿ ♥♦♥ ❧❛

❣❡♥❡r❛❧✐tà ❞❡❧❧❛ ♣❡rt✉r❜❛③✐♦♥❡✱ ♠❛ ❧❡♥t❡③③❛ ❝♦♥ ❝✉✐ ✈❛r✐❛ ❧✬❍❛♠✐❧t♦♥✐❛♥❛✱ ❝❤❡ è ✉♥❛

✐♥❢♦r♠❛③✐♦♥❡ ❝♦♥t❡♥✉t❛ ♥❡❧ s♦❧♦ ♣❛r❛♠❡tr♦ ǫ✳

❆ q✉❡st♦ ♣✉♥t♦✱ ✈✐st♦ ❝❤❡ ❧❛ ❞✐♣❡♥❞❡♥③❛ ❞❛❧ t❡♠♣♦ è t✉tt❛ ❝♦♥t❡♥✉t❛ ✐♥ f(ǫt) ❡

❝❤❡ ❧❛ ❞❡✜♥✐③✐♦♥❡ s✉❧ t❡♠♣♦ è ✐♠♣❧✐❝✐t❛✱ s❝❡❣❧✐❛♠♦ ❧❛ r✐❞❡✜♥✐③✐♦♥❡ t → s = ǫt✱ ❞❛ ❝✉✐
∂
∂t

= ∂s
∂t

∂
∂s

= ǫ ∂
∂s

✱ ❡ ❝❤❡ ❝✐ ♣❡r♠❡tt❡ ❞✐ st✉❞✐❛r❡ ♦r❛

✭✷✳✶✳✶✮ H(s) = H0 + f(s)V

✐♥ t❡r♠✐♥✐ ❞❡❧ t❡♠♣♦ ❛❞✐♠❡♥s✐♦♥❛t♦ s ❝♦♥ ❝✉✐ s✐ ❡r❛ ❣✐à st✉❞✐❛t❛ f ✳
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❙✐ ♣✉ò ♦r❛ ❛✛❡r♠❛r❡ ❝❤❡ ❬✸❪✿

❚❡♦r❡♠❛ ✸✳ ❙✐❛ H(s) = H0 + f(s)V ❧✬❍❛♠✐❧t♦♥✐❛♥❛ ❞❡❧ s✐st❡♠❛✳ ❙✐❛ H0 ❧✐♠✐t❛t❛

✐♥❢❡r✐♦r♠❡♥t❡✱ s✐❛ V ❧✐♠✐t❛t❛✱ s✐❛ f(s) ✉♥❛ ❢✉♥③✐♦♥❡ ❞✐ ❛❝❝❡♥s✐♦♥❡✳ ❆❧❧♦r❛ H(s) è ✉♥✬❍❛✲

♠✐❧t♦♥✐❛♥❛ ❛❞✐❛❜❛t✐❝❛✳

▲❛ ❞✐♠♦str❛③✐♦♥❡ ♣✉ò ❡ss❡r❡ s✈♦❧t❛ s❢r✉tt❛♥❞♦ ❧❛ t❡♦r✐❛ ❞❡❧❧❡ ♣❡rt✉r❜❛③✐♦♥✐❀ ✐❧

r✐s✉❧t❛t♦ è ❜❛♥❛❧❡ ♥❡❧ ❝❛s♦ ✜♥✐t♦ ❞✐♠❡♥s✐♦♥❛❧❡✳ ■♥ ♣❛rt✐❝♦❧❛r❡✱ ✜ss❛♥❞♦ ✉♥ ε ❛r❜✐✲

tr❛r✐❛♠❡♥t❡ ♣✐❝❝♦❧♦ ❡ tr♦✈❛♥❞♦ ✉♥ δs = δs(ε) ♦♣♣♦rt✉♥♦✱ s✐ ♣r❡♥❞♦♥♦ ✉♥ ❛✉t♦st❛t♦∣∣a(s)
〉
❞✐ H(s) ❡

∣∣b(s + δs)
〉
❞✐ H(s + δs)✱ ♣❡r ❝✉✐ ✈❛❧❣❛

〈
a(s)

∣∣b(s + δs)
〉
> 1 − ε✳

◗✉❡st✐ ♣♦ss♦♥♦ ❡ss❡r❡ tr♦✈❛r❡ ♣❡r ❧❡ ❝❛r❛tt❡r✐st✐❝❤❡ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ ❞✐ ❛❝❝❡♥s✐♦♥❡✳ ❉❛〈
a(s)

∣∣H(s + δs)
∣∣b(s + δs)

〉
s✐ ♦tt❡♥❣♦♥♦ ❧❡ ✐♥❢♦r♠❛③✐♦♥✐ s✉❧❧♦ s♣❡ttr♦✱ ❛♣♣❧✐❝❛♥❞♦

❧✬❍❛♠✐❧t♦♥✐❛♥❛ ❛ ❞❡str❛ ❡ ❛ s✐♥✐str❛✿ s✐ tr♦✈❛ |Eb(s+ δs)− Ea(s)| < k δs ❞❛❧ ❢❛tt♦

❝❤❡ H(s + δs)
∣∣b(s + δs)

〉
= Eb(s + δs)

∣∣b(s + δs)
〉
❡ ❝❤❡✱ ♣❡r δs ♣✐❝❝♦❧♦✱ s✐ ❤❛ ❛♥❝❤❡〈

a(s)
∣∣H(s+ δs) =

〈
a(s)

∣∣(H(s) + f ′(s)δsV )✳

◗✉❡st❡ ♣❛rt✐❝♦❧❛r✐ ❍❛♠✐❧t♦♥✐❛♥❡ s♦♥♦ q✉✐♥❞✐ ❍❛♠✐❧t♦♥✐❛♥❡ ❛❞✐❛❜❛t✐❝❤❡✱ ❡❞ ❡ss❡ s❛✲

r❛♥♥♦ st✉❞✐❛t❡ s✉❝❝❡ss✐✈❛♠❡♥t❡ ♥❡❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇✳

P❡r❝♦rr❡♥❞♦ ❧❛ str❛❞❛ tr❛❝❝✐❛t❛ ❞❛ ❑❛t♦ s✐ è ❝♦♥s✐❞❡r❛t♦ ♣r❡❢❡r✐❜✐❧❡ ♠❛♥t❡♥❡r❡

♥❡❧❧❛ ❞✐♠♦str❛③✐♦♥❡ ❞❡❧ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦ ✐❧ ❝❛r❛tt❡r❡ ❞✐ ❣❡♥❡r❛❧✐tà ❝❤❡ s✐ ♦tt✐❡♥❡

❞❛❧❧❛ ❉❡✜♥✐③✐♦♥❡ ✶✳

✷✳✷✳ ▲✬❡✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛

P❡r q✉❛♥t♦ ❛✛❡r♠❛t♦ ♥❡❧❧❛ ❉❡✜♥✐③✐♦♥❡ ✶ s✉❧❧✬❡s✐st❡♥③❛ ❞✐ ♣r♦✐❡tt♦r✐✱ ❛✉t♦st❛t✐ ❡

❛✉t♦✈❛❧♦r✐ ❡♥❡r❣❡t✐❝✐ ❝♦♥t✐♥✉✐ r✐s♣❡tt♦ ❛❧ t❡♠♣♦✱ ♣♦ss✐❛♠♦ t❡♥t❛r❡ ❞✐ s❝r✐✈❡r❡ ✉♥✬❡q✉❛✲

③✐♦♥❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ♣❡r ❣❧✐ ❛✉t♦st❛t✐✳ Pr❡♥❞✐❛♠♦ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ✉♥❛ ❍❛♠✐❧t♦♥✐❛♥❛

❛❞✐❛❜❛t✐❝❛ ♣❡r ❧❛ q✉❛❧❡ ✉♥❛ ❢❛♠✐❣❧✐❛ ✜♥✐t❛ ♦ ♥✉♠❡r❛❜✐❧❡ ❞✐ ❛✉t♦st❛t✐ s✐❛ ✉♥❛ ❜❛s❡ ♣❡r

❧♦ s♣❛③✐♦ H ❛ q✉❛❧s✐❛s✐ t❡♠♣♦❀ ♥✉♠❡r✐❛♠♦ ❣❧✐ st❛t✐ ❝♦♥ ❧✬✐♥❞✐❝❡ j✿

❆❜❜✐❛♠♦ ∀j,
∣∣aj
〉
: R → H : s 7→

∣∣aj(s)
〉
: H(s)

∣∣aj(s)
〉
= Ej(s)

∣∣aj(s)
〉
✱ ❝♦♥∣∣aj(s)

〉
, Ej(s)∈ C0(s)✳

➮ ♦r❛ ♥❛t✉r❛❧❡ s❝r✐✈❡r❡ ❧✬❡q✉❛③✐♦♥❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ❛ss♦❝✐❛t❛ ❛ q✉❡st❛ ❞❡✜♥✐③✐♦♥❡ ❞❡✲

❣❧✐ st❛t✐✱ ❝❤❡ ♥♦♥ è q✉❡❧❧❛ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ❞❛t❛ ❞❛❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ✭è ❢❛❝✐❧❡

❝♦♥✈✐♥❝❡rs❡♥❡✿ s❡ ❧❡ ❍❛♠✐❧t♦♥✐❛♥❡ ❛ ❞✉❡ t❡♠♣✐ ❞✐✈❡rs✐ ♥♦♥ ❝♦♠♠✉t❛♥♦✱ ✉♥ ❛✉t♦st❛t♦

❣❡♥❡r✐❝♦ ♥♦♥ ♣✉ò ❡✈♦❧✈❡r❡ ✐♥ ✉♥ ❛✉t♦st❛t♦ s❡❝♦♥❞♦ ❧✬❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r✱ ♣❡r❝❤é

q✉❡st♦ ✐♠♣❧✐❝❤❡r❡❜❜❡ ❝❤❡ ✐♥ q✉❡❧❧✬✐♥t❡r✈❛❧❧♦ ❞✐ t❡♠♣♦ ❧✬❛✉t♦s♣❛③✐♦ s✐❛ ❝♦♥s❡r✈❛t♦ ❡ ❧❡

❍❛♠✐❧t♦♥✐❛♥❡✱ ❡ss❡♥❞♦ ❧✬❛✉t♦st❛t♦ ❣❡♥❡r✐❝♦✱ ❝♦♠♠✉t❡r❡❜❜❡r♦ tr❛ ❧♦r♦ ❡ ❝♦♥ ❧✬♦♣❡r❛✲

t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡✮✳ ❉❡✈♦♥♦ q✉✐♥❞✐ ❡s✐st❡r❡ ✉♥ ♥✉♦✈♦ ♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦ ❞✐ ❡✈♦❧✉③✐♦♥❡
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❡ ✉♥ ♥✉♦✈♦ ♦♣❡r❛t♦r❡ ❤❡r♠✐t✐❛♥♦ ❛ss♦❝✐❛t♦ ❬✶✱ ✺✱ ✻❪✳

∣∣aj(s)
〉
= A(s, s0)

∣∣aj(s0)
〉
, A(s0, s0) = I

A(s, s0)
†A(s, s0) = A(s, s0)A(s, s0)

† = I

H(s)
∣∣aj(s)

〉
= Ej(s)

∣∣aj(s)
〉

❉❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ❍❛♠✐❧t♦♥✐❛♥❛ ❛❞✐❛❜❛t✐❝❛ ✈✐❡♥❡ ❛♥❝❤❡ ♥❛t✉r❛❧❡ ♣r❡♥❞❡r❡ ✐♥ ❝♦♥s✐✲

❞❡r❛③✐♦♥❡ ❧✬♦♣❡r❛t♦r❡ ❞✐ ♣r♦✐❡③✐♦♥❡ s✉❧❧✬❛✉t♦s♣❛③✐♦ ❣❡♥❡r❛t♦ ❞❛
∣∣aj(s)

〉
✭s✐ ❝♦♥s✐❞❡r❛

♣❡r ♥❡❝❡ss✐tà ❞✐ ❝♦♠♦❞✐tà
〈
aj(s)

∣∣aj(s)
〉
= 1✮✱ ♦✈✈❡r♦ Pj(s) =

∣∣aj(s)
〉〈
aj(s)

∣∣✱ ❞♦✈❡ ✐❧

♣r♦✐❡tt♦r❡ s✉ ❞✐ ✉♥♦ st❛t♦ ♥♦r♠❛❧✐③③❛t♦ ♥♦t♦ ❤❛ ❧❡ ♣r♦♣r✐❡tà

P 2
j =

∣∣aj
〉〈
aj
∣∣aj
〉〈
aj
∣∣ =
∣∣aj
〉〈
aj
∣∣ = Pj

Pj =
∣∣aj
〉〈
aj
∣∣ = P

†
j

❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧❡ ❝♦♠❡ è q✉❡❧❧❛ ❝♦♥s✐❞❡r❛t❛ ❛ ♣❛rt✐r❡ ❞❛❧❧✬❍❛✲

♠✐❧t♦♥✐❛♥❛✱

PjPk =
∣∣aj
〉〈
aj
∣∣ak
〉〈
ak
∣∣ = δjkPj

⇒ [Pj , Pk] = 0

✐❧ ❝❤❡ ♣❡r♠❡tt❡ ❞✐ s❝r✐✈❡r❡ ❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♥❡❧❧❛ ❢♦r♠❛✿

✭✷✳✷✳✶✮ H(s) =
∑

j

Ej(s)Pj(s)

◗✉❡st❛ ❢♦r♠❛ è ❧❛ ❞❡❝♦♠♣♦s✐③✐♦♥❡ s♣❡ttr❛❧❡ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛✱ ❞♦✈❡ ❡ss❛ è s❝r✐tt❛ ✐♥

❢♦r♠❛ ❡s♣❧✐❝✐t❛ ❝♦♠❡ ❧❛ s♦♠♠❛ ❞❡✐ ♣r♦✐❡tt♦r✐ s✉✐ ♣r♦♣r✐ ❛✉t♦s♣❛③✐✳ ❆✈❡♥❞♦ ♣r❡s♦ ✉♥❛

❜❛s❡ ❞❡❧❧♦ s♣❛③✐♦ H ❞✐ ❛✉t♦st❛t✐ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛✱ ❧✬✐♥s✐❡♠❡ ❞❡✐ ♣r♦✐❡tt♦r✐ ❞❡✈❡ ♣❡r✲

♠❡tt❡r❡ ❞✐ ❝♦str✉✐r❡ ✉♥❛ r✐s♦❧✉③✐♦♥❡ ❞❡❧❧✬✐❞❡♥t✐tà✱ ❡ q✉✐♥❞✐✱ s❡ è ✈❡r❛ ❧❛ s❝♦♠♣♦s✐③✐♦♥❡

s♣❡ttr❛❧❡✱ ❞❡✈❡ ✈❛❧❡r❡
∑
j

Pj(s) = I✳

■♠♣✐❡❣❛♥❞♦ ❧❛ s❝r✐tt✉r❛ ❛ss♦❝✐❛t❛ ❛❧❧✬❡✈♦❧✉③✐♦♥❡ ❞❡❧❧♦ st❛t♦✱ s✐ ♦tt✐❡♥❡ ❧✬❡q✉❛③✐♦♥❡

❞✐ ❡✈♦❧✉③✐♦♥❡ ❡s♣r❡ss❛ ❞✐r❡tt❛♠❡♥t❡ s✉✐ ♣r♦✐❡tt♦r✐✱ ♣r♦❝❡❞❡♥❞♦ ♣❡r s♦st✐t✉③✐♦♥❡✿

Pj(s) =
∣∣aj(s)

〉〈
aj(s)

∣∣ = A(s, s0)
∣∣aj(s0)

〉〈
aj(s0)

∣∣A(s, s0)
† = A(s, s0)Pj(s0)A(s, s0)

†

♦✈✈❡r♦✱ ❛♣♣❧✐❝❛♥❞♦ ❛ ❞❡str❛ ❧✬♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦✿
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✭✷✳✷✳✷✮ Pj(s)A(s, s0) = A(s, s0)Pj(s0)

❆❜❜✐❛♠♦ q✉✐♥❞✐ s❝r✐tt♦ ❧✬❡q✉❛③✐♦♥❡ ❞❡❧❧✬❡✈♦❧✉③✐♦♥❡ ❞❡✐ ♣r♦✐❡tt♦r✐❀ ❧✬♦♣❡r❛t♦r❡ ✉♥✐t❛✲

r✐♦ A(s, s0) è ❞❡✜♥✐t♦ s✉ ❞✐ ❡ss✐✱ ❡❞ ✐♥❞✐❝❛ ❝♦♠❡ ❞❛❣❧✐ ❛✉t♦st❛t✐ ❛ t❡♠♣♦ s0 ♣♦ss❛♥♦

❡ss❡r❡ ♦tt❡♥✉t✐ q✉❡❧❧✐ ❛❞ ✉♥ t❡♠♣♦ q✉❛❧s✐❛s✐ s ❝♦♥♦s❝❡♥❞♦ ❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡✳

❈❤✐❛♠✐❛♠♦ A(s, s0) ♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝♦✳

❆✈❡♥❞♦ st❛❜✐❧✐t♦ ❝❤❡ ❧✬❡✈♦❧✉③✐♦♥❡ ❝❤❡ st✐❛♠♦ ❝♦♥s✐❞❡r❛♥❞♦ ♥♦♥ è q✉❡❧❧❛ ❝❧❛ss✐❝❛✱

❧❛ ❞✐♥❛♠✐❝❛ ❞❡❧ s✐st❡♠❛ ❝♦♥s✐❞❡r❛t♦ ♥♦♥ ♣♦trà ❡ss❡r❡ ❞❡s❝r✐tt♦ ❝♦♥t❡♠♣♦r❛♥❡❛♠❡♥t❡

❞❛❧❧✬❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r ❝❧❛ss✐❝❛ ❡ ❞❛❧❧❛ ❜❛s❡
{∣∣aj(s)

〉}
✿ ♦❝❝♦rr❡ ❞❡✜♥✐r❡ q✉✐♥✲

❞✐ ✉♥❛ ❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r ❡q✉✐✈❛❧❡♥t❡ ❝♦♠❡ ♦ss❡r✈❛t♦ st✉❞✐❛♥❞♦ ❣❧✐ ♦♣❡r❛t♦r✐

✉♥✐t❛r✐✿ ❞❡✈❡ ❝✐♦è ❡s✐st❡r❡ ✉♥ ♦♣❡r❛t♦r❡ ❤❡r♠✐t✐❛♥♦ ❝❤❡ ❞❡♥♦♠✐♥✐❛♠♦ K t❛❧❡ ❝❤❡✿

i~
∂

∂s
A(s, s0) = K(s)A(s, s0)

K(s) = K(s)† = i~

(
∂

∂s
A(s, s0)

)
A(s, s0)

† = −i~A(s, s0)

(
∂

∂s
A(s, s0)

†

)

▲✬♦♣❡r❛t♦r❡ K è st❛t♦ ✐♥tr♦❞♦tt♦ ❞❛ ❑❛t♦ ❬✶❪ ❡ ❧♦ ✐♥❞✐❝❤❡r❡♠♦ ❝♦♥ ✐❧ s✉♦ ♥♦♠❡✳

▲❡❣❤✐❛♠♦ ♦r❛ ❞✐r❡tt❛♠❡♥t❡ ❧✬♦♣❡r❛t♦r❡ ❞✐ ❑❛t♦ ❛✐ ♣r♦✐❡tt♦r✐✱ ♣♦t❡♥❞♦ ❝♦♠❜✐♥❛r❡

❧✬❡q✉❛③✐♦♥❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ❞❡✐ ♣r♦✐❡tt♦r✐ ❡ ❧✬❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r ❡q✉✐✈❛❧❡♥t❡✱ s✐❛

✐♥❢❛tt✐ ❞❛ ✷✳✷✳✷

Pj(s) = A(s, s0)Pj(s0)A(s, s0)
†

♦ss❡r✈✐❛♠♦ ❧✬❛♣♣❧✐❝❛③✐♦♥❡ ❞❡❧❧❛ ❞❡r✐✈❛t❛ r✐s♣❡tt♦ ❛❞ s✿

i~
∂

∂s
Pj(s) = i~

∂

∂s

(
A(s, s0)Pj(s0)A(s, s0)

†
)
=

= K(s)A(s, s0)Pj(s0)A(s, s0)
† −A(s, s0)Pj(s0)A(s, s0)

†K(s) =

= K(s)Pj(s)− Pj(s)K(s) =

= [K(s), Pj(s)]✭✷✳✷✳✸✮

▲✬♦♣❡r❛t♦r❡ ❞✐ ❑❛t♦ è ❜❡♥ ❞❡✜♥✐t♦ ♣✉r❝❤é ❛♣♣❧✐❝❤✐ ✐♥ ♠♦❞♦ t❛❧❡ ❝❤❡ ✐❧ ♣r♦♣r✐♦ ❝♦♠✲

♠✉t❛t♦r❡ ❝♦♥ ✉♥ ♣r♦✐❡tt♦r❡ s✉ ✉♥ ❛✉t♦s♣❛③✐♦ ❞✐❛ ❧❛ ❞❡r✐✈❛t❛ ❞❡❧ ♣r♦✐❡tt♦r❡ st❡ss♦❀

❝♦sì✱ tr♦✈❛t♦ ✉♥ ♦♣❡r❛t♦r❡ ❝❤❡ ✈❡r✐✜❝❤✐ q✉❡st❛ ❝♦♥❞✐③✐♦♥❡ ♥❡❝❡ss❛r✐❛✱ ♣♦ss✐❛♠♦ r✐❝♦✲

str✉✐r❡ ❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛✳
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❉❛ q✉❡st❛ s❝r✐tt✉r❛ s✐ ♦tt✐❡♥❡ s✉❜✐t♦ ✉♥❛ ❢♦r♠❛ ❝♦♥✈❡♥✐❡♥t❡ ♣❡r K(s)✱

i~

(
∂

∂s
Pj(s)

)
Pj(s) = K(s)Pj(s)− Pj(s)K(s)Pj(s)

i~
∑

j

(
∂

∂s
Pj(s)

)
Pj(s) = K(s)−

∑

j

Pj(s)K(s)Pj(s)

✷✳✸✳ ❚r❛s❢♦r♠❛③✐♦♥✐ ❞✐ ❣❛✉❣❡

●❧✐ ♦♣❡r❛t♦r✐ A ❡ K s♦♥♦ ❡✈✐❞❡♥t❡♠❡♥t❡ ❧❡❣❛t✐✱ ❡ ♣♦ss✐❛♠♦ ♦ss❡r✈❛r❡ q✉❛❧✐ tr❛✲

s❢♦r♠❛③✐♦♥✐ ❞✐ ❣❛✉❣❡ ♥❡ ❧❛s❝✐♥♦ ✐♥✈❛r✐❛t❛ ❧❛ ✈❛❧✐❞✐tà✳

❙❡ ❛♥❝❤❡ A1(s, s0) r✐s♣❡tt❛ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ❡✈♦❧✉t♦r❡ ❛❞✐❛❜❛t✐❝♦✱ ♣❡r ❡♥tr❛♠❜✐ ✈❛❧❡

✷✳✷✳✷ ❡ q✉✐♥❞✐✿

Pj(s) = A1(s, s0)Pj(s0)A1(s, s0)
†

= A(s, s0)Pj(s0)A(s, s0)
†

❞❛ ❝✉✐ ❞✐s❝❡♥❞❡ ❞✐r❡tt❛♠❡♥t❡✱ ♣♦t❡♥❞♦ ✉❣✉❛❣❧✐❛r❡ ✐ ❞✉❡ t❡r♠✐♥✐ ❛ ❞❡str❛✿

A(s, s0)Pj(s0)A(s, s0)
† = A1(s, s0)Pj(s0)A1(s, s0)

†

A1(s, s0)
†A(s, s0)Pj(s0) = Pj(s0)A1(s, s0)

†A(s, s0)

[
A1(s, s0)

†A(s, s0), Pj(s0)
]
= 0

❆❧❧♦r❛ ✐❧ ♣r♦❞♦tt♦ A1(s, s0)
†A(s, s0) è ✉♥ ♦♣❡r❛t♦r❡ ❞✐❛❣♦♥❛❧✐③③❛❜✐❧❡ s✉❧❧❛ ❜❛s❡ ❞❡✲

❣❧✐ ❛✉t♦st❛t✐ ❛ t❡♠♣♦ s0✱ ❡ s✐ ♦tt✐❡♥❡ q✉✐♥❞✐ A1(s, s0)
†A(s, s0) =

∑
j

c̄j(s)Pj(s0)✱ ❝♦♥

cj(s) ∈ C ❡
∥∥cj(s)

∥∥ = 1 ♣❡r ❧❡ ❝♦♥❞✐③✐♦♥✐ ❞✐ ✉♥✐t❛r✐❡tà✳ ❆❧❧♦r❛ ♣♦ss✐❛♠♦ r✐s❝r✐✈❡r❡

cj(s) = ei fj(s)✱ ❝♦♥ fj(s) ❢✉♥③✐♦♥✐ r❡❛❧✐✳

A1(s, s0) =
∑

j

ei fj(s)A(s, s0)Pj(s0)

P❡r ❞❡❧❧❡ ❢✉♥③✐♦♥✐ fj(s) ❣❡♥❡r✐❝❤❡ ♣♦ss✐❛♠♦ ♦tt❡♥❡r❡ ✉♥ ♦♣❡r❛t♦r❡ ❛❞✐❛❜❛t✐❝♦ ❡q✉✐✈❛✲

❧❡♥t❡ ❛ ♣❛rt✐r❡ ❞❛ ✉♥ ♦♣❡r❛t♦r❡ ♥♦t♦ ❡ ❞❛✐ ♣r♦✐❡tt♦r✐ s✉❣❧✐ ❛✉t♦s♣❛③✐ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛

❛ ✉♥ t❡♠♣♦ ✜ss❛t♦✳ ▲✬♦♣❡r❛t♦r❡ ❞✐ ❑❛t♦ ❞♦✈rà ✈❛r✐❛r❡ ❞✐ ❝♦♥s❡❣✉❡♥③❛✱ r✐s♣❡tt❛♥❞♦
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❧✬❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r ❡q✉✐✈❛❧❡♥t❡

K1(s) = i~

(
∂

∂s
A1(s, s0)

)
A1(s, s0)

† =

= i~


 ∂

∂s



∑

j

ei fj(s)A(s, s0)Pj(s0)





(
∑

k

e−i fk(s)Pk(s0)A(s, s0)
†

)
=

=
∑

j

(
i~

∂

∂s
ei fj(s) + ei fj(s)K(s)

)
e−i fj(s)A(s, s0)Pj(s0)A(s, s0)

† =

=
∑

j

(
i~

(
∂

∂s
ei fj(s)

)
e−i fj(s) +K(s)

)
Pj(s)

= −~

∑

j

f ′
j(s)Pj(s) +K(s)✭✷✳✸✳✶✮

❯♥❛ tr❛s❢♦r♠❛③✐♦♥❡ s✉❧❧✬♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦ ✐♥❞✉❝❡ ❞✐r❡tt❛♠❡♥t❡ ✉♥❛ r✐❞❡✜♥✐③✐♦♥❡ s✉❧✲

❧✬♦♣❡r❛t♦r❡ ❞✐ ❑❛t♦❀ ❛❧❧♦ st❡ss♦ ♠♦❞♦ ❧✬♦♣❡r❛t♦r❡ ❞✐ ❑❛t♦ ♠♦str❛ ❝♦♠❡✱ s❝❡❧t❛ ✉♥❛

❜❛s❡ ❞✐ ❛✉t♦st❛t✐ ✐♥ ✉♥ q✉❛❧s✐❛s✐ t❡♠♣♦✱ è ♣♦ss✐❜✐❧❡ r✐❞❡✜♥✐r❡ ❧❛ ❞✐❛❣♦♥❛❧❡ s♦♠♠❛♥❞♦

❛❞ ♦❣♥✐ t❡r♠✐♥❡ ✉♥❛ ❞✐✈❡rs❛ ❣❡♥❡r✐❝❛ ❢✉♥③✐♦♥❡ r❡❛❧❡ s♦♠♠❛❜✐❧❡✱ ❡ ❧✬♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦

❛ss♦❝✐❛t♦ ❝❛♠❜✐❛ ❝♦♥s❡❣✉❡♥t❡♠❡♥t❡✳

▼❛ ❛❜❜✐❛♠♦ s❝r✐tt♦ ✐♥ ♣r❡❝❡❞❡♥③❛✿ i~
∑
j

(
∂
∂s
Pj(s)

)
Pj(s) = K(s)−

∑
j

Pj(s)K(s)Pj(s)✱

❞♦✈❡ ✐❧ s❡❝♦♥❞♦ t❡r♠✐♥❡ ❛ ❞❡str❛ è ♣r♦♣r✐♦ ❧❛ ❞✐❛❣♦♥❛❧❡ ❞❡❧❧✬♦♣❡r❛t♦r❡ ❞✐ ❑❛t♦ ♥❡❧❧❛

❜❛s❡ ❞✐ ❛✉t♦st❛t✐ ❛❧ t❡♠♣♦ s ✜ss❛t♦✱ ❝❤❡ ♣✉ò ❡ss❡r❡ ♣♦st❛ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❧❛ ♣❡r

♦❣♥✐ t❡♠♣♦✱ ❝♦♥ ❧❛ ❝♦♥❞✐③✐♦♥❡ ❝❤❡ ✐ ♣r♦✐❡tt♦r✐ s✐❛♥♦ ♦♣❡r❛t♦r✐ ❛ ❞❡r✐✈❛t❛ ❞❡✜♥✐t❛✱ ❝❤❡

è ✉♥❛ ♣r♦♣r✐❡tà ❝❤❡ ❞✐s❝❡♥❞❡ ❞✐r❡tt❛♠❡♥t❡ ❞❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ❍❛♠✐❧t♦♥✐❛♥❛ ❛❞✐❛❜❛✲

t✐❝❛✳ ❈✐♦è ♣♦ss✐❛♠♦ ✐♠♣♦rr❡ ❣r❛③✐❡ ❛ ✭✷✳✸✳✶✮ ❝❤❡ Pj(s)K(s)Pj(s) = 0✳

❆❧❧♦r❛ s✐ ♦tt✐❡♥❡ ✉♥❛ s♦❧✉③✐♦♥❡ ♣♦ss✐❜✐❧❡ ♣❛rt✐❝♦❧❛r♠❡♥t❡ s❡♠♣❧✐❝❡ ♣❡r K(s)✱ ❝❤❡ ♣✉ò

❝♦♠✉♥q✉❡ ❡ss❡r❡ tr❛s❢♦r♠❛t❛ ✐♥ s❡❣✉✐t♦ s❡❝♦♥❞♦ ❧❡ ❝♦♥❞✐③✐♦♥✐ ❞✐ ❣❛✉❣❡✿

K(s) = i~
∑

j

(
∂

∂s
Pj(s)

)
Pj(s) = −i~

∑

j

Pj(s)

(
∂

∂s
Pj(s)

)
✭✷✳✸✳✷✮

❡ ❧❛ ❝♦♥❞✐③✐♦♥❡ ♥❡❝❡ss❛r✐❛ i~ ∂
∂s
Pj(s) = [K(s), Pj(s)] è ✐♠♠❡❞✐❛t❛♠❡♥t❡ ✈❡r✐✜❝❛t❛✳

✷✳✹✳ ▲❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❛❞ ❛ss✐ r♦t❛♥t✐

✷✳✹✳✶✳ ▲❛ ❝♦str✉③✐♦♥❡ ❞✐ ✉♥❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡✳ Pr❡♥❞✐❛♠♦ ✐♥ ❝♦♥s✐❞❡r❛✲

③✐♦♥❡ ❞✉❡ ♣r♦♣❛❣❛t♦r✐ U(x, x0) ≡ U(x) ❡ U1(x, x1) ≡ U1(x) ❞✐ ❝✉✐ s✐❛♥♦ ♥♦t✐ ❣❧✐

♦♣❡r❛t♦r✐ ❤❡r♠✐t✐❛♥✐ ❝❤❡ ❝♦♠♣❛✐♦♥♦ ♥❡❧❧❡ ❞✉❡ ❡q✉❛③✐♦♥✐ ❞✐ ❙❝❤rö❞✐♥❣❡r ❡q✉✐✈❛❧❡♥t✐
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❛ss♦❝✐❛t❡✳

i
∂

∂x
U(x) = HU (x)U(x)

i
∂

∂x
U1(x) = HU1(x)U1(x)

■♥♥❛♥③✐t✉tt♦ r✐❝♦r❞✐❛♠♦ ❝❤❡ ♥❛t✉r❛❧♠❡♥t❡ ✐❧ ♣r♦❞♦tt♦ ❞✐ ❞✉❡ ♦♣❡r❛t♦r✐ ✉♥✐t❛r✐ è ✉♥✐✲

t❛r✐♦✱ ❝♦sì ❝♦♠❡ è ❡✈✐❞❡♥t❡♠❡♥t❡ ✉♥✐t❛r✐♦ ❧✬❛❣❣✐✉♥t♦ ❞✐ ✉♥ ♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦✳

❈✐ ❛s♣❡tt✐❛♠♦ ❝❤❡ ❛❧ ♣r♦❞♦tt♦ ❞❡✐ ❞✉❡ ♦♣❡r❛t♦r✐ U(x)†U1(x) ≡ U
(U)
1 (x) ♥❡❧❧❛ ♥✉♦✈❛

❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r ❡q✉✐✈❛❧❡♥t❡ r❡❧❛t✐✈❛ ❛❧❧♦ st❡ss♦ ♣❛r❛♠❡tr♦ x✱ s✐❛ ❛ss♦❝✐❛t♦

✉♥ ♦♣❡r❛t♦r❡ ❤❡r♠✐t✐❛♥♦ ❞✐ ❝✉✐ s✐❛ ♣♦ss✐❜✐❧❡ ❢♦r♥✐r❡ ❝❛r❛tt❡r✐③③❛③✐♦♥✐✿

i
∂

∂x

(
U

(U)
1 (x)

)
= i

∂

∂x

(
U(x)†U1(x)

)
=

= −U(x)†HU (x)U1(x) + U(x)†HU1(x)U1(x) =

=
(
−U(x)†HU (x)U(x) + U(x)†HU1(x)U(x)

)
U(x)†U1(x) =

= U(x)† (HU1(x)−HU (x))U(x)U(x)†U1(x) =

=
(
H

(U)
U1

(x)−H
(U)
U (x)

)
U(x)†U1(x) =

= H
U

(U)
1

(x)U
(U)
1 (x)✭✷✳✹✳✶✮

❆❧❧♦r❛ ❝❤✐❛♠✐❛♠♦ ❧✬♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦ U
(U)
1 r❛♣♣r❡s❡♥t❛③✐♦♥❡ tr❛s❢♦r♠❛t❛ ❞✐ U1 r✐✲

s♣❡tt♦ ❛❞ U ✱ ❡ ❧✬♦♣❡r❛t♦r❡ ❤❡r♠✐t✐❛♥♦ U(x)†HU1(x)U(x) ≡ H
(U)
U1

(x) r❛♣♣r❡s❡♥t❛③✐♦✲

♥❡ tr❛s❢♦r♠❛t❛ ❞✐ HU1 r✐s♣❡tt♦ ❛ U. ❙✐ ♦ss❡r✈❛ ❝❤❡ ✐❧ ♥✉♦✈♦ ♦♣❡r❛t♦r❡ ❤❡r♠✐t✐❛♥♦ s✐

♦tt✐❡♥❡ ♠❡❞✐❛♥t❡ ❧❛ ❞✐✛❡r❡♥③❛ ❞❡✐ ❞✉❡ ♦♣❡r❛t♦r✐ ❤❡r♠✐t✐❛♥✐ ✐♥ r❛♣♣r❡s❡♥t❛③✐♦♥❡ tr❛✲

s❢♦r♠❛t❛✱ ♦✈✈❡r♦ ❧❛ tr❛s❢♦r♠❛③✐♦♥❡ ❞❡❧❧❛ ❞✐✛❡r❡♥③❛✳

◗✉❡st❛ s❝r✐tt✉r❛ ❣❡♥❡r❛❧✐③③❛ ❧❡ ♣♦ss✐❜✐❧✐tà ❞✐ r❛♣♣r❡s❡♥t❛③✐♦♥❡ tr❛s❢♦r♠❛t❛ ❞❡❣❧✐ ♦♣❡✲

r❛t♦r✐ ♠❡❞✐❛♥t❡ ✉♥ ♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦ ❝❤❡ ❞❡t❡r♠✐♥✐ ✉♥✬❡✈♦❧✉③✐♦♥❡ ❝❛r❛tt❡r✐③③❛t❛

❞❛ ✉♥ ♦♣❡r❛t♦r❡ ❤❡r♠✐t✐❛♥♦ ♥♦t♦ ✭q✉❡❧❧♦ ❝❤❡ ❝♦♠♣❛r❡ ♥❡❧❧✬❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r

❡q✉✐✈❛❧❡♥t❡ r❡❧❛t✐✈❛ ❛❧❧♦ st❡ss♦ ♣❛r❛♠❡tr♦✮✳ ▲❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡ è ✉♥

❝❛s♦ ♣❛rt✐❝♦❧❛r❡ ❞✐ q✉❡st♦ ❢♦r♠❛❧✐s♠♦✱ ♣❡r ❝✉✐ ✐❧ ♣❛r❛♠❡tr♦ è ✐❧ t❡♠♣♦ ❡ ❧✬♦♣❡r❛t♦r❡

❤❡r♠✐t✐❛♥♦ ♥♦t♦ è ❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♥♦♥ ♣❡rt✉r❜❛t❛✱ ❝❤❡ ❞❡t❡r♠✐♥❛ ✉♥ ♦♣❡r❛t♦r❡ ❞✐

❡✈♦❧✉③✐♦♥❡ ❝❤❡ è ❞✐❛❣♦♥❛❧❡ ♥❡❧❧❛ ❜❛s❡ ❞❡❣❧✐ ❛✉t♦st❛t✐ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ✐♠♣❡rt✉r❜❛t❛

st❡ss❛ ♣❡r ♦❣♥✐ ❝♦♣♣✐❛ ❞✐ t❡♠♣✐❀ ❧✬❍❛♠✐❧t♦♥✐❛♥❛ ✐♠♣❡rt✉r❜❛t❛ ✈✐❡♥❡ s♦ttr❛tt❛ ❛ q✉❡❧✲

❧❛ ♣❡rt✉r❜❛t❛ ♣❡r ❧❛s❝✐❛r❡ ✉♥❛ ❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r ❡q✉✐✈❛❧❡♥t❡ ❝❤❡ ♣r❡s❡♥t❛ ❧❛

tr❛s❢♦r♠❛③✐♦♥❡ ❞❡❧❧❛ ♣❡rt✉r❜❛③✐♦♥❡✳

◆❡❧ ❝❛s♦ s♣❡❝✐✜❝♦ ❞❡❧❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡✱ ❧✬♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦ è ✉♥ ♣r♦♣❛❣❛t♦r❡
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❝❤❡ è ❞❡✜♥✐t♦ ❛ ❞✉❡ ♣❛r❛♠❡tr✐✿ ✐❧ t❡♠♣♦ ✜♥❛❧❡ ❡❞ ✐❧ t❡♠♣♦ ✐♥✐③✐❛❧❡ ❞❡❧❧✬❡✈♦❧✉③✐♦♥❡✳ ❆❧✲

❧♦r❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡ s✐ ❛♣♣❧✐❝❛ ❛ ❞❡str❛ ✉♥ ✉❧t❡r✐♦r❡ ♦♣❡r❛t♦r❡ U(x0)✱

♣❡r ❝✉✐ r❡st❛♥♦ ❞❡✜♥✐t❡ ❧❡ ♣r♦♣r✐❡tà ❞✐ ❝♦♠♣♦s✐③✐♦♥❡ s✉ ♣✐ù t❡♠♣♦✱ ❝♦♠❡ ♠♦str❛t♦

✐♥ ♣r❡❝❡❞❡♥③❛✳ ▼❛ ❧✬♦♣❡r❛t♦r❡ ❛ ❞❡str❛ ♥♦♥ è ❛❧tr♦ ❝❤❡ ✉♥❛ ❝♦st❛♥t❡ r✐s♣❡tt♦ ❛ x ❝❤❡

♣r❡s❡r✈❛ ❞❡❧❧❡ ❝❛r❛tt❡r✐st✐❝❤❡ ❞✐ s✐♠♠❡tr✐❛ ❞❡❧❧❛ s❝r✐tt✉r❛✳

●❡♥❡r❛❧✐③③❛♥❞♦ ❧❛ s❝r✐tt✉r❛ ❞❡❧❧❡ r❛♣♣r❡s❡♥t❛③✐♦♥✐ tr❛s❢♦r♠❛t❡ ❛❞ ♦♣❡r❛t♦r✐ ❛ ❞✉❡ ♣❛✲

r❛♠❡tr✐ ❞✐ ❞❡✜♥✐③✐♦♥❡✱ U1 = U1(x, x0)✱ ♠❡❞✐❛♥t❡ ❧✬♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦ U(x) s✐ ❞❡✜♥✐s❝❡✿

U
(U)
1 (x, x0) = U(x)†U1(x, x0)U(x0)

❉❛ q✉❡st❛ ❞❡✜♥✐③✐♦♥❡ s✐ ♦tt❡♥❣♦♥♦ ❧❡ ❡q✉❛③✐♦♥✐ ❞✐ ❙❝❤rö❞✐♥❣❡r ❡q✉✐✈❛❧❡♥t✐ ❛ss♦❝✐❛t❡

❛✐ ❞✉❡ ♣❛r❛♠❡tr✐ ❡ ❧❛ ❧❡❣❣❡ ❞✐ ❝♦♠♣♦s✐③✐♦♥❡ ✐♥ r❛♣♣r❡s❡♥t❛③✐♦♥❡ tr❛s❢♦r♠❛t❛✿

i
∂

∂x
U

(U)
1 (x, x0) = U(x)† (HU1(x)−HU (x))U1(x, x0)U(x0) =

=
(
H

(U)
U1

(x)−H
(U)
U (x)

)
U

(U)
1 (x, x0)✭✷✳✹✳✷✮

i
∂

∂x0
U

(U)
1 (x, x0) = U(x)†U1(x, x0) (HU (x0)−HU1(x0))U(x0) =

= −U
(U)
1 (x, x0)

(
H

(U)
U1

(x0)−H
(U)
U (x0)

)

U
(U)
1 (x, x1)U

(U)
1 (x1, x0) = U(x)†U1(x, x1)U(x1)U(x1)

†U1(x1, x0)U(x0) =

= U(x)†U1(x, x1)U1(x1, x0)U(x0) =

= U(x)†U1(x, x0)U(x0) =

= U
(U)
1 (x, x0)✭✷✳✹✳✸✮

❙✐ r✐tr♦✈❛♥♦ t✉tt❡ ❧❡ ❢♦r♠❡ ♥♦t❡ ❞❛❧ ❝❛s♦ ❞❡❧❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡✱ ❡ ❞❛❧❧❡

♣r♦♣r✐❡tà ❝❤❡ ❝✐ ❛s♣❡tt✐❛♠♦ ♣❡r ❣❧✐ ♦♣❡r❛t♦r✐ ❞✐ ❡✈♦❧✉③✐♦♥❡ r✐s♣❡tt♦ ❛❧ ♣❛r❛♠❡tr♦ x✳

■♥ q✉❡st❛ ✉❧t✐♠❛ ❢♦r♠✉❧❛③✐♦♥❡ ❛♥❝❤❡ U(x) ♣✉ò ♥❛t✉r❛❧♠❡♥t❡ ❡ss❡r❡ ✉♥ ♦❣❣❡tt♦ ❛

❞✉❡ ✐♥❞✐❝✐✿ U(x) = U(x, x1)✱ ♠❛ x1 è ❣❡♥❡r❛❧♠❡♥t❡ tr❛s❝✉r❛t♦ ♣❡r❝❤é ♣✉r❛♠❡♥t❡

❛r❜✐tr❛r✐♦✱ ♦✈✈❡r♦ ♣✉ò ❡ss❡r❡ ✜ss❛t♦ ❛ 0 ♦ ✉❣✉❛❧❡ ❛❧ s❡❝♦♥❞♦ ♣❛r❛♠❡tr♦ ❞❡❧❧✬♦♣❡r❛t♦r❡

❛ ❝✉✐ ✈✐❡♥❡ ❛♣♣❧✐❝❛t♦✱ ❛ s❡❝♦♥❞❛ ❞❡❧❧❛ ❝♦♠♦❞✐tà✳

✷✳✹✳✷✳ ❚r❛s❢♦r♠❛③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛ ❡ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❛❞ ❛ss✐ r♦t❛♥t✐✳

P❡r q✉❛♥t♦ r✐❣✉❛r❞❛ ✐❧ ❝❛s♦ ❛❞✐❛❜❛t✐❝♦✱ ❞♦✈❡ ✈❛❧❣♦♥♦ H(s) =
∑
j

Ej(s)Pj(s) ❡ K(s) =
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i~
∑
j

(
∂
∂s
Pj(s)

)
Pj(s) = −i~

∑
j

Pj(s)
(

∂
∂s
Pj(s)

)
✱ ♦♣❡r❛t♦r✐ ❤❡r♠✐t✐❛♥✐ ❛ss♦❝✐❛t✐ r✐s♣❡t✲

t✐✈❛♠❡♥t❡ ❛❣❧✐ ♦♣❡r❛t♦r✐ ✉♥✐t❛r✐ U(s, s0)✱ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡✱ ❡ A(s, s0) ❞✐ ❡✈♦✲

❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛✱ ♣♦ss✐❛♠♦ ❢❛❝✐❧♠❡♥t❡ s❝r✐✈❡r❡ ❧❛ tr❛s❢♦r♠❛③✐♦♥❡ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛✿

H(A)(s; s0) = A(s, s0)
†H(s)A(s, s0) =

= A(s, s0)
†
∑

j

Ej(s)Pj(s)A(s, s0) =

=
∑

j

Ej(s)Pj(s0)✭✷✳✹✳✹✮

❉♦✈❡ s0 è ❞✐ ♥❛t✉r❛ ✐♥t❡r❛♠❡♥t❡ ❛r❜✐tr❛r✐❛✳ ◆❛t✉r❛❧♠❡♥t❡ ❞❛ A(s0, s0) = I s✐ ♦tt✐❡✲

♥❡ H(A)(s0; s0) = H(s0)✳ ◗✉❡st♦ ♦♣❡r❛t♦r❡ è ❞✐❛❣♦♥❛❧❡ ♥❡❧❧❛ ❜❛s❡ ❞❡❣❧✐ ❛✉t♦st❛t✐ ❛

t❡♠♣♦ s0❀ ❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛ è ❝♦♥✈❡♥✐❡♥t❡ ♣❡r❝❤é ♣❡r♠❡tt❡ ❞✐ ♣r❡♥❞❡r❡

✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ✉♥❛ ❜❛s❡ ✜ss❛ ❬✾❪✳

❙✐ st✉❞✐❛ q✉✐♥❞✐ ❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ❞❡❧ s✐st❡♠❛ ✐♥ q✉❡st❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡✱ ❞❡✜✲

♥✐t❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❛❞ ❛ss✐ r♦t❛♥t✐ ❬✺❪✱ ❝❤❡ ❞❡✜♥✐s❝❡ ❧❛ ♥✉♦✈❛ ❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö✲

❞✐♥❣❡r

i~
∂

∂s
U (A)(s, s0; ǫ) = i~

∂

∂s

(
A(s, s0)

†U(s, s0; ǫ)
)
=

= −A(s, s0)
†K(s)U(s, s0; ǫ) +

1

ǫ
A(s, s0)

†H(s)U(s, s0; ǫ) =

=

(
1

ǫ
H(A)(s; s0)−K(A)(s; s0)

)
U (A)(s, s0; ǫ)✭✷✳✹✳✺✮

U (A)(s, s; ǫ) = A(s, s)†U(s, s; ǫ)A(s, s) = I

◆❡❧❧✬❡q✉❛③✐♦♥❡ ✷✳✹✳✺ è ❡✈✐❞❡♥t❡ ❝♦♠❡ ✐❧ t❡r♠✐♥❡ ❞♦♠✐♥❛♥t❡ r✐s✉❧t❡rà✱ ♣❡r ♣✐❝❝♦❧✐ ✈❛❧♦r✐

❞✐ ǫ✱ q✉❡❧❧♦ ❛ss♦❝✐❛t♦ ❛❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ❞❡❧ s✐st❡♠❛✳ ■♥ ♣❛rt✐❝♦❧❛r❡✱ è ❞❛ s♦tt♦❧✐♥❡❛r❡

❝♦♠❡ ❧❛ s♦❧✉③✐♦♥❡ ❞❡❧❧✬❡q✉❛③✐♦♥❡ ❞✐✛❡r❡♥③✐❛❧❡ s❡♥③❛ ❧✬♦♣❡r❛t♦r❡ ❞✐ ❑❛t♦ tr❛s❢♦r♠❛✲

t♦ s❛r❡❜❜❡ ❜❛♥❛❧❡ ❡ r✐s✉❧t❡r❡❜❜❡ ❞✐❛❣♦♥❛❧❡ ♥❡❧❧❛ ❜❛s❡ ❛ t❡♠♣♦ s0 ✭❛✈❡♥❞♦ ✜ss❛t♦ ✐❧

s❡❝♦♥❞♦ ♣❛r❛♠❡tr♦ ❞❡❧❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛ A(s, s0) ✉❣✉❛❧❡ ❛ q✉❡❧❧♦

❞❡❧❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ U(s, s0; ǫ)✮✱ q✉❡st♦ ♣❡r ✈✐❛ ❞❡❧❧❛ ❢♦r♠❛ ❞❡❧✲

❧✬❍❛♠✐❧t♦♥✐❛♥❛ ✐♥ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❛❞ ❛ss✐ r♦t❛♥t✐ H(A)(s, s0) ✐♥ ✷✳✹✳✹✳ ❈❡r❝❤✐❛♠♦

q✉✐♥❞✐✱ ✐♥ ❢♦r♠❛ ❡s♣❧✐❝✐t❛✱ ❧✬♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦ ❛ss♦❝✐❛t♦ ❛ q✉❡st✬✉❧t✐♠♦ ♦♣❡r❛t♦r❡

❤❡r♠✐t✐❛♥♦✱ ✐♠♣♦♥❡♥❞♦ ❧❛ s♦❧✐t❛ ❝♦♥❞✐③✐♦♥❡ ❛❧ ❝♦♥t♦r♥♦ ❝❤❡ ❣❛r❛♥t✐s❝❡ ❧✬✉♥✐t❛r✐❡tà✿

i~ǫ
∂

∂s
Φ(s, s0; ǫ) = H(A)(s; s0)Φ(s, s0; ǫ) =

∑

j

Ej (s)Pj(s0)Φ(s, s0; ǫ)
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Φ(s0, s0; ǫ) = I

=⇒ Φ(s, s0; ǫ)
† = Φ(s, s0; ǫ)

−1

▲❛ s♦❧✉③✐♦♥❡ s✐ ♦tt✐❡♥❡ ♣❡r s❡♠♣❧✐❝❡ ✐♥t❡❣r❛③✐♦♥❡✱ ❡ r✐s✉❧t❛

Φ(s, s0) = e
− i

~ǫ

∑

j

´ s

s0
Ej(s

′)ds′Pj(s0)

=
∑

j

e
− i

~ǫ

´ s

s0
Ej(s

′)ds′
Pj(s0)

❝❤❡ ♣♦ss✐❛♠♦ r✐s❝r✐✈❡r❡ ♣❡r ❝♦♠♣❛tt❡③③❛✱ ❞❡✜♥❡♥❞♦ ❧❡ ❢✉♥③✐♦♥✐ ❛❞ ✐♥❞✐❝❡ j ❝❤❡ ❞❡✲

s❝r✐✈♦♥♦ ❧❛ ❢❛s❡✿

Φ(s, s0; ǫ) =
∑

j

e−
i
ǫ
ϕj(s,s0)Pj(s0)

ϕj(s, s0) =
1

~

ˆ s

s0

Ej(s
′)ds′

P❡r q✉❛♥t♦ ❞❡tt♦ ✐♥ ✷✳✹✳✹✱ Φ(s, s0; ǫ) ❡ ❧✬❍❛♠✐❧t♦♥✐❛♥❛ ✐♥ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❛❞ ❛ss✐

r♦t❛♥t✐ ❝♦♠♠✉t❛♥♦ ❡❞ è ❧❛ ❜❛s❡ ❞✐ ❛✉t♦st❛t✐ ❛ t❡♠♣♦ s0 q✉❡❧❧❛ ✐♥ ❝✉✐ s♦♥♦ ❡♥tr❛♠❜✐

❞✐❛❣♦♥❛❧✐✳

Φ(s, s0; ǫ) è ✉♥ ♦♣❡r❛t♦r❡ ❝❤❡ ❝♦♥t✐❡♥❡ ❧✬✐♥❢♦r♠❛③✐♦♥❡ s✉❧❧❛ ❢❛s❡✱ ❝❤❡ ❛✐ ❧✐♠✐t✐ ❞❡❧❧✬❛ss❡

❞❡✐ t❡♠♣✐ ❞✐✈❡r❣❡ ✐♥❞✐♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛ ǫ✳

P❡r q✉❛♥t♦ ♦ss❡r✈❛t♦ ✐♥ ♣r❡❝❡❞❡♥③❛✱ ♦✈✈❡r♦ ❝❤❡ ♣❡r ✉♥❛ ✈❡❧♦❝✐tà ❞✐ tr❛s❢♦r✲

♠❛③✐♦♥❡ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ǫ ♣✐❝❝♦❧❛ ✐❧ t❡r♠✐♥❡ H(A)(s; s0) ❞❡✈❡ ❡ss❡r❡ ♣r❡✈❛❧❡♥✲

t❡✱ ❝✐ ❛s♣❡tt✐❛♠♦ ❝❤❡✱ ♣❡r ♣✐❝❝♦❧✐ ✈❛❧♦r✐ ❞✐ ǫ✱ Φ(s, s0; ǫ) ♥♦♥ s✐❛ ♠♦❧t♦ ❞✐✈❡rs♦ ❞❛

U (A)(s, s0; ǫ) = A(s, s0)
†U(s, s0; ǫ)✳ ❊s♣r✐♠✐❛♠♦ ❛♥❛❧✐t✐❝❛♠❡♥t❡ q✉❡st❛ ❝♦♥❞✐③✐♦♥❡

r✐❝♦r❞❛♥❞♦ ❝❤❡ q✉❡❧❧✐ ❞❛ ❝♦♥❢r♦♥t❛r❡ s♦♥♦ ♦♣❡r❛t♦r✐ ❞✐ ❡✈♦❧✉③✐♦♥❡ ✉♥✐t❛r✐✱ ❡ q✉✐♥✲

❞✐ ❡s✐st❡rà ✉♥ ♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦ W (s, s0; ǫ) = Φ(s, s0; ǫ)
†A(s, s0)

†U(s, s0; ǫ) ❝❤❡ ❝✐

❛s♣❡tt✐❛♠♦ ❡ss❡r❡ ❝✐r❝❛ ❧✬✐❞❡♥t✐tà✱ ♣❡r❧♦♠❡♥♦ ♥❡❧ ❧✐♠✐t❡ ❞✐ ǫ ♣✐❝❝♦❧♦✳

▲✬❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r ❡q✉✐✈❛❧❡♥t❡ r✐s♣❡tt❛t❛ ❞❛ W (s, s0; ǫ) è

i~
∂

∂s
W (s, s0; ǫ) = i~

∂

∂s
Φ(s, s0; ǫ)

†A(s, s0)
†U(s, s0; ǫ) =

= Φ(s, s0; ǫ)
†

(
−
1

ǫ
H(A)(s; s0) +

1

ǫ
H(A)(s; s0)−K(A)(s; s0)

)
◦

◦A(s, s0)
†U(s, s0; ǫ) =

= −Φ(s, s0; ǫ)
†K(A)(s; s0)A(s, s0)

†U(s, s0; ǫ) =

= −K(AΦ)(s; s0, ǫ)W (s, s0; ǫ)✭✷✳✹✳✻✮

❉❛ q✉❡st❛ ❡q✉❛③✐♦♥❡ ✐♥ ❢♦r♠❛ ❞✐✛❡r❡♥③✐❛❧❡ s✐ ♦ss❡r✈❛ ✐♠♠❡❞✐❛t❛♠❡♥t❡ ❝❤❡
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∥∥ ∂

∂s
W (s, s0; ǫ)

∥∥ ≤
1

~

∥∥K(AΦ)(s; s0, ǫ)
∥∥ ≤

1

~

∥∥K(A)(s; s0)
∥∥ ≤

1

~

∥∥K(s)
∥∥✭✷✳✹✳✼✮

❞❛ ❝✉✐ s✐ ❞❡❞✉❝❡ ❝❤❡ s❡ K(s) è ❧✐♠✐t❛t♦ ♣❡r ♦❣♥✐ t❡♠♣♦✱ ❧♦ è ❛♥❝❤❡ ∂
∂s
W (s, s0; ǫ)✱

❞♦✈❡ ♣❡rò ❧✬♦♣❡r❛t♦r❡ ❞✐ ❑❛t♦ ♥♦♥ ❞✐♣❡♥❞❡ ❡s♣❧✐❝✐t❛♠❡♥t❡ ♥é ❞❛❧ t❡♠♣♦ ✐♥✐③✐❛❧❡ s0

♥é s♦♣r❛tt✉tt♦ ❞❛❧❧❛ ✈❡❧♦❝✐tà ❞✐ tr❛s❢♦r♠❛③✐♦♥❡ ǫ✱ ♠❛ s♦❧♦ ❞❛ s ♠❡❞✐❛♥t❡ ❧❛ ❢✉♥③✐♦♥❡

❞✐ ❛❝❝❡♥s✐♦♥❡✳

❉❛ ✷✳✹✳✻ s✐ ♦tt✐❡♥❡ ♠❡❞✐❛♥t❡ ✐♥t❡❣r❛③✐♦♥❡ ❝❤❡✿

W (s, s0; ǫ) = I+
i

~

s
ˆ

s0

K(AΦ)(s′; s0, ǫ)W (s′, s0; ǫ)ds
′✭✷✳✹✳✽✮

❉♦✈❡ s✐ ❤❛✱ s❡❝♦♥❞♦ ❧❛ ❢♦r♠✉❧❛③✐♦♥❡ ❛❞♦tt❛t❛ s✐♥♦ ❛❞ ♦r❛✱ ❝❤❡

K(AΦ)(s; s0, ǫ) = Φ(s, s0; ǫ)
†K(A)(s; s0)Φ(s, s0; ǫ) =

=
∑

j

∑

k

e
i
ǫ
ϕj(s,s0)Pj(s0)K

(A)(s; s0)e
− i

ǫ
ϕk(s,s0)Pk(s0) =

=
∑

j 6=k

e
i
ǫ
ϕj(s,s0)Pj(s0)K

(A)(s; s0)e
− i

ǫ
ϕk(s,s0)Pk(s0) =

=
∑

j 6=k

e
i
ǫ
(ϕj(s,s0)−ϕk(s,s0))K

(A)
jk (s; s0)

➮ ❢❛❝✐❧❡ ✈❡r✐✜❝❛r❡ ❝❤❡ ♣❡r ❧❛ ♣r♦♣r✐❡tà ❡s♣r❡ss❛ ❞❛ ✷✳✷✳✷ ❡❞ ❡ss❡♥❞♦ Φ(s, s0; ǫ) ❞✐❛❣♦✲

♥❛❧❡ r✐s♣❡tt♦ ❛❧❧❛ ❜❛s❡ ❛ t❡♠♣♦ s0✱ r✐s✉❧t❛♥♦ ❛✈❡r❡ ❞✐❛❣♦♥❛❧❡ ♥✉❧❧❛ t✉tt✐ ❣❧✐ ♦♣❡r❛t♦r✐

K(s)✱ K(A)(s; s0) ❡ K(AΦ)(s; s0, ǫ) ♣❡r q✉❛❧s✐❛s✐ t❡♠♣♦❀ q✉❡st♦ ❞✐♣❡♥❞❡ ❞✐r❡tt❛♠❡♥✲

t❡ ❞❛❧❧✬✐♠♣♦s✐③✐♦♥❡ ✐♥ ✭✷✳✸✳✶✮ s❡❝♦♥❞♦ ✐❧ ❣❛✉❣❡ ❛❞♦♣❡r❛t♦ s✉❧❧✬♦♣❡r❛t♦r❡ ❞✐ ❑❛t♦ ♥♦♥

tr❛s❢♦r♠❛t♦✳

❈♦♥s✐❞❡r❛♥❞♦ ❧✬❡q✉❛③✐♦♥❡ ✷✳✹✳✽ ✐♥ ❢♦r♠❛ ✐♥t❡❣r❛❧❡✱ ❧❛ ❝♦♥❞✐③✐♦♥❡ ❞✐ q✉❛s✐ ✐❞❡♥t✐tà

❞✐ W (s, s0; ǫ) s✐ ❡s♣r✐♠❡ ♥❡❧❧❛ ♥❡❝❡ss✐tà ❝❤❡ s✐❛ ✈❡r✐✜❝❛t♦ ❝❤❡

lim
ǫ−→0

W (s, s0; ǫ)− I = lim
ǫ−→0

i

~

s
ˆ

s0

K(AΦ)(s′; s0, ǫ)W (s′, s0, ǫ)ds
′ =

= lim
ǫ−→0

i

~

∑

j 6=k

s
ˆ

s0

e
i
ǫ
(ϕj(s

′,s0)−ϕk(s
′,s0))K

(A)
jk (s′; s0)W (s′, s0; ǫ)ds

′ =

= 0
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■❧ ❝❤❡ ✐♠♣❧✐❝❛✱ ✐♥ ♥♦r♠❛

∥∥
s
ˆ

s0

e
i
ǫ
(ϕj(s

′,s0)−ϕk(s
′,s0))K

(A)
jk (s′; s0)W (s′, s0; ǫ)ds

′
∥∥ < cost ǫ✭✷✳✹✳✾✮

♣❡r ✉♥❛ q✉❛❧❝❤❡ ❝♦st❛♥t❡✳

◗✉❡st❛ ❝♦♥❞✐③✐♦♥❡ è ✈❡r✐✜❝❛t❛ ✐♥ q✉❛♥t♦ ✐♥ ✉♥ ✐♥t❡r✈❛❧❧♦ ❞✐ t❡♠♣♦ ❧✐♠✐t❛t♦K(A)
jk (s; s0)

è ❧✐♠✐t❛t♦ ✐♥❞✐♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛❧ t❡♠♣♦ ❡ ❞❛ ǫ✱ ❡ W (s′, s0; ǫ)✱ ❝❤❡ ❞✐♣❡♥❞❡ ❞❛ ǫ✱ ♥♦♥

♣✉ò ✈❛r✐❛r❡ tr♦♣♣♦ ✈❡❧♦❝❡♠❡♥t❡✱ ✐♥ q✉❛♥t♦ ∂
∂s
W (s, s0; ǫ) è ❧✐♠✐t❛t♦ ✐♥❞✐♣❡♥❞❡♥t❡♠❡♥✲

t❡ ❞❛ ǫ✱ ✐❧ ❝❤❡ ❞✐s❝❡♥❞❡ ❞✐r❡tt❛♠❡♥t❡ ❞❛ ✷✳✹✳✼✿ s✐ ❤❛ q✉✐♥❞✐ ❝❤❡ ❛❞ ♦❣♥✐ t❡♠♣♦ s′ ✐❧

t❡r♠✐♥❡ ✐♥t❡❣r❛♥❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❧✬❡❧❡♠❡♥t♦ ❞✐ ♠❛tr✐❝❡ s✉ ✉♥❛ q✉❛❧s✐❛s✐ ❝♦♣♣✐❛ ❞✐

❛✉t♦st❛t✐ ❛ t❡♠♣♦ s0✱ è ✉♥ t❡r♠✐♥❡ ❞✐ ❢❛s❡ e
i
ǫ
(ϕj(s

′,s0)−ϕk(s
′,s0)) ♠♦❧t✐♣❧✐❝❛t♦ ♣❡r ✉♥

t❡r♠✐♥❡ ❝❤❡ è ❧✐♠✐t❛t♦ ✐♥❞✐♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛ ǫ ❞❛t♦ ❞❛ K
(A)
jk (s′; s0)W (s′, s0; ǫ)✳ ❆❧

❞✐♠✐♥✉✐r❡ ❞❡❧❧❛ ✈❡❧♦❝✐tà ❞✐ tr❛s❢♦r♠❛③✐♦♥❡ ❧❛ ❢❛s❡ ❞❡❧ ♣r✐♠♦ t❡r♠✐♥❡ ❞✐✈❡r❣❡✱ ❡❞ ✐♥ ✉♥

✐♥t❡r✈❛❧❧♦ ✐♥✜♥✐t❡s✐♠♦ ❞✐ t❡♠♣♦ è ♠❡❞✐❛♠❡♥t❡ ♥✉❧❧♦✳ ➮ ♣♦ss✐❜✐❧❡ ✐♠♣✐❡❣❛r❡ ✉♥❛ s✉❝✲

❝❡ss✐♦♥❡ ❞✐ ❢✉♥③✐♦♥✐ s❡♠♣❧✐❝✐ ✭♦✈✈❡r♦ ❢✉♥③✐♦♥✐ ❛ ❣r❛❞✐♥✐✮ ♣❡r ♠♦str❛r❡ ❝♦♠❡ ❧❛ ♥♦r♠❛

s✐❛ q✉✐♥❞✐ ♠❛❣❣✐♦r❛❜✐❧❡ ❝♦♥ ✉♥❛ ❢✉♥③✐♦♥❡ ❞✐ ǫ ❝❤❡ s✐❛ ❛❧ ❧✐♠✐t❡ ♥✉❧❧❛ ✐♥❞✐♣❡♥❞❡♥t❡✲

♠❡♥t❡ ❞❛❧ t❡♠♣♦ ❝♦♥s✐❞❡r❛t♦✳

❯♥❛ ❞✐♠♦str❛③✐♦♥❡ ✐♥ ❢♦r♠❛ ✐♥t❡❣r❛❧❡ ❞✐ ▼❡ss✐❛❤ s✐ tr♦✈❛ ✐♥ ❬✺❪✳

▲❡ ❝♦♥❞✐③✐♦♥✐ ❝❤❡ ✈❛♥♥♦ ♣♦st❡ s♦♥♦ ❞✐ ♥♦♥ ❞❡❣❡♥❡r❛③✐♦♥❡ ❞❡❣❧✐ st❛t✐✱ ♣❡r❝❤é ✐❧ t❡r♠✐♥❡

❞✐ ❢❛s❡ ϕj(s
′, s0)−ϕk(s

′, s0) 6= 0 r✐s✉❧t✐ ♥♦♥ ♥✉❧❧♦ tr❛ ❞✉❡ st❛t✐ ❞✐st✐♥t✐✱ ❛❧tr✐♠❡♥t✐ ♥♦♥

s✐ ❛✈r❡❜❜❡ ✉♥❛ ♠♦❞✉❧❛③✐♦♥❡ ❛❧ ❞✐♠✐♥✉✐r❡ ❞❡❧❧❛ ✈❡❧♦❝✐tà ❞✐ tr❛s❢♦r♠❛③✐♦♥❡✳ ▼❛ ♣❡r ✉♥

❛♥❞❛♠❡♥t♦ s✉✣❝✐❡♥t❡♠❡♥t❡ ❜✉♦♥♦ ❞❡✐ ♣r♦✐❡tt♦r✐ ❡ ❞❡❧❧❡ ❧♦r♦ ❞❡r✐✈❛t❡✱ ❛♣♣♦rt❛t❛ ❞❛❧✲

❧❛ ❧✐♣s❝❤✐t③✐❛♥✐tà ❡ ❞✐✛❡r❡♥③✐❛❜✐❧✐tà ❞❡❧❧❛ ❢✉♥③✐♦♥❡ ❞✐ ❛❝❝❡♥s✐♦♥❡✱ s✐ ❤❛ ❧❛ ❝♦♥s✐st❡♥③❛

❞❡❧❧❛ ♠❛❣❣✐♦r❛③✐♦♥❡ ✐♥ ✷✳✹✳✾✱ ❝❤❡ s✐ ✈✉♦❧❡ ✈❛❧✐❞❛ ✐♥❞✐♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛❧ t❡♠♣♦✱ ❛♥❝❤❡

♥❡❧ ❝❛s♦ ❞✐ ❝r♦ss✐♥❣ ❛❝❝✐❞❡♥t❛❧❡✳

■♥✜♥❡✱ s✐ ♣✉ò ❣❡♥❡r❛❧✐③③❛r❡ q✉❛♥t♦ ♦ss❡r✈❛t♦ ✜♥♦ ❛❞ ♦r❛ ♦ss❡r✈❛♥❞♦ ❝❤❡ ❧❡ ❝♦♥❝❧✉✲

s✐♦♥✐ ❝❤❡ ❛❜❜✐❛♠♦ tr❛tt♦ ♣♦ss♦♥♦ ❡ss❡r❡ ❡✛❡tt✉❛t❡ ❛♥❝❤❡ ♣r❡♥❞❡♥❞♦ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡

✉♥ s♦❧♦ ❛✉t♦st❛t♦ ✭❡❞ ❡✈✐❞❡♥t❡♠❡♥t❡ ✈❛rr❛♥♥♦ s♦❧♦ ♣❡r ❡ss♦✮✱ s❡♥③❛ ❞❛r❡ ✐♥❢♦r♠❛③✐♦♥✐

s✉❧❧❛ t♦t❛❧✐tà ❞❡❧❧♦ s♣❡ttr♦✱ ♣✉r❝❤é s✐❛ ❣❛r❛♥t✐t❛ ❧✬❡s✐st❡♥③❛ ❞✐ ✉♥ ❜✉♦♥ ♦♣❡r❛t♦r❡ ❞✐

❑❛t♦ ♣❡r q✉❡❧❧♦ st❛t♦✱ ♦✈✈❡r♦ ❝❤❡ ♣❡r ✐❧ ♣r♦✐❡tt♦r❡ s✉ q✉❡❧❧♦ st❛t♦ ❡ ❧❛ s✉❛ ❡✈♦❧✉③✐♦♥❡

❛❞✐❛❜❛t✐❝❛ r✐s♣❡tt✐ ❧❛ ❝♦♥❞✐③✐♦♥❡ ♥❡❝❡ss❛r✐❛ ✷✳✷✳✸✳ ❆❧❧♦r❛ t✉tt❡ ❧❡ ♣r♦♣r✐❡tà ❞❡s❝r✐tt❡

❝♦♥t✐♥✉❛♥♦ ❛❞ ❡ss❡r❡ ✈❛❧✐❞❡ ♣❡r ✐❧ s✐♥❣♦❧♦ st❛t♦✳

◗✉❡st❛ ♣♦ss✐❜✐❧✐tà è ❞❛t❛ ❞❛❧❧✬❡s✐st❡♥③❛ ❞❡❧❧✬♦❣❣❡tt♦ P⊥
j (s) ≡ I− Pj(s)✱ ✐❧ ♣r♦✐❡tt♦r❡

s✉❧ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧❡✱ ❝❤❡ è ❣❛r❛♥t✐t❛ ✐♥❞✐♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛❧❧❡ ♣❛rt✐❝♦❧❛r✐tà

❞❡❧ r❡st♦ ❞❡❧❧♦ s♣❡ttr♦✱ ♦ ❞❛❧❧✬❡s✐st❡♥③❛ ❞✐ ✉♥❛ ❜❛s❡ ♥✉♠❡r❛❜✐❧❡ ♣❡r ❧♦ s♣❛③✐♦ H✳

P♦t❡r ❛✛❡r♠❛r❡ q✉❡st♦ ❝♦st✐t✉✐s❝❡ ✉♥❛ ❣❡♥❡r❛❧✐③③❛③✐♦♥❡ ❞❡❧ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦ ❛❞
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✉♥♦ s♣❡ttr♦ ❝♦♥t✐♥✉♦❀ ✐♥♦❧tr❡✱ ✈✐❡♥❡ ♠❡ss♦ ✐♥ ❧✉❝❡ ✉♥ ❛s♣❡tt♦ ❝r✉❝✐❛❧❡ ❞✐ q✉❡st❛ tr❛t✲

t❛③✐♦♥❡✱ ♦✈✈❡r♦ ❝❤❡ è ♣♦ss✐❜✐❧❡ ♣r❡♥❞❡r❡ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ✐❧ s♦❧♦ st❛t♦ ❢♦♥❞❛♠❡♥t❛❧❡

❞✐ ✉♥✬❍❛♠✐❧t♦♥✐❛♥❛✱ ❡❞ ❛✈❡r❡ ❝❤❡ ♥❡❧ ❧✐♠✐t❡ ❞✐ ✈❡❧♦❝✐tà ❞✐ tr❛s❢♦r♠❛③✐♦♥❡ ♥✉❧❧❛✱ ❡ ♥❡❧

❝❛s♦ ✐♥ ❝✉✐ ♥♦♥ s✐ ♣r❡s❡♥t✐ ✉♥ ❝r♦ss✐♥❣✱ s✐ ♣✉ò ❝♦str✉✐r❡ ✉♥❛ ❞❡s❝r✐③✐♦♥❡ ❝♦♠♣❧❡t❛ ❞✐

❝♦♠❡ ❧♦ st❛t♦ ❢♦♥❞❛♠❡♥t❛❧❡ tr❛s❢♦r♠✐ ♥❡❧ t❡♠♣♦✳

❊♥✉♥❝✐❛♠♦ ✐♥ ♠❛♥✐❡r❛ ❝♦♥❝❧✉s✐✈❛ ✐❧ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦ ❬✶❪ ❛ss❡r❡♥❞♦ ❝❤❡

❚❡♦r❡♠❛ ✹✳ ✲ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦ ✲ ♣❡r ✉♥✬❍❛♠✐❧t♦♥✐❛♥❛ ❛❞✐❛❜❛t✐❝❛ ❝❤❡ ❛♠✲

♠❡tt❛ ✉♥❛ ❞❡❝♦♠♣♦s✐③✐♦♥❡ s♣❡ttr❛❧❡ ❞❡❧ t✐♣♦ ✷✳✷✳✶ ♣❡r ❝✉✐ s✐❛♥♦ ❞❡✜♥✐t✐ ❣❧✐ ♦♣❡r❛t♦r✐

✉♥✐t❛r✐ A(s, s0)✱ Φ(s, s0; ǫ) ❡ U(s, s0; ǫ)✱ ✈❛❧❡ ❝❤❡

lim
ǫ−→0

W (s, s0; ǫ)− I = lim
ǫ−→0

Φ(s, s0; ǫ)
†A(s, s0)

†U(s, s0; ǫ)− I = 0

❈❤❡ ❡q✉✐✈❛❧❡ ❛❞ ❛✛❡r♠❛r❡ ❝❤❡

lim
ǫ−→0

U(s, s0; ǫ)Φ(s, s0; ǫ)
† = A(s, s0)

♦✈✈❡r♦✱ ♥♦t❛ ❧✬❡✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛ ❞✐ ✉♥✬❛✉t♦st❛t♦✱ ✈❛❧❡ ♣❡r ❧❛ s✉❛ ❡✈♦❧✉③✐♦♥❡ t❡♠✲

♣♦r❛❧❡ ❝❤❡

lim
ǫ−→0

U(s, s0; ǫ)Φ(s, s0; ǫ)
†
∣∣a(s0)

〉
= lim

ǫ−→0
e

i
ǫ
ϕa(s,s0)U(s, s0; ǫ)

∣∣a(s0)
〉
=

= A(s, s0)
∣∣a(s0)

〉
✭✷✳✹✳✶✵✮

◗✉✐♥❞✐✱ ♥❡❧ ❧✐♠✐t❡✱ ❧✬❡✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛ ❞✐✛❡r✐s❝❡ ❞❛❧❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ♣❡r

✉♥ ❢❛tt♦r❡ ❞✐ ❢❛s❡ ❝♦♠♣❧❡ss✐✈♦ ❝❤❡ ❞✐✈❡r❣❡✱ ❡ ✐❧ ❧✐♠✐t❡ ❞❡❧❧❛ s♦❧❛ ❛③✐♦♥❡ ❞❡❧❧✬❡✈♦❧✉③✐♦♥❡

t❡♠♣♦r❛❧❡ ♥♦♥ è ❞❡✜♥✐t♦✳ ▼❛ ✐♥t✉✐❛♠♦ ❝❤❡ ❝♦♥ ✉♥❛ ♥♦r♠❛❧✐③③❛③✐♦♥❡ ♣♦tr❡❜❜❡ ❝♦♠✉♥✲

q✉❡ ❡ss❡r❡ ♣♦ss✐❜✐❧❡ ♦tt❡♥❡r❡ ✐♥❢♦r♠❛③✐♦♥✐ s✉❧❧♦ st❛t♦✱ ❡❞ ✐♥ ♣❛rt✐❝♦❧❛r❡ A(s, s0)
∣∣a(s0)

〉

♥♦♥ è ❛❧tr♦ ❝❤❡✱ ♣❡r ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞❡❧❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛✱ ✉♥ ❛✉t♦✲

st❛t♦ ❛ t❡♠♣♦ s✳ ▲❛ ❢♦♥❞❛♠❡♥t❛❧❡ ❛ss❡r③✐♦♥❡ ❞❡❧ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦ è q✉✐♥❞✐ ❝❤❡

♥❡❧ ❧✐♠✐t❡ ❞✐ ✈❡❧♦❝✐tà ❞✐ tr❛s❢♦r♠❛③✐♦♥❡ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♥✉❧❧❛ ✉♥ ❛✉t♦st❛t♦ ❡✈♦❧✈❡✱

s❡❝♦♥❞♦ ❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡✱ ✐♥ ✉♥ ❛✉t♦st❛t♦✳
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■❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇

■❧ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦ s✉❣❣❡r✐s❝❡ ❝❤❡ s✐❛ ♣♦ss✐❜✐❧❡ st✉❞✐❛r❡ ✉♥❛ ❍❛♠✐❧t♦♥✐❛♥❛

♣❡rt✉r❜❛t❛ s❢r✉tt❛♥❞♦ ✐❧ r✐s✉❧t❛t♦ ✷✳✹✳✶✵✱ ❡ q✉✐♥❞✐ ♦tt❡♥❡r❡ ✐♥❢♦r♠❛③✐♦♥✐ ❝✐r❝❛ ❧♦ s♣❡t✲

tr♦ ♣❡rt✉r❜❛t♦✳

◗✉❡st❛ ✐♥t✉✐③✐♦♥❡ ❝❤❡ ❤❛ ♣♦rt❛t♦ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ❛ s❝r✐✈❡r❡ ✐♥ ❛♣♣❡♥❞✐❝❡ ❛❧ ❧♦r♦

❛rt✐❝♦❧♦ ❞❡❧ ✶✾✺✶ ✏❇♦✉♥❞ ❙t❛t❡s ✐♥ ◗✉❛♥t✉♠ ❋✐❡❧❞ ❚❤❡♦r②✑ ❬✷❪ ❧❛ ❢♦r♠✉❧❛ ❝❤❡ ♣♦rt❛ ✐❧

❧♦r♦ ♥♦♠❡✱ ♣❡r♠❡tt❡ ❞✐ s❝r✐✈❡r❡ ✉♥ ❛✉t♦st❛t♦ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♣❡rt✉r❜❛t❛ ♠❡❞✐❛♥t❡

❧✬✉s♦ ❞✐ ✉♥ s♦❧♦ ❛✉t♦st❛t♦ ❞❡❧❧❛ ❍❛♠✐❧t♦♥✐❛♥❛ ♥♦♥ ♣❡rt✉r❜❛t❛✱ ❛ttr❛✈❡rs♦ ✉♥✬❡✈♦❧✉✲

③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛ ❝♦str✉✐t❛ ♦♣♣♦rt✉♥❛♠❡♥t❡✳

Pr❡♥❞✐❛♠♦ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ❧❛ ❢✉♥③✐♦♥❡ f(s) = e−
∣∣s
∣∣
♣❡r ✉♥❛ ❍❛♠✐❧t♦♥✐❛♥❛ ❝❤❡

✈✐❡♥❡ ♣❡rt✉r❜❛t❛ ♠❡❞✐❛♥t❡ gV ✳ ❊ss❛ s✐ s❝r✐✈❡ ♥❡❧❧❛ ❢♦r♠❛

✭✸✳✵✳✶✶✮ H(s; g) = H0 + e−
∣∣s
∣∣
gV

■♥❞✐❝❤✐❛♠♦✱ ❝♦♠❡ è ❞✐✛✉s❛ ❝♦♥✈❡♥③✐♦♥❡✱ ❝♦♥ ✐❧ t❡r♠✐♥❡ g ∈ R ✐❧ ❢❛tt♦r❡ ❞✐ ♦r❞✐♥❡ ❞✐

❣r❛♥❞❡③③❛ ❞❡❧❧❛ ♣❡rt✉r❜❛③✐♦♥❡✳ ➮ r✐❝♦rr❡♥t❡ ❧✬✐♠♣✐❡❣♦ ❞✐ q✉❡st♦ t❡r♠✐♥❡ ♥❡❧ ❢♦r♠❛❧✐✲

s♠♦ ❞❡❧❧♦ s✈✐❧✉♣♣♦ ✐♥ s❡r✐❡ ❞❡❧❧✬❛③✐♦♥❡ ❞✐ ✉♥❛ ♣❡rt✉r❜❛③✐♦♥❡ ❝♦♠❡ s♦♠♠❛ ❞✐ t❡r♠✐♥✐

❞✐ ♦r❞✐♥✐ s✉❝❝❡ss✐✈✐ ❞✐ gn✱ ❝♦♥ ♥♦r♠❛ ❞✐ V ♣❛r❛❣♦♥❛❜✐❧❡ ❛ q✉❡❧❧❛ ❞✐ H0✱ ❡ 0 < g < 1✳

❆♠♠❡tt✐❛♠♦ ❝❤❡ H0 ❡ V r✐s♣❡tt✐♥♦ ❧❡ r✐❝❤✐❡st❡ ❞❡❧ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦✱ ♦ss❡r✈✐❛♠♦

❝❤❡ ❧❛ ❢✉♥③✐♦♥❡ e−
∣∣s
∣∣
è ✉♥❛ ❜✉♦♥❛ ❢✉♥③✐♦♥❡ ❞✐ ❛❝❝❡♥s✐♦♥❡ s❡♣❛r❛♥❞♦ ♥❡❧❧✬♦r✐❣✐♥❡ ✐♥

❞✉❡ s❡♠✐r❡tt❡ ❧✬❛ss❡ r❡❛❧❡ ❞❡✐ t❡♠♣✐ r✐s❝❛❧❛t✐✳

❆❜❜✐❛♠♦ q✉✐♥❞✐ ❝♦str✉✐t♦ ✉♥❛ ❜✉♦♥❛ tr❛s❢♦r♠❛③✐♦♥❡ ❛r❜✐tr❛r✐❛ ❝❤❡ ❞❡✜♥✐s❝❡ ✉♥✬❍❛✲

♠✐❧t♦♥✐❛♥❛ ❛❞✐❛❜❛t✐❝❛✱ ❡ ❝❤❡ ❞❛ ✉♥✬❍❛♠✐❧t♦♥✐❛♥❛ ✐♠♣❡rt✉r❜❛t❛ ♥♦t❛ ❛ t❡♠♣♦ s = −∞

♣♦rt❛ ❛ t❡♠♣♦ s = 0 ❛❞ ✉♥❛ s✉❛ ♣❡rt✉r❜❛③✐♦♥❡ ❞✐ ✐♥t❡r❡ss❡✱ ❞✐ ♦r❞✐♥❡ ❞✐ ❣r❛♥❞❡③③❛

✜ss❛t❛❀ ❡❞ ❛❜❜✐❛♠♦ ❝♦str✉✐t♦ ✉♥❛ ♥✉♦✈❛ tr❛s❢♦r♠❛③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛ ❝❤❡ ✈✐ s✐ ❛tt❛❝❝❛

❜❡♥❡ ❝❤❡ r✐♣♦rt❛✱ ❛ t❡♠♣♦ s = ∞✱ ✐❧ s✐st❡♠❛ ❛❧❧❛ s✐t✉❛③✐♦♥❡ ✐♠♣❡rt✉r❜❛t❛ ✐♥✐③✐❛❧❡✳

P❡r ❧❛ ❞✐♣❡♥❞❡♥③❛ t❡♠♣♦r❛❧❡ ✐♥tr♦❞♦tt❛✱ ❛❜❜✐❛♠♦ ❝❤❡

lim
s−→±∞

H(s; g) = H(s; 0) = H0

H(0; g) = H0 + gV = H

✸✸
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✸✳✶✳ ❊✈♦❧✉③✐♦♥❡ r✐s♣❡tt♦ ❛❧ ❢❛tt♦r❡ ❞✐ ♦r❞✐♥❡ ❞✐ ❣r❛♥❞❡③③❛

❈✐ ❝❤✐❡❞✐❛♠♦ ❝♦♠❡ tr❛s❢♦r♠✐ ✐❧ s✐st❡♠❛ s♦tt♦ ✉♥❛ ✈❛r✐❛③✐♦♥❡ ❞✐ ❢❛tt♦r❡ ❞✐ ♦r❞✐♥❡

❞✐ ❣r❛♥❞❡③③❛✳ ❊✈✐❞❡♥t❡♠❡♥t❡ ✈✐ s❛r❛♥♥♦ ❞❡✐ ♣❛r❛❧❧❡❧✐s♠✐ ❝♦♥ ❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡✱

✐♥ q✉❛♥t♦ ❧❛ ❝♦str✉③✐♦♥❡ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ ❞✐ ❛❝❝❡♥s✐♦♥❡ q✉✐ è ♣r❡tt❛♠❡♥t❡ ❛r❜✐tr❛r✐❛✱ ❡

r✐♥♦♠✐♥❛♥❞♦ g = eσ ✭σ < 0✮ s✐ ♦tt✐❡♥❡ ✉♥❛ ❢✉♥③✐♦♥❡ ❞❡❧❧❛ st❡ss❛ ❢♦r♠❛ ❬✹❪✳

❈♦♥s✐❞❡r❛♥❞♦ ❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡✱ ❝❤❡ q✉✐♥❞✐ r✐s♦❧✈❡ ✐❧ ♣r♦❜❧❡♠❛ ❞✐

❈❛✉❝❤②

✭✸✳✶✳✶✮




i~ǫ ∂

∂s
U(s, s0; ǫ, e

σ) = H(s; eσ)U(s, s0; ǫ, e
σ)

U(s0, s0; ǫ, e
σ) = I

❉♦✈❡ s✐ ❝♦♥s✐❞❡r❛ H̃(s;σ) = H(s; eσ) = H0 + e−
∣∣s
∣∣+σV ✳ ❙❡ ♣r❡♥❞✐❛♠♦ ✐♥ ❝♦♥s✐❞❡r❛✲

③✐♦♥❡ ✈❛❧♦r✐ t❡♠♣♦r❛❧✐ s < 0 r✐s❝r✐✈✐❛♠♦ H̃(s;σ) = H(s; eσ) = H0 + es+σV ✱ ❡ q✉✐♥❞✐

s✐ ❤❛ ❡✈✐❞❡♥t❡♠❡♥t❡

✭✸✳✶✳✷✮ H̃(s;σ) = H̃(s+ δx;σ − δx)

✐♥ q✉❛♥t♦ s✐ ❤❛ ✉♥❛ s✐♠♠❡tr✐❛ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛✱ ♦✈✈❡r♦ ❞❡❧ s✐❣♥✐✜❝❛t♦ ❞✐ s ❡ σ ✐♥

q✉❡st❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡✳

❈❡r❝❤✐❛♠♦ ❞✐ ❞❡❞✉rr❡ ❞❡❧❧❡ ✐♥❢♦r♠❛③✐♦♥✐ s✉❧❧✬♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦ ❛ss♦❝✐❛t♦ ❛❧❧✬❡✈♦✲

❧✉③✐♦♥❡✱ ❛❧❧♦r❛ st✉❞✐❛♠♦ ✐❧ ♣r♦❜❧❡♠❛ s❡❝♦♥❞♦ ❞❡✐ ♣r✐♥❝✐♣✐ ✈❛r✐❛③✐♦♥❛❧✐ ✭s✐ ✐♠♣♦♥❡

Ũ(s, s0;σ) = U(s, s0; ǫ, e
σ)✱ ❞♦✈❡ ✐❧ ♣❛r❛♠❡tr♦ ❞✐ ✈❡❧♦❝✐tà ❞✐ tr❛s❢♦r♠❛③✐♦♥❡ ǫ ♥♦♥ è

❛❧ ♠♦♠❡♥t♦ ♣❛rt✐❝♦❧❛r♠❡♥t❡ s✐❣♥✐✜❝❛t✐✈♦✮❀ ❞❛❧ ♣r♦❜❧❡♠❛ ❞✐ ❈❛✉❝❤② ✸✳✶✳✶ s✐ ♦tt✐❡♥❡✿

✭✸✳✶✳✸✮




i~ǫ
(
Ũ(s+ δs, s0;σ)− Ũ(s, s0;σ)

)
= H̃(s;σ)Ũ(s, s0;σ)δs

Ũ(s0, s0;σ) = I

❉♦✈❡ ✐♠♣♦rr❡ s0 = 0 ♣✉ò ❡ss❡r❡ ❝♦♠♦❞♦ ♣❡r ❞❛r❡ s✐❣♥✐✜❝❛t♦ ❛❧ ❢❛tt♦ ❝❤❡ ❝✐ ✐♥t❡r❡ss❛

st✉❞✐❛r❡ ❧❛ s❡♠✐r❡tt❛ ♥❡❣❛t✐✈❛ ❞❡✐ t❡♠♣✐ r✐s❝❛❧❛t✐✳ ▼❛ ✈❛ ♦ss❡r✈❛t♦ ❝❤❡ ❧❛ ❝♦♥❞✐③✐♦♥❡

❛❧ ❝♦♥t♦r♥♦ ❞❡✈❡ ❡ss❡r❡ ✈❡r❛ ♣❡r ✉♥ t❡♠♣♦ s0 ❣❡♥❡r✐❝♦✱ ❡ ❧♦ s❛rà q✉✐♥❞✐ ♣❡r t✉tt✐ ✐

t❡♠♣✐✳ ▲✬❡q✉❛③✐♦♥❡ ♣❡r ❧✬❛❣❣✐✉♥t♦ ❞❡❧❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ❝♦♥ ❧❛ ❧❡❣❣❡ ❞✐ ❝♦♠✲

♣♦s✐③✐♦♥❡ ❞❡❧❧❡ ❡✈♦❧✉③✐♦♥✐ ❧♦ ❣❛r❛♥t✐s❝❡✳

❆❧❧♦r❛ ✐♥tr♦❞✉❝❡♥❞♦ ❧❛ tr❛s❢♦r♠❛③✐♦♥❡ ❞❛t❛ ❞❛ ✸✳✶✳✷ s✐ ♦ss❡r✈❛ ✐♠♠❡❞✐❛t❛♠❡♥t❡ ❝❤❡
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✭✸✳✶✳✹✮





i~ǫ
(
Ũ(s+ δs+ δx, s0 + δx;σ − δx)− Ũ(s+ δx, s0 + δx;σ − δx)

)
=

= H̃(s+ δx;σ − δx)Ũ(s+ δx, s0 + δx;σ − δx)δs =

= H̃(s;σ)Ũ(s+ δx, s0 + δx;σ − δx)δs

Ũ(s0 + δx, s0 + δx;σ − δx) = I

❇❛st❛ ❝♦♥❢r♦♥t❛r❡ ✐ ❞✉❡ ♣r♦❜❧❡♠✐ ✸✳✶✳✸ ❡ ✸✳✶✳✹ ♣❡r r✐❝♦♥♦s❝❡r❡ ❝❤❡

Ũ(s+ δx, s0 + δx;σ − δx) = Ũ(s, s0;σ)

▼❛ ❛❧❧♦r❛ ✭r✐❝♦r❞❛♥❞♦ ❝❤❡ st✐❛♠♦ ❧❛✈♦r❛♥❞♦ tr❛ t❡♠♣✐ ♥❡❣❛t✐✈✐✮ s✐ ❤❛

Ũ(s+ δx, s0 + δx;σ − δx)− Ũ(s, s0;σ) =

= δx

(
∂

∂s
+

∂

∂s0
−

∂

∂σ

)
Ũ(s, s0;σ) =

= 0

❡ q✉✐♥❞✐

i~ǫ
∂

∂σ
Ũ(s, s0;σ) =

= i~ǫ

(
∂

∂s
+

∂

∂s0

)
Ũ(s, s0;σ) =

= H̃(s;σ)Ũ(s, s0;σ)− Ũ(s, s0;σ)H̃(s0;σ)

▲❛ tr❛tt❛③✐♦♥❡ r❡❧❛t✐✈❛ ❛ t❡♠♣✐ ♣♦s✐t✐✈❛ è ❛♥❛❧♦❣❛✱ ❡ ❞à ✉♥ r✐s✉❧t❛t♦ s✐♠♠❡tr✐❝♦ ❛

q✉❡st♦ ✭❧❛ s✐♠♠❡tr✐❛ ♥♦♥ s❛rà ♣✐ù ♥❡❧❧❛ ❝♦♥s❡r✈❛③✐♦♥❡ ❞❡❧ t❡r♠✐♥❡ s+ σ✱ ♠❛ ❞❡❧ t❡r✲

♠✐♥❡ −s+σ✱ ❡ss❡♥❞♦ ❝❛♠❜✐❛t❛ ❞✐ ❞❡✜♥✐③✐♦♥❡✱ ♥❡❧❧✬♦r✐❣✐♥❡✱ ❧❛ ❢✉♥③✐♦♥❡ ❞✐ ❛❝❝❡♥s✐♦♥❡✮✳

❙✐ ♦tt✐❡♥❡✱ ✐♥ ❞❡✜♥✐t✐✈❛✱




i~ǫ ∂

∂σ
Ũ(s, s0;σ) = H̃(s;σ)Ũ(s, s0;σ)− Ũ(s, s0;σ)H̃(s0;σ) s0 < s < 0

i~ǫ ∂
∂σ
Ũ(s, s0;σ) = −H̃(s;σ)Ũ(s, s0;σ) + Ũ(s, s0;σ)H̃(s0;σ) s > s0 > 0

❉♦✈❡ è ✉♥ ❜❛♥❛❧❡ ♣r♦❜❧❡♠❛ ❞✐ ❝♦♠♣♦s✐③✐♦♥❡ ✐❧ ❝❛s♦ ❞✐ ❞✉❡ t❡♠♣✐ ❛✐ ❧❛t✐ ❞❡❧❧✬♦r✐❣✐♥❡✱

♦ ❧✬✐♥✈❡rs✐♦♥❡ ❞❡❧❧✬♦r❞✐♥❡ tr❛ s ❡ s0✳

❘✐❝♦r❞❛♥❞♦ ❝❤❡ ✐❧ t❡♠♣♦ ✈✐rt✉❛❧❡ σ è st❛t♦ ✐♥s❡r✐t♦ ♠❡❞✐❛♥t❡ ❧❛ tr❛s❢♦r♠❛③✐♦♥❡ g = eσ✱

r✐s❝r✐✈✐❛♠♦ ❧❛ ❞❡r✐✈❛t❛ ♣❛r③✐❛❧❡ ❝♦♠❡ ∂
∂σ

= ∂g
∂σ

∂
∂g

= g ∂
∂g

❀ ♣❡r ❝✉✐✱ r✐s♣❡tt♦ ❛❧ ❢❛tt♦r❡
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❞✬♦r❞✐♥❡ ❞✐ ❣r❛♥❞❡③③❛ s✐ ♦tt✐❡♥❡ ❬✹✱ ✸✱ ✶✶❪✿

❚❡♦r❡♠❛ ✺✳ ❙✐❛ H(s; g) = H0 + e−
∣∣s
∣∣
gV ✱ U(s, s0; ǫ, g)✿ s✐❛ s♦❧✉③✐♦♥❡ ❞❡❧ ♣r♦✲

❜❧❡♠❛ ✸✳✶✳✶ ❝♦♥ g = eσ✱

✭✸✳✶✳✺✮

=⇒




i~ǫg ∂

∂g
U(s, s0; ǫ, g) = H(s; g)U(s, s0; ǫ, g)− U(s, s0; ǫ, g)H(s0; g) s < s0 < 0

i~ǫg ∂
∂g
U(s, s0; ǫ, g) = −H(s; g)U(s, s0; ǫ, g) + U(s, s0; ǫ, g)H(s0; g) s > s0 > 0

◗✉❡st❛ ❢♦r♠❛ è ❧♦ str✉♠❡♥t♦ ❝♦♥ ❝✉✐ ❞✐♠♦str❛r❡ ✐❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇❀

♣❡r ❛rr✐✈❛r❡ ❛ q✉❡st❛ s❝r✐tt✉r❛ è st❛t♦ ♥❡❝❡ss❛r✐♦ ❧✬✐♠♣✐❡❣♦ ❞✐ ✉♥❛ ❢✉♥③✐♦♥❡ ❞✐ ❛❝❝❡♥✲

s✐♦♥❡ ❝❤❡ ❛❜❜✐❛ ❧❡ r❡❣♦❧❡ ❞✐ ❝♦♠♣♦s✐③✐♦♥❡ ❞❡❧❧✬❡s♣♦♥❡♥③✐❛❧❡ ✭exey = ex+y)✱ ❝❤❡ è st❛t❛

❢♦♥❞❛♠❡♥t❛❧❡ ♣❡r r✐❝♦♥♦s❝❡r❡ ✉♥❛ s✐♠♠❡tr✐❛ ❞❡❧ s✐st❡♠❛✱ ❡ ❝❤❡ s✐❛ s✐♠♠❡tr✐❝❛ r✐s♣❡t✲

t♦ ❛❧❧✬♦r✐❣✐♥❡✳ ●❡♥❡r❛❧✐③③❛③✐♦♥✐ ❞❡❧ t❡♦r❡♠❛ ❛❞ ❛❧tr❡ ❢✉♥③✐♦♥✐ ❞✐ ❛❝❝❡♥s✐♦♥❡ ❞❡✈♦♥♦

t❡♥❡r ❝♦♥t♦ ❞✐ q✉❡st❛ ♣❡❝✉❧✐❛r✐tà ❝❤❡ ❤❛ ♣♦rt❛t♦ ❛❧❧❛ s❝r✐tt✉r❛ ✸✳✶✳✺✳

✸✳✷✳ ■❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇

Pr❡♥❞✐❛♠♦ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ✐ t❡♠♣✐ ♥❡❣❛t✐✈✐ ❞❡❧❧✬❡✈♦❧✉③✐♦♥❡ ❞❛t❛ ❞❛ ✸✳✵✳✶✶ s❡✲

❝♦♥❞♦ ❧✬❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r✳ ❈♦♠❡ ❞✐♠♦str❛t♦✱ ✈❛❧❡ ❞❛ ✸✳✶✳✺ ❝❤❡

H(0; g)U(0, s0; ǫ, g)− U(0, s0; ǫ, g)H(s0; g)± i~ǫg
∂

∂g
U(0, s0; ǫ, g) = 0 ± s0 > 0

❉♦✈❡ s✐ ✐♥t❡♥❞❡✱ s❡♥③❛ ❝♦♥tr❛❞❞✐③✐♦♥✐✱ ❝❤❡ U(0, s) = U(s, 0)† ❡ U(s2, s1)U(s1, s0) =

U(s2, s0)✳ ❙✉♣♣♦♥✐❛♠♦ ❞✐ ❝♦♥♦s❝❡r❡ ✉♥✬❛✉t♦st❛t♦ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ✐♠♣❡rt✉r❜❛t❛✱∣∣a
〉
✿ H0

∣∣a
〉
= E0

∣∣a
〉
. ❘✐❝♦r❞✐❛♠♦ ✐♥♦❧tr❡ ❝❤❡ ❛❜❜✐❛♠♦ s❝❡❧t♦ ❧✬❡✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛

✐♥ ♠♦❞♦ ❝❤❡ lim
s−→±∞

H(s; g) = H0 ❡ H(0; g) = H0+gV ✱ ❝❤❡ è ♣r♦♣r✐♦ ❧✬❍❛♠✐❧t♦♥✐❛♥❛

♣❡rt✉r❜❛t❛ ❝❤❡ ❝✐ ✐♥t❡r❡ss❛ st✉❞✐❛r❡✱ ❝❤❡ ✈✐❡♥❡ ❧❡♥t❛♠❡♥t❡ ❛❝❝❡s❛ ✜♥♦ ❛❧ s✉♦ ✈❛❧♦r❡

❛ss✉♥t♦ ❛ t❡♠♣♦ s = 0✳

❙♦♣♣r✐♠✐❛♠♦ ♦r❛ ✐ t❡r♠✐♥✐ g ❡ ǫ ♥❡❣❧✐ ❛r❣♦♠❡♥t✐ ♣❡r s♥❡❧❧✐r❡ ❧❛ ♥♦t❛③✐♦♥❡✱ ❡ ✜ss✐❛♠♦

H(0; g) = H❀ ✈❡rr❛♥♥♦ ✐♠♣✐❡❣❛t✐ ✐♥ ❢♦r♠❛ ❡s♣❧✐❝✐t❛ q✉❛♥❞♦ s❛rà ♥❡❝❡ss❛r✐♦✳

❉❡✈❡ ❡ss❡r❡ ❛❧❧♦r❛

0 = lim
s0−→±∞

(
HU(0, s0)− U(0, s0)H(s0)± i~ǫg

∂

∂g
U(0, s0)

) ∣∣a
〉
=

= lim
s0−→±∞

(
HU(0, s0)− U(0, s0)H0 ± i~ǫg

∂

∂g
U(0, s0)

) ∣∣a
〉
=

= lim
s0−→±∞

(
HU(0, s0)− E0U(0, s0)± i~ǫg

∂

∂g
U(0, s0)

) ∣∣a
〉
=

= lim
s0−→±∞

(
H − E0 ± i~ǫg

∂

∂g

)
U(0, s0)

∣∣a
〉

✭✸✳✷✳✶✮
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P❡r q✉❛♥t♦ ♦ss❡r✈❛t♦ ♥❡❧ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦✱ ❝♦♥❢r♦♥t❛♥❞♦ q✉✐♥❞✐ ❝♦♥ ✷✳✹✳✶✵✱ ♥♦♥ ❝✐

❛s♣❡tt✐❛♠♦ ❝❤❡ q✉❡st♦ ❧✐♠✐t❡ s✐❛ ❜❡♥ ❞❡✜♥✐t♦✱ ✐♥ q✉❛♥t♦ ❝♦♥s✐❞❡r❛♥❞♦ ✉♥ ✐♥s✐❡♠❡ ✐❧❧✐✲

♠✐t❛t♦ ❞❡✐ t❡♠♣✐✱ ✐❧ t❡r♠✐♥❡ ✐♥ ❢❛s❡ ❝❤❡ ❞❡r✐✈❡rà ❞❛ lim
s0−→−∞

U(0, s0) s❛rà ❞✐✈❡r❣❡♥t❡✳

▼❛ ✐❧ ❢❛tt♦ ❝❤❡ ✸✳✷✳✶ ♣r❡s❡♥t✐ ✐❧ t❡r♠✐♥❡ ✜♥✐t♦ ❡ ♥♦t♦ E0❝✐ s✉❣❣❡r✐s❝❡ ❞✐ tr❛s❢♦r♠❛r❡

❧❛ s❝r✐tt✉r❛✱ ♣❡r ❛♣♣❧✐❝❛r❡ ❛❧❧❛ ✜♥❡ ✉♥❛ s♦st✐t✉③✐♦♥❡✳

E0 = lim
s0−→±∞

〈
a
∣∣
(
H ± i~ǫg ∂

∂g

)
U(0, s0)

∣∣a
〉

〈
a
∣∣U(s, s0)

∣∣a
〉

= lim
s0−→±∞

〈
a
∣∣HU(0, s0)

∣∣a
〉
± i~ǫg

〈
a
∣∣ ∂
∂g
U(0, s0)

∣∣a
〉

〈
a
∣∣U(0, s0)

∣∣a
〉 =

= lim
s0−→±∞

〈
a
∣∣HU(0, s0)

∣∣a
〉

〈
a
∣∣U(0, s0)

∣∣a
〉 ±

i~ǫg ∂
∂g

〈
a
∣∣U(0, s0)

∣∣a
〉

〈
a
∣∣U(0, s0)

∣∣a
〉

❈❤❡ r✐s❝r✐✈✐❛♠♦ ✐♥ ♠❛♥✐❡r❛ ♣✐ù ❝♦♠♣❛tt❛ r❡♥❞❡♥❞♦ ✐♠♣❧✐❝✐t♦ ❝❤❡ ✐ ✈❛❧♦r✐ ♠❡❞✐ s♦♥♦

❡✛❡tt✉❛t✐ s✉❧❧♦ st❛t♦
∣∣a
〉
♥♦t♦✱ ✐♥t❡♥❞❡♥❞♦ q✉✐♥❞✐ ✐❧ r✐s✉❧t❛t♦ ❛♣♣❡♥❛ r❛❣❣✐✉♥t♦

✭✸✳✷✳✷✮ lim
s0−→±∞

〈
HU(0, s0)

〉
〈
U(0, s0)

〉 ±
i~ǫg ∂

∂g

〈
U(0, s0)

〉
〈
U(0, s0)

〉 = E0

Pr✐♠❛ ❞✐ ❛♣♣❧✐❝❛r❡ ❧❛ s♦st✐t✉③✐♦♥❡✱ ♦♣❡r✐❛♠♦ ✉♥❛ tr❛s❢♦r♠❛③✐♦♥❡ s✉❧ t❡r♠✐♥❡ ✐♥ ❞❡r✐✲

✈❛t❛ r✐s♣❡tt♦ ❛❧ ❢❛tt♦r❡ ❞✬♦r❞✐♥❡ ❞✐ ❣r❛♥❞❡③③❛✱ ❛✈❡♥❞♦ ✈✐st♦ ❝♦♠❡ ✉♥ t❡r♠✐♥❡ ❛♥❛❧♦❣♦

❛♣♣❛✐❛ ♥❡❧❧✬✉❧t✐♠❛ ❡q✉❛③✐♦♥❡ ✸✳✷✳✷✿

i~ǫg
∂

∂g
U(0, s0)

∣∣a
〉
= i~ǫg

∂

∂g

(
〈
U(0, s0)

〉U(0, s0)
∣∣a
〉

〈
U(0, s0)

〉
)

=

= i~ǫg
〈
U(0, s0)

〉 ∂
∂g

(
U(0, s0)

∣∣a
〉

〈
U(0, s0)

〉
)

+ i~ǫg

(
∂

∂g

〈
U(0, s0)

〉) U(0, s0)
∣∣a
〉

〈
U(0, s0)

〉 =

= i~ǫg

((
∂

∂g

〈
U(0, s0)

〉)
+
〈
U(0, s0)

〉 ∂
∂g

)
U(0, s0)

∣∣a
〉

〈
U(0, s0)

〉✭✸✳✷✳✸✮

◗✉❡st❛ tr❛s❢♦r♠❛③✐♦♥❡ è s✉❣❣❡r✐t❛ ❞❛❧ r✐s✉❧t❛t♦ ✸✳✷✳✷✱ ❡ ✐❧ ❢❛tt♦ ❝❤❡ s✐❛ ❝♦♥✈❡♥✐❡♥t❡

st✉❞✐❛r❡ ❧✬❡✈♦❧✉③✐♦♥❡ ❞❡❧❧✬❛✉t♦st❛t♦ ♥♦r♠❛❧✐③③❛t♦ r✐s♣❡tt♦ ❛❧ ✈❛❧♦r ♠❡❞✐♦ ❞✐ U s✉
∣∣a
〉

r✐s✉❧t❡rà ♣♦✐ ♣✐ù ❝❤✐❛r♦✳

❆❧❧♦r❛ ❛♣♣❧✐❝❤✐❛♠♦ ❧❛ s♦st✐t✉③✐♦♥❡ ✐♥ ✸✳✷✳✶ ❞❡❧❧❡ ✉❧t✐♠❡ ❞✉❡ ❡q✉❛③✐♦♥✐ ♦tt❡♥✉t❡ ✸✳✷✳✷

❡ ✸✳✷✳✸✿
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lim
s0−→±∞

HU(0, s0)
∣∣a
〉
−

(〈
HU(0, s0)

〉
〈
U(0, s0)

〉 ±
i~ǫg ∂

∂g

〈
U(0, s0)

〉
〈
U(0, s0)

〉
)
U(0, s0)

∣∣a
〉
+

±i~ǫg

((
∂

∂g

〈
U(0, s0)

〉)
+
〈
U(0, s0)

〉 ∂
∂g

)
U(0, s0)

∣∣a
〉

〈
U(0, s0)

〉 =

= lim
s0−→±∞

(〈
U(0, s0)

〉
H −

〈
HU(0, s0)

〉
± i~ǫg

〈
U(0, s0)

〉 ∂
∂g

)
U(0, s0)

∣∣a
〉

〈
U(0, s0)

〉 = 0

P♦t❡♥❞♦ ❣❛r❛♥t✐r❡ ❝❤❡ inf
s0∈R

∥∥〈U(0, s0)
〉∥∥ > 0✱ ♦✈✈❡r♦ ❝❤❡ ❧✬❡❧❡♠❡♥t♦ ❞✐❛❣♦♥❛❧❡ ❞❡❧✲

❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ♥♦♥ s✐❛ ♠❛✐ ♥✉❧❧♦✱ ❡ q✉✐♥❞✐ ✉♥ ❛✉t♦s♣❛③✐♦ ♥♦♥

s✐❛ ✐♥t❡r❛♠❡♥t❡ r✉♦t❛t♦ ✐♥ ✉♥ ❛❧tr♦ ♦rt♦❣♦♥❛❧❡✱ ♣♦ss✐❛♠♦ ❡❧✐♠✐♥❛r❡ q✉❡st♦ ❢❛tt♦r❡

♠♦❧t✐♣❧✐❝❛t✐✈♦❀ ✐♠♣♦♥✐❛♠♦ q✉❡st❛ ❝♦♥❞✐③✐♦♥❡ ❡❞ ♦tt❡♥✐❛♠♦ ❝❤❡

✭✸✳✷✳✹✮ lim
s0−→±∞

(
H −

〈
HU(0, s0)

〉
〈
U(0, s0)

〉 ± i~ǫg
∂

∂g

)
U(0, s0)

∣∣a
〉

〈
U(0, s0)

〉 = 0

❯♥ ❛s♣❡tt♦ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✐ q✉❡st❛ s❝r✐tt✉r❛ è ❝❤❡ ✐ t❡r♠✐♥✐ U(0, s0)
∣∣a
〉
❡
〈
a
∣∣U(0, s0)

∣∣a
〉

♥♦♥ ❡s✐st♦♥♦ s❡♣❛r❛t❛♠❡♥t❡✱ ❛ ♠❡♥♦ ❝❤❡ ♥♦♥ s✐❛ ✈❛❧✐❞♦ ❝♦♥t❡♠♣♦r❛♥❡❛♠❡♥t❡ ❝❤❡ s✐❛✲

♥♦ ✜ss❛t✐ ǫ > 0 ❡ s0 ∈ R✱ ❝❤❡ ♥♦♥ è ✐❧ ❝❛s♦ ❞✐ ♥♦str♦ ✐♥t❡r❡ss❡❀ ✐ ❞✉❡ ❧✐♠✐t✐ ❝❤❡ ✈♦❣❧✐❛♠♦

♣♦rr❡ ❝♦♥tr❛st❛♥♦ ♣r♦♣r✐♦ ❝♦♥ q✉❡st❡ ❞✉❡ ♥❡❝❡ss✐tà✳ ■❧ ❞❡♥♦♠✐♥❛t♦r❡ ♥❡❧❧♦ st❛t♦ s❡r✈❡

❡s❛tt❛♠❡♥t❡ ❛ ❝❛♥❝❡❧❧❛r❡ ❧❛ ♣r♦❜❧❡♠❛t✐❝❛ ❞❡❧❧❛ ❢❛s❡ ❞❛t❛ ❞❛ ei
1

ǫ
... ❞❡❧❧✬❡✈♦❧✉③✐♦♥❡✳ ▲❛

♥♦r♠❛❧✐③③❛③✐♦♥❡ ❞❡❧❧♦ st❛t♦ ❝✐ ♣❡r♠❡tt❡ ❞✐ ❝♦♥s✐❞❡r❛r❡ s♦❧♦ ✐ r❛♣♣♦rt✐ ❝♦♥ ✐❧ t❡r♠✐♥❡

❞✐❛❣♦♥❛❧❡ ❞✐ U ❛ss♦❝✐❛t♦ ❛❧❧✬❛✉t♦st❛t♦ ❛♣♣❧✐❝❛t♦
∣∣a
〉
✳

P♦ss✐❛♠♦ q✉✐♥❞✐ ❛✛❡r♠❛r❡ ✐❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ❬✷✱ ✹✱ ✽❪✿

❚❡♦r❡♠❛ ✻✳ ✲ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ✲ ❙✐❛ H(s) ✉♥❛ ❍❛♠✐❧t♦♥✐❛♥❛

❝❤❡ ✈❡r✐✜❝❛ ✐❧ ❚❡♦r❡♠❛ ✺✳ ❙❡ ❡s✐st❡
∣∣ψa

〉
=
∣∣ψ±

a

〉
= lim

ǫ−→0+
lim

s0−→±∞

U(0,s0)
∣∣a
〉

〈
U(0,s0)

〉

=⇒ ∃E = E± = lim
ǫ−→0+

lim
s0−→±∞

〈
HU(0, s0)

〉
〈
U(0, s0)

〉

H
∣∣ψa

〉
= E

∣∣ψa

〉

❖✈✈❡r♦
∣∣ψa

〉
è ✉♥ ❛✉t♦st❛t♦ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ❛ t❡♠♣♦ 0✳

❘❡st❡r❡❜❜❡ ❞❛ ❞✐♠♦str❛r❡ ❝❤❡ s✐ ❤❛ ♥❡❝❡ss❛r✐❛♠❡♥t❡ lim
ǫ−→0+

lim
s0−→±∞

i~ǫg ∂
∂g

U(0,s0)
∣∣a
〉

〈
U(0,s0)

〉 =

lim
ǫ−→0+

i~ǫg ∂
∂g

∣∣ψ±
a

〉
= 0✳
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❙✐ è ♣❡rò ❛ss✉♥t♦ ❝❤❡ s✐❛ str❡tt❛♠❡♥t❡ ♣♦s✐t✐✈♦ inf
s0∈R

∥∥〈U(0, s0)
〉∥∥ > 0✱ ❞❡✈❡ ♥❡❝❡ss❛r✐❛✲

♠❡♥t❡ r✐s✉❧t❛r❡ ❝❤❡
〈
ψa(s0)

∣∣ψa(s0)
〉
s✐❛ ❧✐♠✐t❛t♦ ♣❡r ♦❣♥✐ ♦r❞✐♥❡ ❞❡❧❧❛ ♣❡rt✉r❜❛③✐♦♥❡✱

❝✐♦è ♣❡r ♦❣♥✐ ✈❛❧♦r❡ ❞✐ g✱ ❡ ✉♥❛ ❞❡r✐✈❛t❛ r✐s♣❡tt♦ ❛ g ♥♦♥ ❝❛♠❜✐❛ q✉❡st❛ ♣r♦♣r✐❡tà✳

P♦ss✐❛♠♦ q✉✐♥❞✐ ❛✛❡r♠❛r❡ ❝❤❡ ❧❛ ❧✐♠✐t❛t❡③③❛ ❞❡❧❧❛ ♥♦r♠❛ ❞❡❧❧♦ st❛t♦ è ✈❛❧✐❞❛ ♣❡r

♦❣♥✐ g ❡❞ ❛✈rà r✐s♣❡tt♦ ❛❧ ❢❛tt♦r❡ ❞✬♦r❞✐♥❡ ❞✐ ❣r❛♥❞❡③③❛ ✉♥ ❛♥❞❛♠❡♥t♦ r❡❣♦❧❛r❡ ❝❤❡

❝♦♥t✐♥✉❛ ❛ ❣❛r❛♥t✐r❡ ❧✬❡s✐st❡♥③❛ ❧✐♠✐t❛t❛ ✐♥ ♥♦r♠❛ ❞✐ g ∂
∂g

∣∣ψa(s0)
〉
❛♥❝❤❡ ♥❡❧ ❧✐♠✐t❡

s0 −→ ±∞✳

■♥✜♥❡ ♠♦❧t✐♣❧✐❝❛r❡ ♣❡r ✐❧ t❡r♠✐♥❡ ǫ ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣✐❝❝♦❧♦✱ ♣❡r♠❡tt❡ ❞✐ ❢❛r s✈❛♥✐r❡ ✐❧

t❡r♠✐♥❡ ♣♦rt❛t♦ ❞❛❧❧❛ ❞❡r✐✈❛t❛ ǫg ∂
∂g

∣∣ψ±
a

〉
✳ ◗✉❡st❛ ♣❡rò è ♣♦ss✐❜✐❧❡ ♣❡r ❧❡ ♣❛rt✐❝♦❧❛r✐

❝♦♥❞✐③✐♦♥✐ ❝❤❡ ❧♦ st❛t♦ ♥♦r♠❛❧✐③③❛t♦ ✈❡r✐✜❝❛✱ ♥♦♥ s❛r❡❜❜❡ ✐♥ ❣❡♥❡r❛❧❡ s❡♠♣r❡ ✈❡r♦❀ ❧❛

♥♦r♠❛❧✐③③❛③✐♦♥❡ ♣❡r♠❡tt❡ ❞✐ ❡❧✐♠✐♥❛r❡ ✐ t❡r♠✐♥✐ ✐♥ ❢❛s❡✱ ❝❤❡ ❞❛❧❧❛ ❞❡r✐✈❛t❛ ❛✈r❡❜❜❡r♦

❛♣♣♦rt❛t♦ ✐❧ ❝♦♥tr✐❜✉t♦ i1
ǫ
✳

❆❜❜✐❛♠♦ ❞❡❝✐s♦ ❛r❜✐tr❛r✐❛♠❡♥t❡ ❞✐ st✉❞✐❛r❡ ❝♦♥t❡♠♣♦r❛♥❡❛♠❡♥t❡ ❧❡ ❞✉❡ s❡♠✐r❡tt❡

♣♦s✐t✐✈❛ ❡ ♥❡❣❛t✐✈❛✱ ❝❡♥tr❛♥❞♦ ♥❡❧❧✬♦r✐❣✐♥❡ ❞❡✐ t❡♠♣✐ ✐❧ t❡♠♣♦ ❞✬❛rr✐✈♦ ❞❡❧❧✬❡✈♦❧✉③✐♦♥❡✳

❆✈r❡♠♠♦ ♣♦t✉t♦ tr❛tt❛r❡ s❡♣❛r❛t❛♠❡♥t❡ ❧❡ ❞✉❡ s❡♠✐r❡tt❡ ♣♦s✐t✐✈❛ ❡ ♥❡❣❛t✐✈❛ ❞❡❧❧✬❛s✲

s❡✱ ❡❞ ♦tt❡♥❡r❡ ❝❤❡ ✜ss❛t♦ ✉♥ q✉❛❧s✐❛s✐ t❡♠♣♦ s✱ s✐ ♣✉ò ♦tt❡♥❡r❡ ✉♥ ❛✉t♦st❛t♦ ❞✐ H(s)

❛♥❛❧♦❣❛♠❡♥t❡✱ ❛✈❡♥❞♦ ❛♣♣❡♥❛ ❞✐s❝✉ss♦ ✐❧ ❢❛tt♦ ❝❤❡ g ∂
∂g

∣∣ψa(s0)
〉
s✈❛♥✐s❝❡ s❡♠♣r❡✳

❈✐ò ❝❤❡ r❡st❛ ❞❛ ❞✐♠♦str❛r❡ è ❝❤❡ ♣r❡♥❞❡r❡ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ t❡♠♣✐ ♣♦s✐t✐✈✐ ♦ t❡♠♣✐

♥❡❣❛t✐✈✐ ❞à ❧♦ st❡ss♦ r✐s✉❧t❛t♦

∣∣ψa

〉
=
∣∣ψ+

a

〉
=
∣∣ψ−

a

〉

❝❤❡ è ✉♥ r✐s✉❧t❛t♦ ❛tt❡s♦✱ ✐♥ q✉❛♥t♦ ❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♣❛ss❛ ❞❛❧❧♦ st❛t♦ ✐♠♣❡rt✉r❜❛t♦ ❛

q✉❡❧❧♦ ♣❡rt✉r❜❛t♦ ♣❡r r✐t♦r♥❛r❡ ♥❡❧❧❛ ❝♦♥❞✐③✐♦♥❡ ✐♥✐③✐❛❧❡✱ ❝❤❡ ❛❧❧♦r❛ ❤❛ ♥❡❝❡ss❛r✐❛♠❡♥✲

t❡ ❣❧✐ st❡ss✐ ❛✉t♦st❛t✐✱ s❡❝♦♥❞♦ ✉♥❛ tr❛s❢♦r♠❛③✐♦♥❡ ❝❤❡ è s✐♠♠❡tr✐❝❛ r✐s♣❡tt♦ ❛❧❧✬❛ss❡

❞❡✐ t❡♠♣✐✳ ▲✬❛❞✐❛❜❛t✐❝✐tà ✐♥♦❧tr❡ ❣❛r❛♥t✐s❝❡✱ ✐♥ ♣r❡s❡♥③❛ ❞✐ ✉♥❛ ♣❡rt✉r❜❛③✐♦♥❡ ♣✐❝✲

❝♦❧❛✱ ❝❤❡ ❧♦ st❛t♦ t♦r♥✐ ❡s❛tt❛♠❡♥t❡ ✐♥ s❡ st❡ss♦✱ ❝♦♥ ✉♥❛ ❞✐✛❡r❡♥③❛ ❝❤❡ ♣✉ò✱ ❛❧ ♣✐ù✱

❡ss❡r❡ ✐♥ ❢❛s❡✿ s❡ s✐ ❝♦♥s✐❞❡r❛ ✐♥❢❛tt✐ ❧♦ st❛t♦

∣∣ψ±
a (
∣∣s
∣∣)
〉
= lim

ǫ−→0+
lim

s0−→∞

∣∣U(±
∣∣s
∣∣,±s0)

∣∣a
〉

〈
a
∣∣U(±

∣∣s
∣∣,±s0)

∣∣a
〉

❡ss♦ r✐s✉❧t❛ ❡ss❡r❡ ✉♥ ❛✉t♦st❛t♦ ❞✐ H(
∣∣s
∣∣) = H(−

∣∣s
∣∣)✱ ♣❡r ❧❡ st❡ss❡ ❝♦♥s✐❞❡r❛③✐♦♥✐

♦♣❡r❛t❡ ✐♥ ♣r❡❝❡❞❡♥③❛✱

=⇒ H(s)
∣∣ψ±

a (
∣∣s
∣∣)
〉
= H(−s)

∣∣ψ±
a (
∣∣s
∣∣)
〉
= E±(s)

∣∣ψ±
a (
∣∣s
∣∣)
〉
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▼❛ ❡ss❡♥❞♦ H(s) = H(−s)✱ ❡❞ ❡ss❡♥❞♦ ❧❛ tr❛s❢♦r♠❛③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛✱ ♣r✐✈❛ ❞✐ ❞❡❣❡✲

♥❡r❛③✐♦♥✐✱ ✐ ❞✉❡ ❛✉t♦st❛t✐ ♦tt❡♥✉t✐ ♣❡r ✐ ❞✉❡ t❡♠♣✐ ±s ❛ ♣❛rt✐r❡ ❞❛❧❧♦ st❡ss♦ st❛t♦
∣∣a
〉

❛♣♣❛rt❡♥❣♦♥♦ ❛❧❧♦ st❡ss♦ ❛✉t♦s♣❛③✐♦✿

=⇒ E+(s) = E−(s)

▼❛ ♦ss❡r✈✐❛♠♦ ❝❤❡ ♣r♦♣r✐♦ ❣r❛③✐❡ ❛❧❧❛ r✐♥♦r♠❛❧✐③③❛③✐♦♥❡✱ ❝❤❡ ❡s❝❧✉❞❡ ❧❡ ♣r♦❜❧❡♠❛t✐✲

❝❤❡ ❞❡❧❧❛ ❢❛s❡

〈
a
∣∣ψ±

a (
∣∣s
∣∣)
〉
= lim

ǫ−→0+
lim

s0−→∞

〈
a
∣∣U(±

∣∣s
∣∣,±s0)

∣∣a
〉

〈
a
∣∣U(±

∣∣s
∣∣,±s0)

∣∣a
〉 = 1

=⇒
∣∣ψ+

a (
∣∣s
∣∣)
〉
=
∣∣ψ−

a (
∣∣s
∣∣)
〉

∀s

❆❧❧♦r❛ ♥❡❝❡ss❛r✐❛♠❡♥t❡ s✐ ♦tt✐❡♥❡

=⇒
∣∣ψa

〉
=
∣∣ψ±

a (0)
〉
=
∣∣ψ±

a

〉

s✐ ♦tt✐❡♥❡ q✉✐♥❞✐ ❝❤❡✱ q✉❛♥❞♦ ❧❛ tr❛s❢♦r♠❛③✐♦♥❡ ❤❛ ❝♦♠♣❧❡t❛t♦ ❧❛ ❝♦str✉③✐♦♥❡ ❞❡❧✲

❧❛ ♣❡rt✉r❜❛③✐♦♥❡ ❛ t❡♠♣♦ s = 0✱ ♥♦♥ ✐♠♣♦rt❛ ❞❛ ❝❤❡ ✈❡rs♦ ✈✐ s✐ s✐❛ ❛rr✐✈❛t✐✱ ♠❛

❧✬❛✉t♦st❛t♦ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♣❡rt✉r❜❛t❛ ❝❤❡ s✐ ♦tt✐❡♥❡ è ✐❧ ♠❡❞❡s✐♠♦✱ s❡ ❡s✐st❡✳

✸✳✸✳ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ❡ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦

▲❡ ❝♦♥❞✐③✐♦♥✐ ❞✐ r❡❣♦❧❛r✐tà ❝❤❡ ♣❡r♠❡tt♦♥♦ ✐ r✐s✉❧t❛t✐ ❞❡❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥

❡ ▲♦✇ s♦♥♦ s♦❞❞✐s❢❛tt❡ ❣r❛③✐❡ ❛❧❧❛ tr❛s❢♦r♠❛③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛ ❝❤❡ s✐ è ✐♥s❡r✐t❛ ❛r❜✐✲

tr❛r✐❛♠❡♥t❡ ♣❡r ♣❛ss❛r❡ ❞❛❧ s✐st❡♠❛ ✐♠♣❡rt✉r❜❛t♦ ❛ q✉❡❧❧♦ ♣❡rt✉r❜❛t♦❀ ♦♣❡r❛♥❞♦ ✉♥

❝♦♥❢r♦♥t♦ tr❛ ❣❧✐ str✉♠❡♥t✐ ✐♠♣✐❡❣❛t✐ ♥❡❧❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛

❝✐ ♣r♦♣♦♥✐❛♠♦ ❞✐ ♦♣❡r❛r❡ ✉♥ ❝♦♥❢r♦♥t♦ tr❛ ❣❧✐ ♦❣❣❡tt✐ ♦♣❡r❛t♦r✐❛❧✐ ❝❤❡ ❝♦♠♣❛✐♦♥♦✳

■♥♥❛♥③✐t✉tt♦ r✐❝♦r❞✐❛♠♦ ❝❤❡ U(s, s0) = A(s, s0)Φ(s, s0; ǫ)W (s, s0; ǫ)✱ ❞♦✈❡W (s, s0; ǫ)

è ✉♥ ♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦ ♣❡r ❝✉✐ ✈❛❧❡ ❝❤❡ lim
ǫ−→0+

W (s, s0; ǫ) = I✱ A(s, s0) è ❧✬♦♣❡✲

r❛t♦r❡ ✉♥✐t❛r✐♦ ❞✐ ❡✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛ ❝❤❡ tr❛s♣♦rt❛ ♦❣♥✐ ❛✉t♦st❛t♦ ❞❡❧❧✬❍❛♠✐❧✲

t♦♥✐❛♥❛ ❛ t❡♠♣♦ s0 ✐♥ ✉♥ ❛✉t♦st❛t♦ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ❛ t❡♠♣♦ s✱ ❡ Φ(s, s0; ǫ) =
∑
j

e
− i

ǫ~

´ s

s0
Ej(s

′)ds′
Pj(s0) è ❧✬♦♣❡r❛t♦r❡ ❝❤❡ ✐♥tr♦❞✉❝❡ ✐ ❢❛tt♦r✐ ❞✐ ❢❛s❡ ❞❡❧❧✬❡✈♦❧✉③✐♦♥❡

❛❞✐❛❜❛t✐❝❛✱ ❞✐❛❣♦♥❛❧❡ ♥❡❧❧❛ ❜❛s❡ ❞✐ ❛✉t♦st❛t✐ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ❛ t❡♠♣♦ s0. ◗✉❡st✐

♦♣❡r❛t♦r✐✱ ♥❡❧ ❝❛s♦ ❞❡❧❧❛ tr❛s❢♦r♠❛③✐♦♥❡ f(s) = e−
∣∣s
∣∣
✱ ❛✈r❛♥♥♦ ✉♥❛ ❞❡✜♥✐③✐♦♥❡ ♣❡r

❝❛s✐ ❝❤❡ s❛rà ❞✐✛❡r❡♥t❡ ❛❧❧❛ ❞❡str❛ ♦ ❛❧❧❛ s✐♥✐str❛ ❞❡❧❧✬♦r✐❣✐♥❡✱ ♠❛ s✉❧❧❡ ❞✉❡ s❡♠✐r❡tt❡

✐♥ ❝✉✐ ❧✬❛ss❡ r❡❛❧❡ ✈✐❡♥❡ ❛ ❞✐✈✐❞❡rs✐ ❛✈r❛♥♥♦ ❧❡ st❡ss❡ ♣r♦♣r✐❡tà ❞✐ r❡❣♦❧❛r✐tà ❞❡s❝r✐tt❡

♥❡❧❧❛ ❞✐s❝✉ss✐♦♥❡ ❞❡❧ t❡♦r❡♠❛ ❛❞✐❛❜❛t✐❝♦✱ ❡ s✐ ❛tt❛❝❝❛♥♦ ❜❡♥❡ ♥❡❧❧✬♦r✐❣✐♥❡✱ ❡ss❡♥❞♦
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❞❡✜♥✐t♦ ✐♥ ♠❛♥✐❡r❛ ✉♥✐❝❛ ✐❧ s✐st❡♠❛ ♣❡r s = 0✳

Pr❡♥❞✐❛♠♦ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ❧✬❛✉t♦st❛t♦ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♣❡rt✉r❜❛t❛ ❝❤❡ s✐ ♦tt✐❡♥❡

❝♦♥ ♣❡r ✐❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇✱ ❡ s♦st✐t✉✐❛♠♦ ✐♥ ❡ss♦ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞❡❣❧✐

♦♣❡r❛t♦r✐ ♥♦t✐ ❞❛❧❧❛ ❞❡s❝r✐③✐♦♥❡ ✐♥ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❛❞ ❛ss✐ r♦t❛♥t✐✿

∣∣ψa

〉
= lim

ǫ−→0+
lim

s0−→±∞

U(0, s0)
∣∣a
〉

〈
U(0, s0)

〉 =

= lim
ǫ−→0+

lim
s0−→±∞

A(0, s0)Φ(0, s0; ǫ)W (0, s0; ǫ)
∣∣a
〉

〈
a
∣∣A(0, s0)Φ(0, s0; ǫ)W (0, s0; ǫ)

∣∣a
〉

◆♦♥ s❛♣♣✐❛♠♦ ❝❛r❛tt❡r✐③③❛r❡ ❧✬❛♣♣❧✐❝❛③✐♦♥❡ ❞✐ W (s, s0; ǫ)
∣∣a
〉
✱ ♠❛ è ♥♦t♦ ✐❧ r✐s✉❧t❛t♦

❛❧ ❧✐♠✐t❡ ❞❡❧❧❛ ✈❡❧♦❝✐tà ❞✐ tr❛s❢♦r♠❛③✐♦♥❡✿

∣∣ψa

〉
= lim

ǫ−→0+
lim

s0−→±∞

A(0, s0)Φ(0, s0; ǫ)W (0, s0; ǫ)
∣∣a
〉

〈
a
∣∣A(0, s0)Φ(0, s0; ǫ)W (0, s0; ǫ)

∣∣a
〉 =

= lim
ǫ−→0+

lim
s0−→±∞

A(0, s0)Φ(0, s0; ǫ)
∣∣a
〉

〈
a
∣∣A(0, s0)Φ(0, s0; ǫ)

∣∣a
〉 =

▲✬❛♣♣❧✐❝❛③✐♦♥❡ ❞❡❧❧✬♦♣❡r❛t♦r❡ ❞❡✐ ❢❛tt♦r✐ ❞✐ ❢❛s❡ è ♣❡rò ♥♦t♦✱ ❡ lim
s0−→±∞

Φ(0, s0; ǫ)
∣∣a
〉
=

lim
s0−→±∞

e
− i

ǫ~

´

0

s0
Ea(s′)ds′

∣∣a
〉
✳ ❆❧❧♦r❛ ❧✬❛✈❡r ♦♣❡r❛t♦ ❧❛ ♥♦r♠❛❧✐③③❛③✐♦♥❡ ❞❡❧❧♦ st❛t♦ s✐❣♥✐✲

✜❝❛ q✉✐ s❡♠♣❧✐✜❝❛r❡ ❛ ♥✉♠❡r❛t♦r❡ ❡ ❞❡♥♦♠✐♥❛t♦r❡ ✐❧ t❡r♠✐♥❡ ❞✐ ❢❛s❡ e−
i
ǫ~

´

0

s0
Ea(s′)ds′ ✳

❚✉tt❛ ❧❛ ❞✐♣❡♥❞❡♥③❛ ❞❛❧❧❛ ✈❡❧♦❝✐tà ❞✐ tr❛s❢♦r♠❛③✐♦♥❡ è st❛t❛ q✉✐♥❞✐ ❡❧✐♠✐♥❛t❛✱ ❡ ♣♦s✲

s✐❛♠♦ s❝r✐✈❡r❡

✭✸✳✸✳✶✮
∣∣ψa

〉
= lim

s0−→±∞

A(0, s0)
∣∣a
〉

〈
a
∣∣A(0, s0)

∣∣a
〉

❈❤❡ è ♣❡r ❞❡✜♥✐③✐♦♥❡ ❞✐ A(0, s0) ✉♥ ❛✉t♦st❛t♦ ❞✐ H(0) ❬✸✱ ✶✶❪✳

■♥ q✉❡st✐ ♣❛ss❛❣❣✐ ❛❜❜✐❛♠♦ ❞♦✈✉t♦ ❝♦♥s✐❞❡r❛r❡ ✐♥✈❡rt✐❜✐❧✐ ✐♥ ♦r❞✐♥❡ ✐ ❧✐♠✐t✐ r✐s♣❡t✲

t♦ ❛❞ s0 ❡ ǫ ♣❡r q✉❛♥t♦ r✐❣✉❛r❞❛ ❧✬♦♣❡r❛t♦r❡ W (s, s0; ǫ), ♦✈✈❡r♦ ❛❜❜✐❛♠♦ ❝♦♥s✐❞❡r❛t♦

✈❡r✐✜❝❛t♦ ❝❤❡ ❡ss♦ t❡♥❞❛ ❛ I ✐♥❞✐♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛✐ t❡♠♣✐ ❝♦♥s✐❞❡r❛t✐✱ ❡ q✉✐♥❞✐ ❞♦✈❡

❡ss❡r❡ ✈❡r♦ ❛♥❝❤❡ ♣❡r ✐❧ ❧✐♠✐t❡ s0 −→ ±∞ ❝❤❡ ✐♥ ♥♦r♠❛
∥∥W (s, s0; ǫ) − 1

∥∥ < cost ǫ✳

◗✉❡st❛ ♦♣❡r❛③✐♦♥❡ è ♣♦ss✐❜✐❧❡ ♣r♦♣r✐♦ ✐♠♣♦♥❡♥❞♦ cost ❡s✐st❡♥t❡ ❡❞ ✐♥❞✐♣❡♥❞❡♥t❡ ❞❛✐

t❡♠♣✐ ♣r❡s✐ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡✳

✸✳✹✳ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ❡ ❧❡❣❣✐ ❞✐ ❡✈♦❧✉③✐♦♥❡

❈♦♥s✐❞❡r❛♥❞♦ ❧✬✐❞❡♥t✐tà ✸✳✷✳✶ ❝❤❡ ♣♦rt❛ ❞✐r❡tt❛♠❡♥t❡ ❛❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡

▲♦✇ ♦ss❡r✈✐❛♠♦ ❝❤❡ ♣♦ss✐❛♠♦ ❣✐✉♥❣❡r❡ ❛❧❧♦ st❡ss♦ r✐s✉❧t❛t♦ ♣r❡♥❞❡♥❞♦ ❞❡❧❧❡ ❧✐❜❡rtà
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r✐s♣❡tt♦ ❛❧❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❝❤❡ ✈♦❣❧✐❛♠♦ ❛❞♦♣❡r❛r❡ ♣❡r ❧❛ ❞❡s❝r✐③✐♦♥❡ ❞❡❧❧✬❡✈♦❧✉✲

③✐♦♥❡✱ ❝♦♠❡ ❞❡s❝r✐tt♦ ✐♥ ✷✳✹✳✷❡ ✷✳✹✳✸✳

Pr❡♥❞✐❛♠♦ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ❧❛ tr❛s❢♦r♠❛③✐♦♥❡ ❛♣♣♦rt❛t❛ ❞❛ ✉♥ ❣❡♥❡r✐❝♦ ♦♣❡r❛t♦r❡

✉♥✐t❛r✐♦ U1(s) : U1(0) = I ❛❧❧✬♦❣❣❡tt♦ ❛ ❞✉❡ t❡♠♣✐ U(s, s0; ǫ, g)✳ ❖tt❡♥✐❛♠♦

U (U1)(s, s0) = U1(s)
†U(s, s0)U1(s0)

H(U1)(s) = U1(s)
†H(s; g)U1(s)

❝❤❡ ✐♥✈❡rt✐❛♠♦✱ ♣❡r s♦st✐t✉✐r❧❡ ♥❡❧❧❛ ❢♦r♠✉❧❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇✿

U(s, s0) = U1(s)U
(U1)(s, s0)U1(s0)

†

H(s) = U1(s)H
(U1)(s)U †

1(s)

❆❧❧♦r❛✱ ♣r❡♥❞❡♥❞♦ s ❡ s0 ❣✐❛❝❡♥t✐ s✉❧❧❛ r❡tt❛ ❞❡✐ t❡♠♣✐ r✐s❝❛❧❛t✐ ❞❛❧❧❛ st❡ss❛ ♣❛rt❡

r✐s♣❡tt♦ ❛❧❧✬♦r✐❣✐♥❡✱ ✐♥ ♠❛♥✐❡r❛ ♦♣♣♦rt✉♥❛✿

0 = H(s)U(s, s0)− U(s, s0)H(s0)± i~ǫg
∂

∂g
U(s, s0) =

= U1(s)H
(U1)(s)U (U1)(s, s0)U1(s0)

†
− U1(s)U

(U1)(s, s0)H
(U1)(s0)U1(s0)

†

±i~ǫg
∂

∂g
U1(s)U

(U1)(s, s0)U1(s0)
†

❊ q✉✐♥❞✐✱ ❛ ♣❛tt♦ ❝❤❡ ∂
∂g
U1 = 0✱ ❝♦s❛ ❝❤❡ è ❣❡♥❡r❛❧♠❡♥t❡ ✈❡r✐✜❝❛t❛✱ ❛ ♠❡♥♦ ❝❤❡ ♥♦♥

❢♦ss❡ ♣r♦♣r✐♦ ♥❡❝❡ss❛r✐♦ ✐♥s❡r✐r❡ ✐❧ ❢❛tt♦r❡ ❞✬♦r❞✐♥❡ ❞✐ ❣r❛♥❞❡③③❛ ♥❡❧❧❛ tr❛s❢♦r♠❛③✐♦♥❡

❞✐ r❛♣♣r❡s❡♥t❛③✐♦♥❡✱ ❞♦♣♦ ❛✈❡r ❛♣♣❧✐❝❛t♦ ❛ ❞❡str❛ ❡ ❛ s✐♥✐str❛ r✐s♣❡tt✐✈❛♠❡♥t❡ U1(s0)

❡ U1(s)
†✱ s✐ ♦tt✐❡♥❡ ❝❤❡

H(U1)(s)U (U1)(s, s0)− U (U1)(s, s0)H
(U1)(s0)± i~ǫg

∂

∂g
U (U1)(s, s0) = 0

P♦ss✐❛♠♦ q✉✐♥❞✐ ❝♦♥❝❧✉❞❡r❡ ❝❤❡✱ ♣❡r ✉♥❛ q✉❛❧s✐❛s✐ tr❛s❢♦r♠❛③✐♦♥❡ ❞✐ r❛♣♣r❡s❡♥t❛③✐♦✲

♥❡ U1(s) ❝❤❡ ♥♦♥ ❞✐♣❡♥❞❛ ❞❛ g ♦ ♥♦♥ ❛♣♣♦rt✐ ✐♥ ❞❡r✐✈❛t❛ ✉♥ t❡r♠✐♥❡ ♥♦♥ tr❛s❝✉r❛❜✐❧❡✱

❝♦♥t✐♥✉❛ ❛ ✈❛❧❡r❡ ✐❧ t❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ s♦st✐t✉❡♥❞♦ ❛❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ H(s)

❧✬♦♣❡r❛t♦r❡ ❤❡r♠✐t✐❛♥♦ H(U1)(s) ❡ ❛❧❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ U(s, s0) ❧✬♦✲

♣❡r❛t♦r❡ ✉♥✐t❛r✐♦ U (U1)(s, s0)✳

❉✐ ♥♦str♦ ✐♥t❡r❡ss❡ ♣❡rò s❛r❛♥♥♦ ❧❡ tr❛s❢♦r♠❛③✐♦♥✐ ❝❤❡ ✈❡r✐✜❝❛♥♦ ❧❛ ❝♦♥❞✐③✐♦♥❡H(U1)(0) =

H(0)❀ ❧❛ ❞✐♠♦str❛③✐♦♥❡ ❞❡❧ ❚❡♦r❡♠❛ ✻ ♣❡r♠❡tt❡ ❞✐ ❛rr✐✈❛r❡ ❛❧❧❛ ❝♦str✉③✐♦♥❡ ❞✐ ✉♥ ❛✉✲

t♦st❛t♦ ❞❡❧❧✬♦♣❡r❛t♦r❡ ❤❡r♠✐t✐❛♥♦ ❝❤❡ ❝♦♠♣❛r❡ ♥❡❧❧❛ ❢♦r♠❛ ✸✳✷✳✹❀ ❛ ♥♦✐ ✐♥t❡r❡ss❡rà

q✉✐♥❞✐ ✉♥❛ tr❛s❢♦r♠❛③✐♦♥❡ U1(s) t❛❧❡ ❝❤❡ U1(0) = I✱ ❝♦sì ❞❛ tr♦✈❛r❡ ❡✛❡tt✐✈❛♠❡♥t❡

✉♥ ❛✉t♦st❛t♦ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♣❡rt✉r❜❛t❛✳
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●❡♥❡r❛❧♠❡♥t❡ ✐❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ s✐ tr♦✈❛ ❡s♣♦st♦ ♥❡❧❧❛ ❢♦r♠❛ ❞❡❧❧❛ r❛♣✲

♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡✱ ❞♦✈❡ U1(s) = e−
i
~ǫ

H0s✱ ❝❤❡ r✐s♣❡tt❛ ❧❛ ❝♦♥❞✐③✐♦♥❡ ❛♣♣❡♥❛

♣♦st❛✳

✸✳✺✳ ❆❝❝❡♥♥✐ ❛❧❧❛ t❡♦r✐❛ ❞❡✐ ❝❛♠♣✐

▲❛ ❢♦r♠✉❧❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ r❡♥❞❡ ♣♦ss✐❜✐❧❡ ❧❛ tr❛♥s✐③✐♦♥❡ ❞✐ ❝♦rr❡❧❛t♦r✐ r✐♦r✲

❞✐♥❛t✐ t❡♠♣♦r❛❧♠❡♥t❡ ❞❛❧❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ❍❡✐s❡♥❜❡r❣ ❛ q✉❡❧❧❛ ❞✐ ✐♥t❡r❛③✐♦♥❡✱

✐♥tr♦❞✉❝❡♥❞♦ ❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ❞✐ ✐♥t❡r❛③✐♦♥❡ s❢r✉tt❛♥❞♦ ❧✬✐❞❡❛ ❞❡❧✲

❧✬❛❝❝❡♥s✐♦♥❡ ❛❞✐❛❜❛t✐❝❛✳

Pr❡♥❞✐❛♠♦ q✉✐♥❞✐ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ✉♥❛ ❍❛♠✐❧t♦♥✐❛♥❛ H = H0+V ♣❡rt✉r❜❛③✐♦♥❡ ❞✐

H0 ♥♦t❛✱ ❝♦♥ H
∣∣ψ
〉
= E

∣∣ψ
〉
✱ ❝❤❡ ♥♦♥ ❛❜❜✐❛ ✉♥❛ ❞✐♣❡♥❞❡♥③❛ ❡s♣❧✐❝✐t❛ ❞❛❧ t❡♠♣♦ ♣❡r

❧✬✐♥t❡r✈❛❧❧♦ ❞✐ t❡♠♣✐ ❝❤❡ ♣r❡♥❞✐❛♠♦ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡✳ ❉❡✜♥✐❛♠♦ ❣❧✐ ♦❣❣❡tt✐ ♠❡❞✐❛♥t❡

✐ q✉❛❧✐ st✉❞✐❛r❡ ✐❧ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐ ❡✈♦❧✉③✐♦♥❡✿

i~
∂

∂t
U0(t, t0) = H0U0(t, t0) U0(t0, t0) = I

i~
∂

∂t
UH(t, t0) = HUH(t, t0) = (H0 + V )UH(t, t0) UH(t0, t0) = I

i~
∂

∂t
U(t, t0; ǫ) =

(
H0 + e−

∣∣ǫt
∣∣
V

)
U(t, t0; ǫ) U(t0, t0; ǫ) = I

▲✬✉❧t✐♠♦ ♦♣❡r❛t♦r❡ ❝♦sì ❞❡✜♥✐t♦ è ❧♦ st❡ss♦ ♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ✉s❛t♦

♥❡❧❧❛ ❞✐♠♦str❛③✐♦♥❡ ❞❡❧ t❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇✱ ♠❛ s❡♥③❛ ✉s❛r❡ ♦r❛ ✐ t❡♠♣✐

r✐s❝❛❧❛t✐✳

P♦ss✐❛♠♦ ❝♦♥s✐❞❡r❛r❡ ❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡ ❞✐ q✉❡st✐ ♦♣❡r❛t♦r✐✱ ❛ss♦❝✐❛♥✲

❞♦ ❛❧ t❡♠♣♦ ♣❛r❛♠❡tr✐❝♦ ✐♥ U0 ❧✬♦r✐❣✐♥❡ ❞❡❧❧✬❛ss❡ ❞❡✐ t❡♠♣✐✱ ♣❡r ❧❡ ❝♦♥s✐❞❡r❛③✐♦♥✐ ❢❛tt❡

✐♥ ❝♦♥❝❧✉s✐♦♥❡ ❛❧❧❛ s❡③✐♦♥❡ ✸✳✹✿

UHI(t, t0) = U0(0, t)UH(t, t0)U0(t0, 0) UHI(t0, t0) = I

i~
∂

∂t
UHI(t, t0) = U0(0, t) (−H0 +H0 + V )UH(t, t0)U0(t0, 0) =

= VI(t)UHI(t, t0)

UI(t, t0; ǫ) = U0(0, t)U(t, t0; ǫ)U0(t0, 0) UI(t0, t0; ǫ) = I

i~
∂

∂t
UI(t, t0; ǫ) = U0(0, t)

(
−H0 +H0 + e−

∣∣ǫt
∣∣
V

)
U(t, t0)U0(t0, 0) =

= e−
∣∣ǫt
∣∣
VI(t)UI(t, t0; ǫ)✭✸✳✺✳✶✮



✸✳✺✳ ❆❈❈❊◆◆■ ❆▲▲❆ ❚❊❖❘■❆ ❉❊■ ❈❆▼P■ ✹✹

❉♦✈❡ ♦ss❡r✈✐❛♠♦ ❝❤❡✱ ✜ss❛♥❞♦ ✐❧ t❡♠♣♦ t✱ ✈❛rr❛♥♥♦ ✐ s❡❣✉❡♥t✐ ❧✐♠✐t✐✿

lim
ǫ→0+

UI(t, 0; ǫ) = UHI(t, 0)

lim
ǫ→0+

U(t, 0; ǫ) = UH(t, 0)

◗✉❡st♦ ♣❡r❝❤é✱ ❝♦♠✉♥q✉❡ s✐ ✜ss✐ ✐❧ t❡♠♣♦ t✱ ♣❡r ǫ s✉✣❝✐❡♥t❡♠❡♥t❡ ♣✐❝❝♦❧♦✱ ❧✬❍❛♠✐❧✲

t♦♥✐❛♥❛ ❞✐♣❡♥❞❡♥t❡ ❞❛❧ t❡♠♣♦ H0 + e−
∣∣ǫt
∣∣
V s❛rà ❛❧ ❧✐♠✐t❡ ✐♥❞✐st✐♥❣✉✐❜✐❧❡ ❞❛ H ✐♥ ✉♥

✐♥t❡r✈❛❧❧♦ ❞❡✐ t❡♠♣✐ ❧✐♠✐t❛t♦✳

❙❢r✉tt❛♥❞♦ ✐❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ♣♦ss✐❛♠♦ ✐♥♦❧tr❡ r✐s❝r✐✈❡r❡ ❧✬❛✉t♦st❛t♦∣∣ψ
〉
♠❡❞✐❛♥t❡

∣∣a
〉
✱ ❛✉t♦st❛t♦ ❞✐ H0✱ ❝❤❡ ❛ttr❛✈❡rs♦ ❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ❞à
∣∣ψ
〉

〈
a
∣∣ψ
〉 = lim

ǫ→0+

U(0,±∞; ǫ)
∣∣a
〉

〈
a
∣∣U(0,±∞; ǫ)

∣∣a
〉

= lim
ǫ→0+

lim
t0→±∞

IU(0, t0; ǫ)U0(t0, 0)
∣∣a
〉

〈
a
∣∣IU(0, t0; ǫ)U0(t0, 0)

∣∣a
〉 =

= lim
ǫ→0+

UI(0,±∞; ǫ)
∣∣a
〉

〈
a
∣∣UI(0,±∞; ǫ)

∣∣a
〉

P♦ss✐❛♠♦ ✐♥❢❛tt✐ ❝♦♥s✐❞❡r❛r❡ ❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ✐♥tr♦❞✉❝❡♥❞♦ ♦ ♠❡♥♦ ❧❛ r❛♣♣r❡✲

s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡ ❞❛t❛ ❞❛ H0 ❡❞ ♦tt❡♥❡r❡ ❧♦ st❡ss♦ r✐s✉❧t❛t♦ ✈❛❧✐❞♦✳ ❙❝❡❣❧✐❛♠♦

❞✐ ❝♦♥s✐❞❡r❛r❡ ❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ✐♥ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡ ♣❡r ❧❡ ❝❛r❛t✲

t❡r✐st✐❝❤❡ ❣❛r❛♥t✐t❡✱ ♥❡❧ ❧✐♠✐t❡ ❛ ❣r❛♥❞✐ t❡♠✐✱ ❞❛❧❧✬❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r ❡q✉✐✈❛✲

❧❡♥t❡ ❛ss♦❝✐❛t❛ ❛ t❛❧❡ ♦♣❡r❛t♦r❡✱ ♦✈✈❡r♦ ❝❤❡ s✐❛ ❛♠♠❡ss♦ ✉♥ ❧✐♠✐t❡ ♣❡r t❡♠♣✐ ✐♥✜♥✐t✐

✐♥✈❡❝❡ ❞✐ ✉♥ ❝♦♠♣♦rt❛♠❡♥t♦ ♦s❝✐❧❧❛♥t❡

lim
t→±∞

i~
∂

∂t
UI(t, t0; ǫ) = 0

❆♥❞✐❛♠♦ ❛ ❝♦♥s✐❞❡r❛r❡ ✐❧ ✈❛❧♦r❡ ❞✐ ✉♥✬♦ss❡r✈❛❜✐❧❡ s✉❧❧♦ st❛t♦
∣∣ψ
〉
✱ ✐♠♣♦♥❡♥❞♦ ❝❤❡

❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ s✐❛ ❞❛t❛ ❞❛❧❧✬♦♣❡r❛t♦r❡ UH(t, 0)✳ P♦ss✐❛♠♦ ❢❛r❡ q✉❡st❛ ❛s✲

s✉♥③✐♦♥❡ ✐♥ q✉❛♥t♦ ❡ss❛ è ❝♦♥s✐st❡♥t❡ ❝♦♥ ❧✬✐♣♦t❡s✐ ❝❤❡ t ❛♣♣❛rt❡♥❣❛ ❛❞ ✉♥ ✐♥t♦r♥♦

❞❡❧❧✬♦r✐❣✐♥❡✱ t❛❧❡ ❝❤❡ ❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♣♦ss❛ ❛ss✉♠❡rs✐ H✳
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〈
ψ
∣∣OH(t)

∣∣ψ
〉

〈
ψ
∣∣ψ
〉 =

=

〈
ψ
∣∣UH(t, 0)†O(t)UH(t, 0)

∣∣ψ
〉

〈
ψ
∣∣ψ
〉 =

= lim
ǫ→0+

〈
a
∣∣UI(∞, 0; ǫ)UH(0, t)O(t)UH(t, 0)UI(0,−∞; ǫ)

∣∣a
〉

〈
a
∣∣UI(∞, 0; ǫ)UI(0,−∞; ǫ)

∣∣a
〉 =

= lim
ǫ→0+

〈
a
∣∣UI(∞, 0; ǫ)IUHI(0, t)U0(0, t)O(t)U0(t, 0)UHI(t, 0)IUI(0,−∞; ǫ)

∣∣a
〉

〈
a
∣∣UI(∞, 0; ǫ)UI(0,−∞; ǫ)

∣∣a
〉 =

= lim
ǫ→0+

〈
a
∣∣UI(∞, 0; ǫ)UI(0, t; ǫ)U0(0, t)O(t)U0(t, 0)UI(t, 0; ǫ)UI(0,−∞; ǫ)

∣∣a
〉

〈
a
∣∣UI(∞, 0; ǫ)UI(0,−∞; ǫ)

∣∣a
〉 =

= lim
ǫ→0+

〈
a
∣∣UI(∞, t; ǫ)OI(t)UI(t,−∞; ǫ)

∣∣a
〉

〈
a
∣∣UI(∞,−∞; ǫ)

∣∣a
〉

= lim
ǫ→0+

〈
a
∣∣UI(∞, t; ǫ)OI(t)UI(t,−∞; ǫ)

∣∣a
〉

〈
a
∣∣S
∣∣a
〉

▲✬♦♣❡r❛t♦r❡ S ❝❤❡ ❝♦♠♣❛r❡ ❛ ❞❡♥♦♠✐♥❛t♦r❡ ✐♥ q✉❡st❛ s❝r✐tt✉r❛ ❡ ❞❡✜♥✐t♦ ♠❡❞✐❛♥t❡

❧✬❛③✐♦♥❡ q✉✐ ❞❡s❝r✐tt❛✱ è ❞❡♥♦♠✐♥❛t♦ ♦♣❡r❛t♦r❡ ❞✐ s❝❛tt❡r✐♥❣✳ ◗✉❡st♦ ♦♣❡r❛t♦r❡ ✐♥❞✐❝❛

❧✬❛③✐♦♥❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ✐♥ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡ ❞❛ ✉♥ t❡♠♣♦ −∞

❛ ∞✱ ❡❞ ✐❧ s✉♦ ✈❛❧♦r ♠❡❞✐♦ s✉❧❧♦ st❛t♦
∣∣a
〉
è ❧♦ st❡ss♦ ❝❤❡ tr♦✈❡r❡♠♠♦ ❝♦♥s✐❞❡r❛♥❞♦

❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ s❡♥③❛ ❛❞♦♣❡r❛r❡ ❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡✱ ❝♦♥s✐st❡♥✲

t❡♠❡♥t❡ ❝♦♥ ❧✬✐♥❞✐♣❡♥❞❡♥③❛ s♦st❛♥③✐❛❧❡ ❞❛❧❧❛ s❝❡❧t❛ ❞✐ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ♦♣❡r❛t❛ ♠♦✲

str❛t❛ ✐♥ ♣r❡❝❡❞❡♥③❛✳ S è ❜❡♥ ❞❡✜♥✐t♦ ♣♦✐❝❤é s✐ ♣✉ò ♦tt❡♥❡r❡ ❧✬❛③✐♦♥❡ ❞✐ q✉❡st♦ ♦❣❣❡tt♦

✐♥❞✐♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛ H0 ♠❡❞✐❛♥t❡ ❧✬❡q✉❛③✐♦♥❡ ✸✳✺✳✶❀ ✐♥♦❧tr❡ è ✐♠♣♦rt❛♥t❡ ♦ss❡r✈❛✲

r❡ ❝♦♠❡ ♦r❛ t✉tt❛ ❧✬✐♥❢♦r♠❛③✐♦♥❡ s✉❧❧❛ ♣❡rt✉r❜❛③✐♦♥❡ s✐❛ ❝♦♥t❡♥✉t❛ ♥❡❧❧✬♦♣❡r❛t♦r❡ ❞✐

s❝❛tt❡r✐♥❣✱ ✐♥❢❛tt✐ ❧✬♦ss❡r✈❛❜✐❧❡ OI è ✐♥ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡ ❡ ❞✐♣❡♥❞❡♥t❡

❞❛❧ s♦❧♦ t❡r♠✐♥❡ ❞✐ ❍❛♠✐❧t♦♥✐❛♥❛ ✐♠♣❡rt✉r❜❛t❛ H0✳ ❙❝❡❣❧✐❡r❡ q✉✐♥❞✐ ❧✬✐♠♣✐❡❣♦ ❞❡❧❧❛

r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡ è ❝♦♥✈❡♥✐❡♥t❡ ✐♥ q✉❛♥t♦ ♣❡r♠❡tt❡ ❞✐ s❡♣❛r❛r❡ ❝♦♠✲

♣❧❡t❛♠❡♥t❡ ❧✬❛③✐♦♥❡ ❞❡❧❧❛ ♣❡rt✉r❜❛③✐♦♥❡ ❞❛ q✉❡❧❧❛ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ✐♠♣❡rt✉r❜❛t❛✳

P♦ss✐❛♠♦ ♣❡♥s❛r❡ ❞✐ r✐♣❡t❡r❡ q✉❡st❡ ♦♣❡r❛③✐♦♥✐ ❝♦♥s✐❞❡r❛♥❞♦ ❧✬❛③✐♦♥❡ ❞✐ ♣✐ù ♦ss❡r✈❛✲

❜✐❧✐ ❝❤❡ ❛❣✐s❝♦♥♦ ♦r❞✐♥❛t❛♠❡♥t❡ ❡❞ ❛ t❡♠♣✐ ❞✐✈❡rs✐ s✉❧❧✬❛✉t♦st❛t♦ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛

♣❡rt✉r❜❛t❛✱ s❡❝♦♥❞♦ ❧✬❡✈♦❧✉③✐♦♥❡ ❞❛t❛ ❞❛ H

〈
ψ
∣∣T (O1H(t1)O2H(t2)...OnH(tn))

∣∣ψ
〉

〈
ψ
∣∣ψ
〉
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❞♦✈❡ T è ❧✬♦♣❡r❛t♦r❡ ❞✐ ♦r❞✐♥❛♠❡♥t♦ t❡♠♣♦r❛❧❡✱ ❝❤❡ ❛ss♦❝✐❛ ❛❧ ♣r♦❞♦tt♦ ❞❡❣❧✐ ♦♣❡r❛✲

t♦r✐ ❛❞ ❛r❣♦♠❡♥t♦ q✉❡❧❧✬✉♥✐❝❛ ♣❡r♠✉t❛③✐♦♥❡ ❞❡❣❧✐ ♦♣❡r❛t♦r✐ st❡ss✐ t❛❧❡ ❝❤❡

T (O1H(t1)O2H(t2)...OnH(tn)) = Oi1H(ti1)Oi2H(ti2)...OinH(tin)

❝♦♥

ti1 > ti2 > ... > tin

■♠♣♦rt❛♥t❡ è ♦ss❡r✈❛r❡ ❝❤❡ q✉❡st♦ ❝♦♠♣♦rt❛ ❝❤❡ s♦tt♦ T ✲♦r❞✐♥❛♠❡♥t♦ t✉tt✐ ❣❧✐ ♦♣❡✲

r❛t♦r✐ ❝♦♥s✐❞❡r❛t✐ ❝♦♠♠✉t✐♥♦✳

Pr♦❝❡❞❡♥❞♦ ❝♦♠❡ ❣✐à ♦ss❡r✈❛t♦ s✐ ♦tt✐❡♥❡ ♦r❛ ❝❤❡

〈
ψ
∣∣T (O1H(t1)...OnH(tn))

∣∣ψ
〉

〈
ψ
∣∣ψ
〉 =

=

〈
ψ
∣∣Oi1H(ti1)...OinH(tin)

∣∣ψ
〉

〈
ψ
∣∣ψ
〉 =

= lim
ǫ→0+

〈
a
∣∣UI(∞, ti1 ; ǫ)Oi1I(ti1)...OinI(tin)UI(t,−∞; ǫ)

∣∣a
〉

〈
a
∣∣S
∣∣a
〉 =

= lim
ǫ→0+

〈
a
∣∣T (UI(∞, ti1 ; ǫ)Oi1I(ti1)...OinI(tin)UI(t,−∞; ǫ))

∣∣a
〉

〈
a
∣∣S
∣∣a
〉 =

=

〈
a
∣∣T (SO1I(t1)...OnI(tn))

∣∣a
〉

〈
a
∣∣S
∣∣a
〉✭✸✳✺✳✷✮

❉♦✈❡ ♥❡❧ ♣❡♥✉❧t✐♠♦ ♣❛ss❛❣❣✐♦ ❛❜❜✐❛♠♦ ♣♦t✉t♦ r❡✐♥tr♦❞✉rr❡ ✐❧ T ✲♦r❞✐♥❛♠❡♥t♦ ✐♥ q✉❛♥✲

t♦ t✉tt✐ ❣❧✐ ♦♣❡r❛t♦r✐ ❝❤❡ ❛♣♣❛r✐✈❛♥♦ ❛❧ ♣❛ss❛❣❣✐♦ ♣r❡❝❡❞❡♥t❡ ❡r❛♥♦ ❣✐à T ✲♦r❞✐♥❛t✐❀

♥❡❧❧✬✉❧t✐♠♦ ♣❛ss❛❣❣✐♦ ❛❜❜✐❛♠♦ s❢r✉tt❛t♦ ✐❧ ❢❛tt♦ ❝❤❡ ❣❧✐ ♦♣❡r❛t♦r✐ ❝♦♥s✐❞❡r❛t✐ ❝♦♠♠✉✲

t✐♥♦ s♦tt♦ T ✲♦r❞✐♥❛♠❡♥t♦✱ ❡ ✐ ❞✉❡ t❡r♠✐♥✐ ❞✐ ❡✈♦❧✉③✐♦♥❡ ❛ ❞❡str❛ ❡ s✐♥✐str❛ ♣♦ss♦♥♦

❡ss❡r❡ r✐❛ss❡♠❜❧❛t✐ ♥❡❧❧✬♦♣❡r❛t♦r❡ ❞✐ s❝❛tt❡r✐♥❣✳

▲❛ s❝r✐tt✉r❛ ✸✳✺✳✷ è ✐❧ r✐s✉❧t❛t♦ ♣r✐♥❝✐♣❛❧❡ ❞❡❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇✳ ❊ss❛

♣❡r♠❡tt❡ ❞✐ s❝r✐✈❡r❡ ✐❧ ✈❛❧♦r ♠❡❞✐♦ ❞✐ ✉♥❛ ❣❡♥❡r✐❝❛ ❝♦♠❜✐♥❛③✐♦♥❡ ♦r❞✐♥❛t❛ ❞✐ ♦♣❡r❛✲

t♦r✐ s✉ ❞✐ ✉♥ ❛✉t♦st❛t♦ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♣❡rt✉r❜❛t❛✱ ❝♦♥ ✉♥✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡

❞❡t❡r♠✐♥❛t❛ ❞❛ ❡ss❛✱ ❝♦♠❡ ✈❛❧♦r ♠❡❞✐♦ s✉ ❞✐ ✉♥ ❛✉t♦st❛t♦ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ✐♠♣❡r✲

t✉r❜❛t❛ H0✱ ❝❤❡ ❞❡t❡r♠✐♥❛ ❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ❞❡❣❧✐ ♦♣❡r❛t♦r✐ ✭q✉❡st♦ s✐❣♥✐✜❝❛t♦

❞❡❧❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡ ❝♦♠❡ q✉✐ ✐♠♣✐❡❣❛t❛ s✐ r✐❝♦♥♦s❝❡ ❢❛❝✐❧♠❡♥t❡ ❛♥✲

❝❤❡ ✐♥ ✸✳✺✳✶✮ ❛♥❝♦r❛ ♥❡❧❧♦ st❡ss♦ ♦r❞✐♥❡ ♠❡❞✐❛♥t❡ ❧✬♦♣❡r❛t♦r❡ ❞✐ s❝❛tt❡r✐♥❣ ❝❤❡ ❝♦♥t✐❡♥❡

t✉tt❛ ❧✬✐♥❢♦r♠❛③✐♦♥❡ r✐❣✉❛r❞♦ ❛❧❧❛ ♣❡rt✉r❜❛③✐♦♥❡✳
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❆ ♣❛rt✐r❡ ❞❛ q✉❡st♦ r✐s✉❧t❛t♦✱ ♦♣♣♦rt✉♥❛♠❡♥t❡ r✐♣♦rt❛t♦ ❛❣❧✐ ♦♣❡r❛t♦r✐ ❞✐ ❝❛♠♣♦

♠❡❞✐❛♥t❡ ✐❧ ❚❡♦r❡♠❛ ❞✐ ❲✐❝❦✱ s✐ ❝♦str✉✐s❝❡ ❧❛ ❜❛s❡ ❢♦r♠❛❧❡ ❝❤❡ ♣❡r♠❡tt❡ ❞✐ ❣✐✉st✐✜❝❛✲

r❡ ❣❧✐ str✉♠❡♥t✐ ❞❡✐ ❞✐❛❣r❛♠♠✐ ❞✐ ❋❡②♥♠❛♥❀ ✐❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ❛❝q✉✐st❛

q✉✐♥❞✐ ❣r❛♥❞❡ ✐♠♣♦rt❛♥③❛ ✐♥ t❡♦r✐❛ ❞❡✐ ❝❛♠♣✐ ❡ s♦♣r❛tt✉tt♦ ♥❡❧❧♦ st✉❞✐♦ ❞❡❧❧❡ ✐♥t❡r❛✲

③✐♦♥✐ ❛ ♠♦❧t✐ ❝♦r♣✐✳

P❡r ❧♦ st✉❞✐♦ ❞❡❧❧❡ ♣❡❝✉❧✐❛r✐tà ❞✐ t❛❧✐ s✐st❡♠✐ ❝♦♠♣❧❡ss✐ s✐ r✐♠❛♥❞❛ ❛ q✉❛♥t♦ tr❛tt❛t♦

❞❛ ❋❡tt❡r ❡ ❲❛❧❡❝❦❛ ✐♥ ✏◗✉❛♥t✉♠ ❚❤❡♦r② ♦❢ ▼❛♥② P❛rt✐❝❧❡ ❙②st❡♠s✑ ❬✽❪✳
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❙♣❛③✐ ✜♥✐t♦✲❞✐♠❡♥s✐♦♥❛❧✐

✹✳✶✳ ❍❛♠✐❧t♦♥✐❛♥❡ 2× 2✱ ❡s❡♠♣✐♦ ♣❡❞❛❣♦❣✐❝♦

P❡r ❛❞❞❡♥tr❛r❝✐ ♥❡❧❧❛ ❝♦♠♣r❡♥s✐♦♥❡ ❞❡❣❧✐ str✉♠❡♥t✐ ✜♥♦ ❛❞ ♦r❛ st✉❞✐❛t✐✱ ♣♦ss✐❛♠♦

s❡❣✉✐r❡ ❧❛ tr❛❝❝✐❛ ❞✐ ❇r♦✉❞❡r✱ ❙t♦❧t③ ❡ P❛♥❛t✐ ❝❤❡ ♥❡❧❧✬❛rt✐❝♦❧♦ ❞❡❧ ✷✵✵✽ ✏❆❞✐❛❜❛t✐❝ ❛♣✲

♣r♦①✐♠❛t✐♦♥✱ ●❡❧❧✲▼❛♥♥ ❛♥❞ ▲♦✇ t❤❡♦r❡♠ ❛♥❞ ❞❡❣❡♥❡r❛❝✐❡s✿ ❛ ♣❡❞❛❣♦❣✐❝❛❧ ❡①❛♠♣❧❡✑

❬✶✵❪ ❤❛♥♥♦ st✉❞✐❛t♦ ✐❧ ❝❛s♦ ❞✐ ✉♥ ❍❛♠✐❧t♦♥✐❛♥❛ ❛ ❞✉❡ ❧✐✈❡❧❧✐ ❡❞ ✉♥❛ ♣❡rt✉r❜❛③✐♦♥❡ ❛

❞✐❛❣♦♥❛❧❡ ♥✉❧❧❛ ♣❡r ♠♦str❛r❡ ❝♦♥❝r❡t❛♠❡♥t❡ ✐❧ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡❣❧✐ ♦❣❣❡tt✐ ❝❤❡ s♦♥♦

st❛t✐ ❞❡s❝r✐tt✐✳

◗✉❡st❛ tr❛tt❛③✐♦♥❡ ♥♦♥ ✈✉♦❧❡ ♠♦str❛r❡ ✉♥❛ ♠♦❞❛❧✐tà ♣r❛t✐❝❛ ❞✐ ✐♠♣✐❡❣❛r❡ ✐❧ ❚❡♦r❡✲

♠❛ ❆❞✐❛❜❛t✐❝♦ ♦ ✐❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇✱ ❡ ♠❛❣❛r✐ ❢♦r♥✐r❡ ✉♥ ♣r♦❝❡❞✐♠❡♥t♦

♣❡r tr♦✈❛r❡ ❣❧✐ ❛✉t♦st❛t✐ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♣❡rt✉r❜❛t❛✱ ✐♥ q✉❛♥t♦ ✐♥ q✉❡st♦ st✉❞✐♦ ❧❛

❝♦♥♦s❝❡♥③❛ ❡s❛✉st✐✈❛ ❞❡❣❧✐ ♦❣❣❡tt✐ ❝♦✐♥✈♦❧t✐ è ✉♥ ♣r❡s✉♣♣♦st♦✱ ❡ ❧❛ ❞✐❛❣♦♥❛❧✐③③❛③✐♦♥❡

❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ è ❜❛♥❛❧❡✱ ♥♦♥ è ✐❧ r✐s✉❧t❛t♦ ✜♥❛❧❡ ❞❡❧ ❧❛✈♦r♦✳ ◗✉❡❧❧♦ ❝❤❡ ♣❡rò s✐

♣✉ò ♠♦str❛r❡ è ❝♦♠❡ s✐❛♥♦ ❝♦♥s✐st❡♥t✐ ❧❛ s❝❡❧t❛ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ ❞✐ ❛❝❝❡♥s✐♦♥❡ ❡ ✐ ❧✐♠✐t✐

♦♣❡r❛t✐✳

■♥♥❛♥③✐t✉tt♦ ❞❡✜♥✐❛♠♦ ❧✬❍❛♠✐❧t♦♥✐❛♥❛ ✐♠♣❡rt✉r❜❛t❛

H0 =

[

µ+ δ 0

0 µ− δ

]

❊ss❛ ♣r❡s❡♥t❛ ✐ ❞✉❡ ✈❛❧♦r✐ ❡♥❡r❣❡t✐❝✐ ❛♠♠❡ss✐ E± = µ± δ ❝♦♠❡ ❞✐s❝♦st❛♠❡♥t♦ ❞❛❧❧✬❡✲

♥❡r❣✐❛ ♠❡❞✐❛✿ ❧❛ tr❛❝❝✐❛✱ ❝❤❡ ♣❡r ❧❡ ♠❛tr✐❝✐ ❤❡r♠✐t✐❛♥❡ è ❧❛ s♦♠♠❛ ❞❡❣❧✐ ❛✉t♦✈❛❧♦r✐✱ è

2µ✱ ❧❛ s❡♣❛r❛③✐♦♥❡ tr❛ ❣❧✐ ❛✉t♦✈❛❧♦r✐ è 2δ✳ ◆❛t✉r❛❧♠❡♥t❡ s✐ ♣✉ò ♣r❡♥❞❡r❡ δ ♣♦s✐t✐✈♦ ♦

♥❡❣❛t✐✈♦ s❡♥③❛ ♣r♦❜❧❡♠✐ ❞✐ s♦rt❛✱ ♠❡♥tr❡ s❝❡❣❧✐❡r❧♦ ♥✉❧❧♦ ✈♦rr❡❜❜❡ ❞✐r❡ ❛♥❞❛r❡ ❛ ❝♦♥✲

s✐❞❡r❛r❡ ✐❧ ❝❛s♦ ❞✐ ✉♥❛ r♦tt✉r❛ ❞❡❧❧❛ ❞❡❣❡♥❡r❛③✐♦♥❡✱ ❝❛s♦ ❝❤❡ ❝♦♥✈✐❡♥❡ st✉❞✐❛r❡ ❛ ♣❛rt❡✳

■♥tr♦❞✉❝✐❛♠♦ ❧❛ ♣❡rt✉r❜❛③✐♦♥❡ ❛ ❞✐❛❣♦♥❛❧❡ ♥✉❧❧❛

V =

[

0 v

v 0

]

✹✾
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P♦ss✐❛♠♦ ♣r❡♥❞❡r❡ q✉❡st❛ ❧✐❜❡rtà ❞✐ ❞❡✜♥✐③✐♦♥❡ ❛❧ ♣✐ù r✐❞❡✜♥❡♥❞♦ H0❀ ✉♥ ❝❛s♦ ♣✐ù

❣❡♥❡r❛❧❡ ❝❤❡ ♣♦tr❡♠♠♦ ❝♦♥s✐❞❡r❛r❡ s❛r❡❜❜❡ ❧❛ ❣❡♥❡r✐❝❛ ♠❛tr✐❝❡ ❤❡r♠✐t✐❛♥❛ 2 × 2 ❛

tr❛❝❝✐❛ ♥✉❧❧❛✱ ✐ ❝✉✐ ✐ t❡r♠✐♥✐ ♥♦♥ ❞✐❛❣♦♥❛❧✐ ♣♦ss♦♥♦ ❡ss❡r❡ ❝♦♠♣❧❡ss✐ ♣✉r❝❤é ❧✬✉♥♦ ✐❧

❝♦♥✐✉❣❛t♦ ❞❡❧❧✬❛❧tr♦✱ ♠❡♥tr❡ q✉✐ s✐ è ✜ss❛t♦ v ∈ R✳

P♦ss✐❛♠♦ ♦r❛ s❝r✐✈❡r❡ ❧✬❍❛♠✐❧t♦♥✐❛♥❛ ❞✐♣❡♥❞❡♥t❡ ❞❛❧ t❡♠♣♦ r✐s❝❛❧❛t♦

H(s) = H0 + e−
∣

∣s
∣

∣

V =





µ+ δ ve−
∣

∣s
∣

∣

ve−
∣

∣s
∣

∣

µ− δ





◗✉❡st❛ ♠❛tr✐❝❡ è ❢❛❝✐❧❡ ❞❛ ❞✐❛❣♦♥❛❧✐③③❛r❡✱ ❡ ♦tt❡♥✐❛♠♦ ✐ ❞✉❡ ❛✉t♦✈❛❧♦r✐✱ ❝❤❡ s❛♣♣✐❛♠♦

❡ss❡r❡ ❞❡❧❧❛ ❢♦r♠❛ E′
±(s) = µ± y(s)✱ ❡ss❡♥❞♦ ✐♥✈❛r✐❛t❛ ❧❛ tr❛❝❝✐❛✳

■ ❞✉❡ ❛✉t♦✈❛❧♦r✐ s♦♥♦ E′
±(s) = µ ±

√

δ2 + v2e−2
∣

∣s
∣

∣

❀ ♦ss❡r✈✐❛♠♦ ❝♦♠❡ ♥❡❧ ❧✐♠✐t❡

lim
s→±∞

E′
±(s) = E± ❧❛ ❝♦rr✐s♣♦♥❞❡♥③❛ tr❛ ❣❧✐ ❛✉t♦✈❛❧♦r✐ ❡♥❡r❣❡t✐❝✐ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛

♣❡rt✉r❜❛t❛ ❡ ✐♠♣❡rt✉r❜❛t❛ è ❜❡♥ ❞❡✜♥✐t❛ ❛✐ ❧✐♠✐t✐ ❞❡❧❧✬❛ss❡ ❞❡✐ t❡♠♣✐ ❛ ♣❛rt✐r❡ ❞❛❧❧♦

st❡ss♦ ❛✉t♦✈❛❧♦r❡ ♥❡❧❧✬♦r✐❣✐♥❡✱ s❡ s✐ è ♣r✐♠❛ ✜ss❛t♦ ✐❧ s❡❣♥♦ ❞✐ δ❀ ✜ss✐❛♠♦ ❞✉♥q✉❡ ♣♦✲

s✐t✐✈♦ q✉❡st♦ ♣❛r❛♠❡tr♦ ♣❡r ❝♦♠♦❞✐tà✳

P♦ss✐❛♠♦ r✐s❝r✐✈❡r❡ ❧✬❍❛♠✐❧t♦♥✐❛♥❛ H(s) ♥❡❧❧❛ s✉❛ ❢♦r♠❛ s♣❡ttr❛❧❡ ❞♦♣♦ ❛✈❡r tr♦✲

✈❛t♦ ✐ s✉♦✐ ❞✉❡ ❛✉t♦s♣❛③✐ ♣❡r ♦❣♥✐ t❡♠♣♦ s✿





µ+ δ ve−
∣

∣s
∣

∣

ve−
∣

∣s
∣

∣

µ− δ





[

1

x±(s)

]

=

(

µ±
√

δ2 + v2e−2
∣

∣s
∣

∣

)[

1

x±(s)

]

x±(s) =
±
√

δ2 + v2e−2
∣

∣s
∣

∣

− δ

ve−
∣

∣s
∣

∣

≡ ±y(s)− δ
√

y2(s)− δ2
= ±

√

y(s)∓ δ

y(s)± δ
≡ ±

√

1∓ γ(s)

1± γ(s)

E′
±(s) = µ±

√

δ2 + v2e−2
∣

∣s
∣

∣

= µ± δ

γ(s)

❉♦✈❡ ✐♥tr♦❞✉❝✐❛♠♦ γ ♣❡r ❝♦♠♦❞✐tà ❞✐ s❝r✐tt✉r❛❀ ♣r❡♥❞❡♥❞♦ s❡♠♣r❡ ❧❡ r❛❞✐❝✐ q✉❛❞r❛t❡

♥❡❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❛r✐t♠❡t✐❝❛ ✭è ✉♥❛ ❜✉♦♥❛ s❝❡❧t❛ ✐♥ q✉❛♥t♦ ✐❧ ❝❛♠♣♦ è q✉❡❧❧♦ r❡❛❧❡ ❡

t✉tt❡ ❧❡ ✐♥❢♦r♠❛③✐♦♥✐ s✉❧ s❡❣♥♦ s♦♥♦ r❡s❡ ❡s♣❧✐❝✐t❡✮ ❛❜❜✐❛♠♦ ❛❞♦tt❛t♦ ✉♥❛ s❝r✐tt✉r❛

❝❤❡ è ✈❛❧✐❞❛ s❡ v > 0✱ ❛❧tr✐♠❡♥t✐ s✐ r❡♥❞❡ ♥❡❝❡ss❛r✐♦ ♦♣❡r❛r❡ ✉♥ ❝❛♠❜✐♦ ❞✐ s❡❣♥♦✳ ▲♦

st✉❞✐♦ s❛r❡❜❜❡ ❛ss♦❧✉t❛♠❡♥t❡ ❛♥❛❧♦❣♦✳

❆❜❜✐❛♠♦ q✉✐♥❞✐ ❞❡✜♥✐t♦ ✐❧ ♥✉♦✈♦ t❡r♠✐♥❡ ❞✐♣❡♥❞❡♥t❡ ❞❛❧ t❡♠♣♦
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γ(s) =
δ

y(s)
=

δ
√

δ2 + v2e−2
∣

∣s
∣

∣

∈ (0, 1)

❝❤❡ r✐s✉❧t❛ ❞❡✜♥✐t♦ ♣♦s✐t✐✈♦ ❡ ♠✐♥♦r❡ ❞✐ 1 ♣❡r ♦❣♥✐ t❡♠♣♦ s ∈ R✳

❊ss❡♥❞♦ ❜❡♥ ❞❡✜♥✐t✐ ✐ ❞✉❡ ❛✉t♦st❛t✐ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♦rt♦❣♦♥❛❧✐ ♣❡r ♦❣♥✐ t❡♠♣♦✱ ♥❡

s❝r✐✈✐❛♠♦ ✐❧ ♣r♦✐❡tt♦r❡ s✉❣❧✐ ❛✉t♦s♣❛③✐ ❛ss♦❝✐❛t✐ ❛ E′
±(s)✱ ♥♦r♠❛❧✐③③❛♥❞♦ ✐ ❞✉❡ ❛✉t♦✲

✈❡tt♦r✐ tr♦✈❛t✐ ❡ ♣r❡♥❞❡♥❞♦♥❡ ✐❧ ♣r♦❞♦tt♦ 2× 1 ◦ 1× 2✿

P±(s) =





1√
1+x2

±

x±√
1+x2

±





[

1√
1+x2

±

x±√
1+x2

±

]

=





1
1+x2

±

x±

1+x2
±

x±

1+x2
±

x2
±

1+x2
±



 =

=





1±γ
2 ±

√

1∓γ
1±γ

1±γ
2

±
√

1∓γ
1±γ

1±γ
2

1∓γ
1±γ

1±γ
2



 =





1±γ
2 ±

√
1−γ2

2

±
√

1−γ2

2
1∓γ
2



 =

=

















√

δ2+v2e
−2

∣

∣s

∣

∣

±δ

2

√

δ2+v2e
−2

∣

∣s

∣

∣

± ve
−

∣

∣s

∣

∣

2

√

δ2+v2e
−2

∣

∣s

∣

∣

± ve
−

∣

∣s

∣

∣

2

√

δ2+v2e
−2

∣

∣s

∣

∣

√

δ2+v2e
−2

∣

∣s

∣

∣

∓δ

2

√

δ2+v2e
−2

∣

∣s

∣

∣

















❉♦✈❡ ✐ ♣r♦✐❡tt♦r✐ ♣❡r♠❡tt♦♥♦ ❞✐ s❝r✐✈❡r❡ ❧❛ ❞❡❝♦♠♣♦s✐③✐♦♥❡ s♣❡ttr❛❧❡ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛✲

♥❛✿

H(s) = E′
+(s)P+(s) + E′

−(s)P−(s) =

=

(

µ+ δ
γ

)

2

[

1 + γ
√

1− γ2
√

1− γ2 1− γ

]

+

(

µ− δ
γ

)

2

[

1− γ −
√

1− γ2

−
√

1− γ2 1 + γ

]

=

=

(

µ+

√

δ2 + v2e−2
∣

∣s
∣

∣

)

















√

δ2+v2e
−2

∣

∣s

∣

∣

+δ

2

√

δ2+v2e
−2

∣

∣s

∣

∣

ve
−

∣

∣s

∣

∣

2

√

δ2+v2e
−2

∣

∣s

∣

∣

ve
−

∣

∣s

∣

∣

2

√

δ2+v2e
−2

∣

∣s

∣

∣

√

δ2+v2e
−2

∣

∣s

∣

∣

−δ

2

√

δ2+v2e
−2

∣

∣s

∣

∣

















+

+

(

µ−
√

δ2 + v2e−2
∣

∣s
∣

∣

)

















√

δ2+v2e
−2

∣

∣s

∣

∣

−δ

2

√

δ2+v2e
−2

∣

∣s

∣

∣

− ve
−

∣

∣s

∣

∣

2

√

δ2+v2e
−2

∣

∣s

∣

∣

− ve
−

∣

∣s

∣

∣

2

√

δ2+v2e
−2

∣

∣s

∣

∣

√

δ2+v2e
−2

∣

∣s

∣

∣

+δ

2

√

δ2+v2e
−2

∣

∣s

∣

∣
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❊ss❡♥❞♦ ♥♦t❛ ❧❛ ❢♦r♠❛ ❞❡✐ ♣r♦✐❡tt♦r✐ ♣❡r ♦❣♥✐ t❡♠♣♦✱ ♣♦ss✐❛♠♦ ❛ q✉❡st♦ ♣✉♥t♦ tr♦✈❛r❡

❧❛ ❢♦r♠❛ ❡s❛tt❛ ❞❡❧❧✬♦♣❡r❛t♦r❡ ❞✐ ❑❛t♦✱ ❝❤❡ s✐ s❝r✐✈❡✱ s❡❝♦♥❞♦ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞❛t❛ ✐♥

✷✳✸✳✷✿

K(s) = i~

(

∂

∂s
P+(s)

)

P+(s) + i~

(

∂

∂s
P−(s)

)

P−(s)

❈✐ è s✉✣❝✐❡♥t❡ ♦r❛ ❝❛❧❝♦❧❛r❡ ❧❛ ❞❡r✐✈❛t❛ ❞❡✐ ♣r♦✐❡tt♦r✐✿

P± =
1

2

[

1± γ ±
√

1− γ2

±
√

1− γ2 1∓ γ

]

⇒ ∂

∂s
P± = ±1

2
γ′





1 − γ√
1−γ2

− γ√
1−γ2

−1





❉♦✈❡ tr♦✈❛r❡ ❡s♣❧✐❝✐t❛♠❡♥t❡ ❧❛ ❢♦r♠❛ ❞✐ γ′ ♥♦♥ è ♥❡❝❡ss❛r✐♦✱ ♥é ♣❛rt✐❝♦❧❛r♠❡♥t❡ ✐♥✲

t❡r❡ss❛♥t❡❀ ❛❞ ♦❣♥✐ ♠♦❞♦ è ❜❛♥❛❧❡ r✐❝❛✈❛r❡

γ′ =
∂

∂s

δ
√

δ2 + v2e−2
∣

∣s
∣

∣

=
δv2e−2

∣

∣s
∣

∣

sign(s)
(

δ2 + v2e−2
∣

∣s
∣

∣

)3/2
= γ

(

1− γ2
)

sign(s)

✐♥❢❛tt✐ ✐❧ t❡r♠✐♥❡ γ′ ❡ t✉tt❛ ❧✬✐♥❢♦r♠❛③✐♦♥❡ r✐❣✉❛r❞♦ ❛❧ s❡❣♥♦ s✐ ♦tt❡♥❣♦♥♦ ❝♦♠❡ ❢❛tt♦r✐

♠♦❧t✐♣❧✐❝❛t✐✈✐ ❞❡❧❧✬♦♣❡r❛t♦r❡ ∂
∂sP±(s)✳ ◗✉❡st♦ è ♠♦❧t♦ ❝♦♠♦❞♦ ♣❡r ❛♥❞❛r❡ ❛ ❝♦♥s✐❞❡✲

r❛r❡ ❧✬♦♣❡r❛t♦r❡ ❞✐ ❑❛t♦✿ s❡❝♦♥❞♦ ❧❛ ❞❡✜♥✐③✐♦♥❡✱ s✐ ♦tt✐❡♥❡

K(s) =
i~

2
γ′





1 − γ√
1−γ2

− γ√
1−γ2

−1



 (P+ − P−) =

=
i~

2
γ′





1 − γ√
1−γ2

− γ√
1−γ2

−1





[

γ
√

1− γ2
√

1− γ2 −γ

]

=

=
i~

2
γ′





0 1√
1−γ2

− 1√
1−γ2

0



 =

=
i~

2

γ′
√

1− γ2

[

0 1

−1 0

]

=

=
i~

2

∂

∂s
(arcsin (γ(s)) + k)

[

0 1

−1 0

]
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❖✱ ✐♥ ♠❛♥✐❡r❛ ❡s♣❧✐❝✐t❛✱

K(s) = i~
δve−

∣

∣s
∣

∣

sign(s)

2

(

δ2 + v2e−2
∣

∣s
∣

∣

)

[

0 1

−1 0

]

❆ q✉❡st♦ ♣✉♥t♦ ✈♦rr❡♠♠♦ r✐s♦❧✈❡r❡ ❧✬❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r ❡q✉✐✈❛❧❡♥t❡ ❛ss♦❝✐❛t❛

❛❧❧✬♦♣❡r❛t♦r❡ ❞✐ ❑❛t♦✱ ❝❤❡ ♣❡r♠❡tt❡ ❞✐ tr♦✈❛r❡ ❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐✲

❝❛✳ ◗✉❡st♦ ♣❡r♠❡tt❡r❡❜❜❡ ❞✐ ✈❡r✐✜❝❛r❡ ❞✐r❡tt❛♠❡♥t❡ ❧✬❡q✉✐✈❛❧❡♥③❛ tr❛ ❚❡♦r❡♠❛ ❞✐

●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ❡ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦ ♥❡✐ t❡r♠✐♥✐ ❞✐s❝✉ss✐ ✐♥ ♣r❡❝❡❞❡♥③❛✳ ❙❡ tr♦✲

✈❛ss✐♠♦ ✐♥ ❢♦r♠❛ ❡s♣❧✐❝✐t❛ lim
s0−→±∞

A(0,s0)
∣

∣a
〉

〈

a
∣

∣A(0,s0)
∣

∣a
〉 ✱ ❞♦✈❡

∣

∣a
〉

s✐❛ ✉♥♦ ❞❡✐ ❞✉❡ ❛✉t♦st❛t✐

❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ✐♠♣❡rt✉r❜❛t❛✱

[

1

0

]

♦

[

0

1

]

✱ ♣♦tr❡♠♠♦ ✈❡r✐✜❝❛r❡ s❡ q✉❡st✐ r✐s✉❧t✐♥♦

❡✛❡tt✐✈❛♠❡♥t❡ ✉❣✉❛❧✐ ❛

[

1

x±(0)

]

✱ ❣❧✐ ❛✉t♦st❛t✐ ❞✐ H(0) = H0 + V ❝❤❡ ❛❜❜✐❛♠♦ ❝❛❧❝♦✲

❧❛t♦✳

❱♦❣❧✐❛♠♦ q✉✐♥❞✐ tr♦✈❛r❡ ❧❛ s♦❧✉③✐♦♥❡ ❞❡❧ ♣r♦❜❧❡♠❛







i~ ∂
∂sA(s, s0) = K(s)A(s, s0)

A(s0, s0) = I

▲✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛ s❛rà ❛♥❝♦r❛ r❛♣♣r❡s❡♥t❛t♦ ❝♦♠❡ ✉♥❛ ♠❛tr✐❝❡

2× 2✱ ♣❡rt❛♥t♦ ✐❧ ♣r♦❜❧❡♠❛ s✐ r✐s❝r✐✈❡ ❝♦♠❡











































i~ ∂
∂sA(s, s0) = i~





A′
11 A′

12

A′
21 A′

22



 = i~
2

∂
∂s (arcsin(γ(s)) + k)





0 1

−1 0









A11 A12

A21 A22



 =

= i~
2

∂
∂s (arcsin(γ(s)) + k)





A21 A22

−A11 −A12





A(s0, s0) = I

❇❛st❛ ♦ss❡r✈❛r❡ ❧✬♦♣❡r❛t♦r❡ A ♣❡r ❝♦♥✈✐♥❝❡rs✐ ❝❤❡ ✉♥❛ s✉❛ ❜✉♦♥❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡

♣♦ss❛ ❡ss❡r❡ q✉❡❧❧❛ ❝❤❡ s❢r✉tt❛ ❢✉♥③✐♦♥✐ tr✐❣♦♥♦♠❡tr✐❝❤❡✱ ❞❛ ❝✉✐ r✐s✉❧t❡rà

A(s, s0) =

[

cos (θ(s, s0)) sin (θ(s, s0))

−sin (θ(s, s0)) cos (θ(s, s0))

]

❙♦st✐t✉❡♥❞♦ q✉❡st❛ s❝r✐tt✉r❛ s✐ ♦tt✐❡♥❡ ✐♥❢❛tt✐ ✐❧ ♥✉♦✈♦ ♣r♦❜❧❡♠❛
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❋✐❣✉r❛ ✹✳✶✳✶✳ ❆♥❞❛♠❡♥t♦ ♣❡r θ(s, 0)✿ 0 < v
δ < 3

2 s✉❧❧✬❛ss❡ ❞❡❧❧❡ y✱
−20 < s < 5 s✉❧❧✬❛ss❡ ❞❡❧❧❡ x























































θ′(s, s0)





−sin (θ(s, s0)) cos (θ(s, s0))

−cos (θ(s, s0)) −sin (θ(s, s0))



 =

= 1
2

∂
∂s (arcsin(γ(s)) + k)





−sin (θ(s, s0)) cos (θ(s, s0))

−cos (θ(s, s0)) −sin (θ(s, s0))









cos (θ(s0, s0)) sin (θ(s0, s0))

−sin (θ(s0, s0)) cos (θ(s0, s0))



 =





1 0

0 1





◗✉❡st❛ s❝r✐tt✉r❛ è ❡✈✐❞❡♥t❡♠❡♥t❡ ❝♦♥s✐st❡♥t❡ ❝♦♥ q✉❡❧❧❛ ♣r❡❝❡❞❡♥t❡✱ ❡❞ ❛♠♠❡tt❡ s♦✲

❧✉③✐♦♥❡✳ ❊ss❛ ♣❡r♠❡tt❡ ✐♥❢❛tt✐ ❞✐ r✐❞✉rr❡ ✐❧ ♣r♦❜❧❡♠❛ ❛❧ s❡♠♣❧✐❝❡ ❡ r✐s♦❧✈✐❜✐❧❡✿



















θ′(s, s0) = 1
2

∂
∂s (arcsin(γ(s)) + k) = 1

2
∂
∂s



arcsin





δ
√

δ2+v2e
−2

∣

∣s

∣

∣



+ k





θ(s0, s0) = 0

❆ q✉❡st♦ ♣✉♥t♦ è ❜❛♥❛❧❡ r✐s❝r✐✈❡r❡ ❧❛ ❢❛s❡ ❞✐♣❡♥❞❡♥t❡ ❞❛❧ t❡♠♣♦ ❝❤❡ è ❧✬❛r❣♦♠❡♥t♦

❞❡❧❧❡ ❢✉♥③✐♦♥✐ tr✐❣♦♥♦♠❡tr✐❝❤❡ ❝❤❡ ❝♦♠♣❛✐♦♥♦ ♥❡❧❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛✿

θ(s, s0) =
1

2
arcsin





δ
√

δ2 + v2e−2
∣

∣s
∣

∣



− 1

2
arcsin





δ
√

δ2 + v2e−2
∣

∣s0

∣

∣





❖ss❡r✈✐❛♠♦ ❝♦♠❡ ✐♥ ✹✳✶✳✶ s✐ ♣♦ss❛ ✈❡❞❡r❡ ❝♦♠❡ θ(s, s0) t❡♥❞❛ ❛ ✉♥ ❧✐♠✐t❡ ♣❡r ♦❣♥✐
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✈❛❧♦r❡ ❞✐ v✱ ✐♥ q✉❡st♦ ❝❛s♦ ❛♥❝❤❡ ♣❡r v > δ✳ ◗✉❡st♦ ✐♥❞✐❝❛ ❝♦♠❡ ❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦✲

❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛ ❛❣✐s❝❛✱ ♦ss❡r✈❛♥❞♦♥❡ ❧❛ ❞❡✜♥✐③✐♦♥❡ s✉ ❢✉♥③✐♦♥✐ tr✐❣♦♥♦♠❡tr✐❝❤❡✱

❝♦♠❡ ✉♥❛ r♦t❛③✐♦♥❡ ✜♥✐t❛ ♥❡❧❧♦ s♣❛③✐♦ ❞❡❣❧✐ st❛t✐✱ ♣♦rt❛♥❞♦ ❣❧✐ ❛✉t♦st❛t✐ ✐♠♣❡rt✉r❜❛✲

t✐ ✐♥ q✉❡❧❧✐ ♣❡rt✉r❜❛t✐ ✐♥ ✉♥ t❡♠♣♦ ✐♥✜♥✐t♦✳ ●r❛♥ ♣❛rt❡ ❞❡❧❧❛ r♦t❛③✐♦♥❡ è ❝♦♥❝❡♥tr❛t❛

❛ ♣✐❝❝♦❧✐ t❡♠♣✐ ✭❛❞✐♠❡♥s✐♦♥❛t✐✮✱ ♣❡r ❛rr✐✈❛r❡ ✈❡❧♦❝❡♠❡♥t❡ ❛❧ ❧✐♠✐t❡✳

❉❛ q✉❡st❛ s❝r✐tt✉r❛ ♣♦ss✐❛♠♦ ❛rr✐✈❛r❡ ❛ st✉❞✐❛r❡ ✐ ❧✐♠✐t✐ ❞✐ ♥♦str♦ ✐♥t❡r❡ss❡ ❞♦♣♦

❛✈❡r ❢❛tt♦ ❛❧❝✉♥❡ s❡♠♣❧✐❝✐ ❝♦♥s✐❞❡r❛③✐♦♥✐ s✉❧ ✈❛❧♦r❡ ❝❤❡ q✉❡st♦ t❡r♠✐♥❡ ❞✐ ❢❛s❡ ♣✉ò

❛ss✉♠❡r❡✳ ■♥♥❛♥③✐t✉tt♦ ♦ss❡r✈✐❛♠♦ ❝❤❡ ❝♦♠✉♥q✉❡ s✐ s❝❡❧❣❛ v ✭❝♦♥t✐♥✉✐❛♠♦ ❛ st✉❞✐❛r❡

v > 0✮ s✐ ♦tt✐❡♥❡

0 <
δ√

δ2 + v2
≤ δ
√

δ2 + v2e−2
∣

∣s
∣

∣

< 1

❆❧❧♦r❛ ✐♥ ❣❡♥❡r❛❧❡ s✐ ♦tt✐❡♥❡ ❝❤❡

0 < arcsin





δ
√

δ2 + v2e−2
∣

∣s
∣

∣



 <
π

2

−π

2
< θ(s, s0) <

π

2

❆❧❧♦r❛ ❞♦❜❜✐❛♠♦ r✐❝♦r❞❛r❡ ❝❤❡ ✐❧ t❡r♠✐♥❡ ❞✐ ❢❛s❡ ❛♣♣❛rt✐❡♥❡ ❛❧ ♣r✐♠♦ ♦ ❛❧ q✉❛rt♦ q✉❛✲

❞r❛♥t❡✳ ❘✐❝♦r❞❛♥❞♦ q✉❡st❡ ❝♦♥❞✐③✐♦♥✐ ♥❡❝❡ss❛r✐❡✱ è s❡♠♣❧✐❝❡ ♥♦t❛r❡ ❝♦♠❡ ❧✬❡q✉❛③✐♦♥❡

✸✳✸✳✶ s✐❣♥✐✜❝❤✐ ❝❤❡ ❣❧✐ ❛✉t♦st❛t✐ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♣❡rt✉r❜❛t❛

[

1

x±(0)

]

♣♦ss♦♥♦ ❡ss❡r❡

tr♦✈❛t✐ r✐s❝❛❧❛♥❞♦ ♦❣♥✐ ❝♦❧♦♥♥❛ ❞❡❧❧✬♦♣❡r❛t♦r❡ A ❝♦♥ ❧✬❡❧❡♠❡♥t♦ ❞❡❧❧❛ ♣r✐♠❛ r✐❣❛✱ ❡❞

è ❢❛❝✐❧❡ ✈❡r✐✜❝❛r❡ ❝❤❡ ❡✛❡tt✐✈❛♠❡♥t❡ x±(0) = lim
s0→−∞

(∓tan(θ(0, s0)))
±1✱ r✐❝♦r❞❛♥❞♦

❝❤❡ s✐ ♦tt✐❡♥❡ ♣❡r ✐❧ ♣r✐♠♦ ❡ ✐❧ q✉❛rt♦ q✉❛❞r❛♥t❡ ❝❤❡ tan(θ) =
1−
√

1−sin2(2θ)

sin(2θ) ✳ ■♥✈❡r✲

t✐❛♠♦ q✉✐♥❞✐ ❧❛ s❝r✐tt✉r❛ ❞❡❧ t❡r♠✐♥❡ ❞✐ ❢❛s❡ ❝❡r❝❛♥❞♦ ✐❧ ❧✐♠✐t❡ lim
s0→−∞

sin (2θ(0, s0))✿

lim
s0→−∞

sin (2θ(0, s0)) =

= lim
s0→−∞

sin



arcsin

(

δ√
δ2 + v2

)

− arcsin





δ
√

δ2 + v2e−2
∣

∣s0

∣

∣







 =

= sin

(

arcsin

(

δ√
δ2 + v2

)

− arcsin (1)

)

=

= −
√

1− δ2

δ2 + v2
=

= −
√

1− γ2(0)



✹✳✷✳ ▲✬❊❱❖▲❯❩■❖◆❊ ❚❊▼P❖❘❆▲❊ P❊❘ ▲❊ ▼❆❚❘■❈■ 2× 2 ✺✻

■❧ t❡r♠✐♥❡ ❞✐ ❢❛s❡ ❛♣♣❛rt✐❡♥❡ ❛❧❧♦r❛ ❛❧ q✉❛rt♦ q✉❛❞r❛♥t❡✳ ❙♦st✐t✉✐❛♠♦ ♦r❛ ♥❡❧❧❛ ❢♦r✲

♠✉❧❛ ❞❡❧❧❛ t❛♥❣❡♥t❡ ❡ ♣r❡♥❞✐❛♠♦ ✐❧ ❧✐♠✐t❡ ♣❡r t❡♠♣♦ ❞✐ ✐♥✐③✐♦ ❞❡❧❧✬❡✈♦❧✉③✐♦♥❡ ❝❤❡ ✈❛

❛ −∞✿

lim
s0→−∞

tan (θ(0, s0)) =

= lim
s0→−∞

1−
√

1− sin2(2θ(0, s0))

sin(2θ(0, s0))
=

= −1−
√

γ2(0)
√

1− γ2(0)
=

= −

√

1− γ(0)

1 + γ(0)

❊❞ ✐♥ ❡✛❡tt✐ lim
s0→−∞

(∓tan(θ(0, s0)))
±1 =

(

±
√

1−γ(0)
1+γ(0)

)±1

= ±
√

1∓γ(0)
1±γ(0) = x±(0)✱ ✈❡✲

r✐✜❝❛♥❞♦ ✐❧ r✐s✉❧t❛t♦ ❞❡❧❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ tr❛s❢♦r♠❛③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛✳

✹✳✷✳ ▲✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ♣❡r ❧❡ ♠❛tr✐❝✐ 2× 2

▲❛ s❡❣✉❡♥t❡ tr❛tt❛③✐♦♥❡ s✉❧❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ è r✐♣r❡s❛ ❡❞ ❛♠✲

♣❧✐❛t❛ ❞❛❧ ❧❛✈♦r♦ ❣✐à ❝✐t❛t♦ ❞✐ ❇r♦✉❞❡r✱ ❙t♦❧t③ ❡ P❛♥❛t✐ ❬✶✵❪✳

▲✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ♣❡r ❧✬❍❛♠✐❧t♦♥✐❛♥❛ ✐♠♣❡rt✉r❜❛t❛✱ st✉❞✐❛♥❞♦

✐♥ t❡r♠✐♥✐ ❞✐ t❡♠♣♦ r✐s❝❛❧❛t♦✱ è ❧✬♦♣❡r❛t♦r❡ ❝❤❡ r✐s♦❧✈❡







i~ǫ ∂
∂sU0(s; ǫ) = H0U0

U0(0; ǫ) = I

❡❞ è ❜❛♥❛❧❡ ♦tt❡♥❡r❡ ♥❡❧ ❝❛s♦ 2× 2 tr❛tt❛t♦ ♥❡❧❧❛ s❡③✐♦♥❡ ♣r❡❝❡❞❡♥t❡

U0(s; ǫ) = e−
i
~ǫ

H0s =

[

e−
i
~ǫ

(µ+δ)s 0

0 e−
i
~ǫ

(µ−δ)s

]

▲✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡✱ ✉♥❛ ✈♦❧t❛ ✐♥s❡r✐t❛ ❧❛ ❢✉♥③✐♦♥❡ ❞✐ ❛❝❝❡♥s✐♦♥❡ ❝❤❡ ✐♥tr♦❞✉❝❡ ❧❛

♣❡rt✉r❜❛③✐♦♥❡ V ❞❡✜♥✐t❛ ✐♥ ♣r❡❝❡❞❡♥③❛✱ ♣❡r♠❡tt❡ ❞✐ ❞❡✜♥✐r❡ ✐❧ ♥✉♦✈♦ ♦♣❡r❛t♦r❡ ❞✐

❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ❛ ♣❛rt✐r❡ ❞❛❧❧✬❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r✿
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i~ǫ ∂
∂sU(s, s0; ǫ) =

(

H0 + e−
∣

∣s
∣

∣

V

)

U(s, s0; ǫ)

U(s0, s0; ǫ) = I

❘✐s✉❧t❛ ♣❡rò ♣❛rt✐❝♦❧❛r♠❡♥t❡ ❝♦♥✈❡♥✐❡♥t❡ ✐♠♣✐❡❣❛r❡ ❣❧✐ ♦♣❡r❛t♦r✐ ✐♥ r❛♣♣r❡s❡♥t❛③✐♦♥❡

❞✐ ✐♥t❡r❛③✐♦♥❡✱ ❡ ♣❡r q✉❛♥t♦ r✐❣✉❛r❞❛ ❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ✐♥ r❛♣♣r❡✲

s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡✱ ♣❡r q✉❛♥t♦ ♦ss❡r✈❛t♦ ♥❡❧❧❛ s❡③✐♦♥❡ ✸✳✹✱ ❝✐ ❛s♣❡tt✐❛♠♦ ❝❤❡

❡ss♦ ✈❡r✐✜❝❤✐ ✐❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇✳ ❊ss♦ s✐ s❝r✐✈❡

UI(s, s0; ǫ) = U0(s; ǫ)
†U(s, s0; ǫ)U0(s0; ǫ)

❝❤❡ è ❧✬♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦ ❝❤❡ r✐s♦❧✈❡ ✐❧ ♣r♦❜❧❡♠❛






















i~ǫ ∂
∂sUI(s, s0; ǫ) = U0(s; ǫ)

†

(

−H0 +H0 + e−
∣

∣s
∣

∣

V

)

U(s, s0; ǫ)U0(s0, 0) =

= e−
∣

∣s
∣

∣

VI(s; ǫ)UI(s, s0; ǫ)

UI(s0, s0; ǫ) = I

▼❛ è s❡♠♣❧✐❝❡ s❝r✐✈❡r❡ ❧❛ ♣❡rt✉r❜❛③✐♦♥❡ ✐♥ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡ VI(s; ǫ)✿

VI(s; ǫ) = U0(s; ǫ)
†V U0(s; ǫ) =

=

[

e
i(µ+δ)s

~ǫ 0

0 e
i(µ−δ)s

~ǫ

][

0 v

v 0

][

e−
i(µ+δ)s

~ǫ 0

0 e−
i(µ−δ)s

~ǫ

]

=

=

[

0 ve
2iδs
~ǫ

ve−
2iδs
~ǫ 0

]

❆ q✉❡st♦ ♣✉♥t♦ ✐❧ ♣r♦❜❧❡♠❛ ❞❛ r✐s♦❧✈❡r❡ s✐ ♣✉ò s❝r✐✈❡r❡ ❡s♣❧✐❝✐t❛♠❡♥t❡ ♥❡✐ s✉♦✐ ❡❧❡✲

♠❡♥t✐ ❞✐ ♠❛tr✐❝❡











































i~ǫ ∂
∂sUI(s, s0; ǫ) = i~ǫ





U ′
11 U ′

12

U ′
21 U ′

22



 =





0 ve
2iδs
~ǫ

−

∣

∣s
∣

∣

ve−
2iδs
~ǫ

−

∣

∣s
∣

∣

0









U11 U12

U21 U22



 =

=





ve
2iδs
~ǫ

−

∣

∣s
∣

∣

U21 ve
2iδs
~ǫ

−

∣

∣s
∣

∣

U22

ve−
2iδs
~ǫ

−

∣

∣s
∣

∣

U11 ve−
2iδs
~ǫ

−

∣

∣s
∣

∣

U12





UI(s0, s0; ǫ) = I

❆✈❡♥❞♦ ♣r❡s♦ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡✱ ✐♥ q✉❡st♦ ❝❛s♦

♣❛rt✐❝♦❧❛r❡ ❞✐ ♠❛tr✐❝✐ 2× 2✱ ✐❧ ❢❛tt♦ ❝❤❡ ❧❛ ♣❛rt❡ ❤❡r♠✐t✐❛♥❛ ❞❡❧ ♣r♦❜❧❡♠❛ s✐❛ ♥❡✐ s♦❧✐
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❞✉❡ t❡r♠✐♥✐ ♥♦♥ ❞✐❛❣♦♥❛❧✐✱ ❢❛ sì ❝❤❡ ❧❡ ❡q✉❛③✐♦♥✐ ❞✐✛❡r❡♥③✐❛❧✐ ❞❛ r✐s♦❧✈❡r❡ s✐ ♣r❡s❡♥✲

t✐♥♦ ✐♥ ❞✉❡ ♣r♦❜❧❡♠✐ ✐❞❡♥t✐❝✐ ❝♦♥ ❞✐✛❡r❡♥t✐ ❝♦♥❞✐③✐♦♥✐ ❛❧ ❝♦♥t♦r♥♦✱ ❝✐❛s❝✉♥ ♣r♦❜❧❡♠❛

✐♥ ❞✉❡ ❡q✉❛③✐♦♥✐ ❡ ❞✉❡ ❢✉♥③✐♦♥✐ ✐♥❝♦❣♥✐t❡✿ U11 è ❛❝❝♦♣♣✐❛t❛ ❛ U21 ❡ U12 ❛ U22✳ ■❧

♣r♦❜❧❡♠❛ s✐ ♣r❡s❡♥t❛ q✉✐♥❞✐ s❡♣❛r❛t♦ ♣❡r ❝♦❧♦♥♥❡✱ ❡ ♦❣♥✐ s✐st❡♠❛ ♣✉ò ❡ss❡r❡ s❡♠♣❧✐✲

✜❝❛t♦ st✉❞✐❛♥❞♦ ✉♥❛ s♦❧❛ ❡q✉❛③✐♦♥❡ ❞✐✛❡r❡♥③✐❛❧❡ ❞❡❧ s❡❝♦♥❞♦ ♦r❞✐♥❡ ✐♥✈❡❝❡ ❝❤❡ ❞✉❡

❞❡❧ ♣r✐♠♦✳ ❙✐ ♦tt✐❡♥❡ ✐♥❢❛tt✐✿

U ′′
11 =

∂

∂s

(

U ′
11

)

=

=
∂

∂s

(

1

i~ǫ
ve

2iδs
~ǫ

−

∣

∣s
∣

∣

U21

)

=

=
1

i~ǫ
v

(

2iδ

~ǫ
− sign(s)

)

e
2iδs
~ǫ

−

∣

∣s
∣

∣

U21 +
1

i~ǫ
ve

2iδs
~ǫ

−

∣

∣s
∣

∣

(

1

i~ǫ
ve−

2iδs
~ǫ

−

∣

∣s
∣

∣

U11

)

=

=

(

2iδ − ~ǫ sign(s)

~ǫ

)

U ′
11 −

v2

ǫ2~2
e−2
∣

∣s
∣

∣

U11

❈❤❡ è ✉♥❛ ❡q✉❛③✐♦♥❡ ❞✐✛❡r❡♥③✐❛❧❡ ❧✐♥❡❛r❡ ❞✐ s❡❝♦♥❞♦ ♦r❞✐♥❡ ♦♠♦❣❡♥❡❛ ♥❡❧❧❛ s♦❧❛ U11✳

▲❡ ❞✉❡ ❝♦♥❞✐③✐♦♥✐ ❛❧ ❝♦♥t♦r♥♦ s♦♥♦ ✜ss❛t❡ s❝❡❣❧✐❡♥❞♦ s0 = 0✱ ♣❡r ❝✉✐ ❞❡✈❡ r✐s✉❧t❛r❡

U11(0, 0) = 1 ❡ = U21(s0, 0) = U ′
11(0, 0) = 0✳

U11(s, 0) =
π

2

v

~ǫ
e

(

iδ
~ǫ

−
sign(s)

2

)

s
(

J( iδ
~ǫ

+
sign(s)

2

)

( v

~ǫ

)

J(
− iδ

~ǫ
+

sign(s)
2

)

(

v

~ǫ
e−
∣

∣s
∣

∣

)

+

+J(
− iδ

~ǫ
−

sign(s)
2

)

( v

~ǫ

)

J( iδ
~ǫ

−
sign(s)

2

)

(

v

~ǫ
e−
∣

∣s
∣

∣

))

Sech

(

δπ

~ǫ

)

i~ǫ

ve
2iδs
~ǫ

−

∣

∣s
∣

∣

U ′
11(s, 0) =

−iπv

2~ǫ
e
−
(

iδ
~ǫ

+
sign(s)

2

)

s
(

J( iδ
~ǫ

+
sign(s)

2

)

( v

~ǫ

)

J(
− iδ

~ǫ
−

sign(s)
2

)

(

v

~ǫ
e−
∣

∣s
∣

∣

)

+

−J(
− iδ

~ǫ
−

sign(s)
2

)

( v

~ǫ

)

J( iδ
~ǫ

+
sign(s)

2

)

(

v

~ǫ
e−
∣

∣s
∣

∣

))

Sech

(

δπ

~ǫ

)

= U21(s, 0)

Jν(x) è ❧❛ ❢✉♥③✐♦♥❡ ❞✐ ❇❡ss❡❧ ❞❡❧ ♣r✐♠♦ t✐♣♦✱ ❝❤❡ r✐s♦❧✈❡ q✉✐♥❞✐ x2 ∂2

∂x2Jν(x)+x ∂
∂xJν(x)+

(

x2 − ν2
)

Jν(x) = 0 ❡ ❝❤❡ s✐❛ ♥♦♥ s✐♥❣♦❧❛r❡ ♥❡❧❧✬♦r✐❣✐♥❡✳ ▲❡ ❢✉♥③✐♦♥✐ ❞✐ ❇❡ss❡❧ s♦♥♦

❛♠♣✐❛♠❡♥t❡ st✉❞✐❛t❡ ✐♥ ❧❡tt❡r❛t✉r❛✱✳

▲❡ ❝♦♥❞✐③✐♦♥✐ ❛❧ ❝♦♥t♦r♥♦ s♦♥♦ ✜ss❛t❡ ♣❡r ❧❛ s❝❡❧t❛ ❞✐ st✉❞✐❛r❡ ✐♥ s0 = 0 ❧✬♦♣❡r❛t♦r❡

UI(s, s0; ǫ) = UI(s, 0; ǫ)✱ ❝❤❡ s♦♥♦ ✐♥ q✉❡st❛ ❢♦r♠❛ r✐s♣❡tt❛t❡ ❛❧ ❧✐♠✐t❡ t❡♥❞❡♥❞♦ ❞❛

❞❡str❛ ❡ ❞❛ s✐♥✐str❛ ✐♥❞✐✛❡r❡♥t❡♠❡♥t❡✱ s❡♥③❛ ♣r❡s❡♥t❛r❡ ❞✐s❝♦♥t✐♥✉✐tà ♣❡r ✐❧ ❝❛♠❜✐❛✲

♠❡♥t♦ ❞✐ ❞❡✜♥✐③✐♦♥❡✳ ●❧✐ ❡❧❡♠❡♥t✐ ❞✐ ♠❛tr✐❝❡ s♦♥♦ ❞✐ ❝❧❛ss❡ C∞ ♥❡❧❧❡ ❞✉❡ s❡♠✐r❡tt❡✳

P❡r ❧❛ s❡❝♦♥❞❛ ❝♦❧♦♥♥❛ ❧❡ ❝♦♥❞✐③✐♦♥✐ ❛❧ ❝♦♥t♦r♥♦ s✐ ✐♥✈❡rt♦♥♦✱ ❡ss❡♥❞♦ U12(0, 0) = 0
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❡ U22(0, 0) =
i~ǫ
v U ′

12(0, 0) = 1✳

U12(s, 0) = − iπ

2

v

~ǫ
e

(

iδ
~ǫ

−
sign(s)

2

)

s
(

J(
− iδ

~ǫ
+

sign(s)
2

)

( v

~ǫ

)

J( iδ
~ǫ

−
sign(s)

2

)

(

v

~ǫ
e−
∣

∣s
∣

∣

)

+

−J( iδ
~ǫ

−
sign(s)

2

)

( v

~ǫ

)

J(
− iδ

~ǫ
+

sign(s)
2

)

(

v

~ǫ
e−
∣

∣s
∣

∣

))

Sech

(

δπ

~ǫ

)

i~ǫ

ve
2iδs
~ǫ

−

∣

∣s
∣

∣

U ′
12(s, 0) =

π

2

v

~ǫ
e

(

− iδ
~ǫ

−
sign(s)

2

)

s
(

J(
− iδ

~ǫ
+

sign(s)
2

)

( v

~ǫ

)

J( iδ
~ǫ

+
sign(s)

2

)

(

v

~ǫ
e−
∣

∣s
∣

∣

)

+

−J( iδ
~ǫ

−
sign(s)

2

)

( v

~ǫ

)

J(
− iδ

~ǫ
−

sign(s)
2

)

(

v

~ǫ
e−
∣

∣s
∣

∣

))

Sech

(

δπ

~ǫ

)

= U22(s, 0)

❘✐❝♦r❞❛♥❞♦ ❝❤❡ ✈❛❧❡ UI(s, 0; ǫ) = UI(0, s; ǫ)
−1 = UI(0, s; ǫ)✱ s❛rà ♥❡❝❡ss❛r✐♦ r✐❝❡r❝❛r❡

✐❧ ❧✐♠✐t❡ lim
s→−∞

(

U12(s,0)
U11(s,0)

)

♣❡r ✈❡r✐✜❝❛r❡ ❧❛ ✈❛❧✐❞✐tà ❞❡❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇✳

❉❡❧❧❡ ❢✉♥③✐♦♥✐ ❞✐ ❇❡ss❡❧ ❞❡❧ ♣r✐♠♦ t✐♣♦ è ♥♦t♦ ✐❧ ❝♦♠♣♦rt❛♠❡♥t♦ ❛s✐♥t♦t✐❝♦ ♣❡r ❛r❣♦✲

♠❡♥t♦ ♣✐❝❝♦❧♦✱ Jν(z) ≈ 1
Γ(ν+1)

(

z
2

)ν
q✉❛♥❞♦ z ≪ 1✳ ❉❛ q✉❡st♦ s✐ ♦tt✐❡♥❡ ❢❛❝✐❧♠❡♥t❡

❝❤❡ ♣❡r s −→ −∞✱ J(− iδ
~ǫ

+ 1
2)
(

v
~ǫe

s
)

≈ 1
Γ(− iδ

~ǫ
+ 3

2
)

(

v
2~ǫe

s
)− iδ

~ǫ
+ 1

2 ✳ ◗✉❡st♦ ❝✐ ♣❡r♠❡tt❡

❞✐ s❡♠♣❧✐✜❝❛r❡ ♥♦t❡✈♦❧♠❡♥t❡ ❧❛ s❝r✐tt✉r❛ ❞❡✐ ❞✉❡ ❡❧❡♠❡♥t✐ ❞✐ ♠❛tr✐❝❡ U11 ❡ U12✿

U11(s, 0) =
π

2

v

~ǫ
e(

iδ
~ǫ

+ 1
2)s
(

J( iδ
~ǫ

− 1
2)

( v

~ǫ

)

J(− iδ
~ǫ

− 1
2)

( v

~ǫ
es
)

+

+J(− iδ
~ǫ

+ 1
2)

( v

~ǫ

)

J( iδ
~ǫ

+ 1
2)

( v

~ǫ
es
))

Sech

(

δπ

~ǫ

)

≈

≈ π

2

v

~ǫ
J( iδ

~ǫ
− 1

2)

( v

~ǫ

) 1

Γ
(

− iδ
~ǫ −

1
2

)

( v

2~ǫ

)− iδ
~ǫ

− 1
2
Sech

(

δπ

~ǫ

)

U12(s, 0) = − iπ

2

v

~ǫ
e(

iδ
~ǫ

+ 1
2)s
(

J(− iδ
~ǫ

− 1
2)

( v

~ǫ

)

J( iδ
~ǫ

+ 1
2)

( v

~ǫ
es
)

+

−J( iδ
~ǫ

+ 1
2)

( v

~ǫ

)

J(− iδ
~ǫ

− 1
2)

( v

~ǫ
es
))

Sech

(

δπ

~ǫ

)

≈

≈ iπ

2

v

~ǫ
J( iδ

~ǫ
+ 1

2)

( v

~ǫ

) 1

Γ
(

− iδ
~ǫ −

1
2

)

( v

2~ǫ

)− iδ
~ǫ

− 1
2
Sech

(

δπ

~ǫ

)

❉❛ ❝✉✐ q✉✐♥❞✐ s✐ ♦tt✐❡♥❡
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U12(s, 0)

U11(s, 0)
−→

s→−∞

iJ( iδ
~ǫ

+ 1
2)
(

v
~ǫ

)

J( iδ
~ǫ

− 1
2)
(

v
~ǫ

)

❝❤❡ è ✉♥ ❧✐♠✐t❡ ❝❤❡ è ♣♦ss✐❜✐❧❡ st✉❞✐❛r❡ ♦ ♣❡r ♦r❞✐♥❡ ❞✐ ❛♣♣r♦ss✐♠❛③✐♦♥❡ ❛r❜✐tr❛r✐♦ ♦

♣❡r ❧❡ ♣r♦♣r✐❡tà ❞❡❧❧❡ ❢✉♥③✐♦♥✐ ❞✐ ❇❡ss❡❧✱ ♣❡r ❛✛❡r♠❛r❡ ❝❤❡ ❡ss♦ r✐s✉❧t❛ ✉❣✉❛❧❡ ❛

lim
s→−∞

(

U12(s, 0)

U11(s, 0)

)

=

√
δ2 + v2 − δ

v

❝❤❡ è ❡s❛tt❛♠❡♥t❡ x+(0)✱ ✈❡r✐✜❝❛♥❞♦ ❝♦sì ✐❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ♠❡❞✐❛♥✲

t❡ ❧✬✐♠♣✐❡❣♦ ❞❡❧❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ✐♥ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡✳

◆❡❣❧✐ ❡❧❡♠❡♥t✐ ❞✐ ♠❛tr✐❝❡ ✐ t❡r♠✐♥✐ ♦s❝✐❧❧❛♥t✐ ❞✐♣❡♥❞❡♥t✐ ❞❛❧ t❡♠♣♦ s♦♥♦ ♣♦rt❛t✐

❞❛ e(
iδ
~ǫ

+ 1
2)s ❡ J(− iδ

~ǫ
− 1

2)
(

v
~ǫe

s
)

✱ ❝❤❡ s♦♥♦ ❝♦♥tr✐❜✉t✐ ❝❤❡ ♣♦ss♦♥♦ ❡ss❡r❡ s❡♠♣❧✐✜❝❛t✐

✐♥ ♦❣♥✐ Ukj ❞✐st✐♥t❛♠❡♥t❡✱ s❡♥③❛ ❞♦✈❡r ❢❛r❡ ✐❧ r❛♣♣♦rt♦ ❝♦✐ t❡r♠✐♥✐ ❞✐❛❣♦♥❛❧✐✳ ■❧

r❛♣♣♦rt♦ ❡❧✐♠✐♥❛ ✐♥✈❡❝❡ ✐❧ ❝♦♥tr✐❜✉t♦ ❞✐✈❡r❣❡♥t❡ ❞✐♣❡♥❞❡♥t❡ ❞❛❧ ♣❛r❛♠❡tr♦ ❞✐ ✈❡❧♦❝✐tà

❞✐ tr❛s❢♦r♠❛③✐♦♥❡ ǫ ❞❛t♦ ❞❛❧❧✬❛❧tr♦ t❡r♠✐♥❡ ✐♥ ❢✉♥③✐♦♥❡ ❞✐ ❇❡ss❡❧ J( iδ
~ǫ

± 1
2)
(

v
~ǫ

)

✳

◗✉❡st♦ r✐s✉❧t❛t♦ ♣❛rt✐❝♦❧❛r❡✱ s❡♣♣✉r❡ ❛tt❡s♦ ♣❡r ❧✬❡q✉❛③✐♦♥❡ ✸✳✺✳✶✱ ♥♦♥ è s❝♦♥t❛t♦✱ ❡❞

✐♥❞✐❝❛ ❝♦♠❡ ✐♥ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡ ❧❛ ♣r♦❜❧❡♠❛t✐❝❛ ❞❡❧❧❛ ❢❛s❡ ❞✐✈❡r❣❡♥t❡

♣♦ss❛ ❞✐✈❡♥t❛r❡ tr❛s❝✉r❛❜✐❧❡ r✐s♣❡tt♦ ❛ ❢❡♥♦♠❡♥✐ ❞♦♠✐♥❛♥t✐ ❡ ❝♦♥✈❡r❣❡♥t✐ ❛ t❡♠♣✐

s✉✣❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞✐ ✐♥ ✈❛❧♦r❡ ❛ss♦❧✉t♦ ♣❡r ❍❛♠✐❧t♦♥✐❛♥❡ ❞❡❧❧❛ ❢♦r♠❛ st✉❞✐❛t❛❀

❧✬✉♥✐❝♦ t❡r♠✐♥❡ ♦s❝✐❧❧❛♥t❡ s✐❣♥✐✜❝❛t✐✈♦ ❞✐♣❡♥❞❡ ❞❛ U0(s, 0)✱ ♠❛ è ♣r♦♣r✐♦ q✉❡❧❧♦ ❝❤❡

❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡ ♣❡r♠❡tt❡ ❞✐ ❡❧✐♠✐♥❛r❡✳

✹✳✸✳ ❈♦♥s✐❞❡r❛③✐♦♥✐ s✉❧❧❡ ❍❛♠✐❧t♦♥✐❛♥❡ 3× 3

P♦ss✐❛♠♦ t❡♥t❛r❡ ❞✐ ♣r❡♥❞❡r❡ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ❛❧❝✉♥✐ ❛s♣❡tt✐ ❞❡❧ ♣✐ù s❡♠♣❧✐❝❡

♣r♦❜❧❡♠❛ ♠❡♥♦ ❜❛♥❛❧❡ ❞✐ q✉❡❧❧♦ ❛♣♣❡♥❛ tr❛tt❛t♦✱ ❝❤❡ ♣❡rò ❛❜❜✐❛ ❝❛r❛tt❡r✐ ❞✐ ❣❡♥❡r❛✲

❧✐tà✳

P❡r ❢❛r❡ q✉❡st♦ ♣r❡♥❞✐❛♠♦ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ✉♥❛ ♣❡rt✉r❜❛③✐♦♥❡ ❞❡❧ t✐♣♦

V =







0 p q

p 0 0

q 0 0







❈♦♠❡ ♣r✐♠❛ ❧❡ ✐♥❢♦r♠❛③✐♦♥✐ s✉❧❧❛ ❞✐❛❣♦♥❛❧❡ ♣♦ss♦♥♦ ❡ss❡r❡ r✐♣♦rt❛t❡ ✐♥ H0✱ ♣♦ss✐❛♠♦

✜ss❛r❡ ✉♥♦ ❞❡✐ t❡r♠✐♥✐ ♥♦♥ ❞✐❛❣♦♥❛❧✐ ❛ 0 ♣♦t❡♥❞♦ r✐s❝❛❧❛r❡ ♦♣♣♦rt✉♥❛♠❡♥t❡ ❧❡ ❡♥❡r✲

❣✐❡✱ ♠❡♥tr❡ ❣❧✐ ❛❧tr✐ ❞✉❡ t❡r♠✐♥✐ ❞❡❧❧❛ ♣❡rt✉r❜❛③✐♦♥❡ ❞❡✈♦♥♦ ❡ss❡r❡ ✈❛❧♦r✐ ❝♦♠♣❧❡ss✐

❣❡♥❡r✐❝✐✳

▲✬❍❛♠✐❧t♦♥✐❛♥❛ ✐♠♣❡rt✉r❜❛t❛ ❝♦♥s✐❞❡r❛t❛ s❛rà ❞❡❧ t✐♣♦
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H0 =







E1 0 0

0 E2 0

0 0 E3







❝❤❡ ❞❡t❡r♠✐♥❛ ♥❛t✉r❛❧♠❡♥t❡ ✉♥ ♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ♥♦t♦ ❡s♣❧✐❝✐t❛♠❡♥✲

t❡ ❞❡❧❧❛ ❢♦r♠❛

U0(s; ǫ) =







e−
i
~ǫ

E1s 0 0

0 e−
i
~ǫ

E2s 0

0 0 e−
i
~ǫ

E3s







▼❡❞✐❛♥t❡ ❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ✐♠♣❡rt✉r❜❛t❛ è ❛♥✲

❝♦r❛ s❡♠♣❧✐❝❡ ❝♦str✉✐r❡ ❣❧✐ str✉♠❡♥t✐ ❞❡❧❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐ ✐♥t❡r❛③✐♦♥❡ ♠❡❞✐❛♥t❡

✐ q✉❛❧✐ st✉❞✐❛r❡ ✐❧ ♣r♦❜❧❡♠❛✿

VI(s; ǫ) = U0(s; ǫ)
†V U0(s; ǫ) =







0 pe−
i
~ǫ

(E2−E1)s qe−
i
~ǫ

(E3−E1)s

pe
i
~ǫ

(E2−E1)s 0 0

qe
i
~ǫ

(E3−E1)s 0 0







❉❡✜♥✐❛♠♦ ❛❧❧♦r❛ ♣❡r ❝♦♠♦❞✐tà E2−E1
~ǫ = φ21✳

i~ǫ
∂

∂s
UI(s, s0; ǫ) = e−

∣

∣s
∣

∣

VI(s; ǫ)UI(s, s0; ǫ)







U ′
11 U ′

12 U ′
13

U ′
21 U ′

22 U ′
23

U ′
31 U ′

32 U ′
33






= − ie−

∣

∣s
∣

∣

~ǫ







0 pe−iφ21s qe−iφ31s

peiφ21s 0 0

qeiφ31s 0 0













U11 U12 U13

U21 U22 U23

U31 U32 U33







❆❜❜✐❛♠♦ ❝♦sì tr♦✈❛t♦ ✐❧ ♣r♦❜❧❡♠❛ ❞❛ r✐s♦❧✈❡r❡ ❞❛❧❧❛ ❡q✉❛③✐♦♥❡ ❞✐ ❙❝❤rö❞✐♥❣❡r✱ ✐♠✲

♣♦♥❡♥❞♦ ❧❛ ❝♦♥❞✐③✐♦♥❡ ❛❧ ❝♦♥t♦r♥♦ UI(0, 0; ǫ) = I✳ ❆ q✉❡st♦ s✐st❡♠❛ ❞✐ ❡q✉❛③✐♦♥✐

❡s♣r❡ss♦ ♥❡❧❧❛ ❢♦r♠❛ ❞✐ ♠❛tr✐❝✐ 3 × 3 ❝♦rr✐s♣♦♥❞♦♥♦ ❛♥❝♦r❛ tr❡ s✐st❡♠✐ ❞✐ tr❡ ❡q✉❛✲

③✐♦♥✐ ❞✐✛❡r❡♥③✐❛❧✐ ❝❤❡ ♣♦ss♦♥♦ ❡ss❡r❡ ❛✛r♦♥t❛t✐ s❡♣❛r❛t❛♠❡♥t❡✳ ■ ♣r♦❜❧❡♠✐ s✐ ♣♦ss♦♥♦

r✐s❝r✐✈❡r❡ ✐♥ ❢♦r♠❛ ❝♦♠♣❛tt❛ ❝♦♠❡



































U ′
1j(s)

U ′
2j(s)

U ′
3j(s)









= − ie
−

∣

∣s

∣

∣

~ǫ









U2j(s)pe
−iφ21s + U3j(s)qe

−iφ31s

U1j(s)pe
iφ21s

U1j(s)qe
iφ31s









Ukj(0) = δkj
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❚r❛tt❛r❡ q✉❡st♦ ♣r♦❜❧❡♠❛ ♥♦♥ è ✐♠♠❡❞✐❛t♦✳ ❆❞ ♦❣♥✐ ♠♦❞♦ s✐ ♣✉ò ♣r♦❝❡❞❡r❡ r✐s❝❛✲

❧❛♥❞♦ ♦❣♥✐ ❝♦❧♦♥♥❛ r✐s♣❡tt♦ ❛❧ ♣r♦♣r✐♦ t❡r♠✐♥❡ ❞✐❛❣♦♥❛❧❡✿ ukj(s) =
Ukj(s)
Ujj(s)

✱ u′kj(s) =
U ′
kj(s)Ujj(s)−Ukj(s)U

′
jj(s)

U2
jj(s)

✳ ◆❛t✉r❛❧♠❡♥t❡ ujj(s) = 1✳ ❙✐ ♦tt❡♥❣♦♥♦ ♦r❛ tr❡ s✐st❡♠✐✱ ♦❣♥✉✲

♥♦ ❝♦♥ tr❡ ❢✉♥③✐♦♥✐ ✐♥❝♦❣♥✐t❡ ❞✐ ❝✉✐ ✉♥❛ è q✉❡❧❧❛ ♣♦st❛ ✉❣✉❛❧❡ ❛❞ 1✳ ❆❧❧♦r❛ ✐♥ ♦❣♥✐

s✐st❡♠❛ s✐ ♦tt❡♥❣♦♥♦ ❞✉❡ ❡q✉❛③✐♦♥✐ s✐❣♥✐✜❝❛t✐✈❡ ✐♥ ❞✉❡ ✐♥❝♦❣♥✐t❡✱ ❢❛❝✐❧♠❡♥t❡ ❞✐s❛❝✲

❝♦♣♣✐❛❜✐❧✐✳

❆❞ ❡s❡♠♣✐♦✱ tr❛s❢♦r♠❛♥❞♦ ✉♥♦ ❞❡✐ tr❡ s✐st❡♠✐✱ s✐ ♦tt❡♥❣♦♥♦ ❧❡ ❡q✉❛③✐♦♥✐



































u′12(s)

u′22(s)

u′32(s)









= − ie
−

∣

∣s

∣

∣

~ǫ









pe−iφ21s + u32(s)qe
−iφ31s − u212(s)pe

iφ21s

0

u12(s)
(

qeiφ31s − u32(s)pe
iφ21s

)









uk2(0) = δk2

❉❛❧❧✬❡q✉❛③✐♦♥❡ u′32(s) = − ie
−

∣

∣s

∣

∣

~ǫ u12(s)
(

qeiφ31s − u32(s)pe
iφ21s

)

è ❢❛❝✐❧❡ ♦tt❡♥❡r❡ ♣❡r

✐♥✈❡rs✐♦♥❡ ✉♥❛ s❝r✐tt✉r❛ ❝❤❡ ❡s♣r✐♠❛ u12(s) ❝♦♠❡ u12 = u12(u32, u
′
32, s)✳ ❈♦♥s✐❞❡✲

r✐❛♠♦ u′12(s) = − ie
−

∣

∣s

∣

∣

~ǫ

(

pe−iφ21s + u32(s)qe
−iφ31s − u212(s)pe

iφ21s
)

✱ ❧✬❛❧tr❛ ❡q✉❛③✐♦♥❡

♥♦♥ ❜❛♥❛❧❡✱ ♣❡r r✐❝❛✈❛r❡ ✉♥✬❡q✉❛③✐♦♥❡ ❞✐✛❡r❡♥③✐❛❧❡ ❞❡❧ s❡❝♦♥❞♦ ♦r❞✐♥❡ ✐♥ u32 ❡ ❧❡ s✉❡

❞❡r✐✈❛t❡✱ ❞♦♣♦ ❛✈❡r ❞❡r✐✈❛t♦ u12 ♥❡❧❧❛ ❢♦r♠❛ ♣r❡❝❡❞❡♥t❡♠❡♥t❡ ♦tt❡♥✉t❛ ❡❞ ❛♣♣❧✐❝❛♥✲

❞♦ ✉♥❛ s♦st✐t✉③✐♦♥❡✳ ❘✐s♦❧t❛ q✉✐♥❞✐ ❧✬❡q✉❛③✐♦♥❡ ❞✐s❛❝❝♦♣♣✐❛t❛ ❡ r✐❝❛✈❛t❛ u32(s)✱ è

✐♠♠❡❞✐❛t❛♠❡♥t❡ ❞❡✜♥✐t❛ u12(s)❀ s✐ ♦tt✐❡♥❡ ❞❛ U ′
22(s) = − ie

−

∣

∣s

∣

∣

~ǫ u12(s)pe
iφ21sU22(s)

❧✬✉❧t✐♠❛ ✐♥❢♦r♠❛③✐♦♥❡ ❝❡r❝❛t❛ ❝❤❡ ❞❡✜♥✐s❝❡ ✐❧ s✐st❡♠❛✳

P❡r ❣❧✐ ❛❧tr✐ s✐st❡♠✐ ✐❧ ♣r♦❝❡❞✐♠❡♥t♦ è ❝♦♥❝❡tt✉❛❧♠❡♥t❡ ❛♥❛❧♦❣♦✳

P❡r ✐ r✐s✉❧t❛t✐ ❞❡❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ❞♦✈r❡♠♠♦ ♦tt❡♥❡r❡ ❝♦♠❡ ❛✉t♦st❛t✐

❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♣❡rt✉r❜❛t❛ H = H(0) = H0 + V ❣❧✐ st❛t✐

lim
s→−∞

[(

Uj1

Ujj

) (

Uj2

Ujj

) (

Uj3

Ujj

)]†

❯♥❛ ♣r♦❜❧❡♠❛t✐❝❛ ❝❤❡ ♥♦♥ ♣❛r❡ s♦r♠♦♥t❛❜✐❧❡ ❝♦♥ str✉♠❡♥t✐ ❛♥❛❧✐t✐❝✐ è t✉tt❛✈✐❛ ❝❤❡

❧❛ s♦❧✉③✐♦♥❡ ❛♥❛❧✐t✐❝❛ è ❞✐ ❛ss❛✐ ❞✐✣❝✐❧❡ ❞❡✜♥✐③✐♦♥❡✱ ❡ ♥♦♥ s❡♠❜r❛ s✐❛♠♦ ✐♥ ❣r❛❞♦ ❞✐

♦tt❡♥❡r❧❛ ♠❡❞✐❛♥t❡ ♣r♦❝❡❞✐♠❡♥t✐ ♥♦t✐✳ ▲❡ ❡q✉❛③✐♦♥✐ ❝❤❡ s✐ ♦tt❡♥❣♦♥♦ ♥♦♥ s✐ r✐❡s❝♦♥♦

♥❡♣♣✉r❡ ❛ r✐❝♦♥❞✉rr❡ ❝♦♥ ❛❝❝♦r❣✐♠❡♥t✐ s❡♠♣❧✐❝✐ ❛❧ ❝❛s♦ ❣✐à st✉❞✐❛t♦ ❞❡❧❧❡ ♠❛tr✐❝✐ 2×2

♥♦♥♦st❛♥t❡ ❧❛ ♣♦ss✐❜✐❧✐tà ❞✐ ✐s♦❧❛r❡ ✉♥❛ ❡q✉❛③✐♦♥❡ ❞❡❧ ♣r♦❜❧❡♠❛✳

❆ ♣❛rt✐r❡ ❞❛ ✈❛❧♦r✐ ✜ss❛t✐ è ♣❡rò ♣♦ss✐❜✐❧❡ r✐s♦❧✈❡r❡ ♥✉♠❡r✐❝❛♠❡♥t❡ q✉❡st✐ ♣r♦❜❧❡♠✐✱

♠✉♦✈❡♥❞♦ ❞❛❧❧❛ ❝♦♥s✐❞❡r❛③✐♦♥❡ ❢♦♥❞❛♠❡♥t❛❧❡ ❝❤❡ ✐❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ❢❛

s✐ ❝❤❡ ❝✐ ❛s♣❡tt✐❛♠♦ ❝❤❡ ❡s✐st❛♥♦ 6 r❛♣♣♦rt✐ ❛❧ ❧✐♠✐t❡ ❞✐ s ✐♥✜♥✐t♦ ✐♥ ✈❛❧♦r❡ ❛ss♦❧✉t♦



✹✳✹✳ ■▼P❖❙■❩■❖◆■ ❙❯▲▲❆ ❙❖▲❯❩■❖◆❊ ✻✸

❝❤❡ s✐❛♥♦ ❝♦♥✈❡r❣❡♥t✐ ❡ ❞❡✜♥✐s❝❛♥♦ ❣❧✐ st❛t✐✳

◗✉❛♥t♦ è st❛t♦ ✐❧❧✉str❛t♦ ♥♦♥ ❝♦st✐t✉✐s❝❡✱ ❡✈✐❞❡♥t❡♠❡♥t❡✱ ✉♥ ♣r♦❝❡❞✐♠❡♥t♦ ❝❤❡

❛❜❜✐❛ s❡♥s♦ ✐♥ t❡r♠✐♥✐ ❞✐ ❝♦♠♣✉t❛③✐♦♥❡ ♣❡r ❞✐❛❣♦♥❛❧✐③③❛r❡ ✉♥❛ ♠❛tr✐❝❡ 3 × 3✱ ❝❤❡ è

♥✉♠❡r✐❝❛♠❡♥t❡ ❜❛♥❛❧❡ ❡ ❝♦♠✉♥q✉❡ s❡♠♣❧✐❝❡ ✐♥ t❡r♠✐♥✐ ❣❡♥❡r❛❧✐ ♠❡❞✐❛♥t❡ ❧❡ ❢♦r♠✉✲

❧❡ ❝❛r❞❛♥✐❝❤❡ ❝❤❡ ♣❡r♠❡tt♦♥♦ ❞✐ tr♦✈❛r❡ ❧❡ s♦❧✉③✐♦♥✐ ❞❡❧❧❡ ❡q✉❛③✐♦♥✐ ❞✐ t❡r③♦ ❣r❛❞♦✳

❘✐s♦❧✈❡r❡ ✉♥ ♣r♦❜❧❡♠❛ ❞❡❧ ❣❡♥❡r❡ ❛✈r❡❜❜❡ s❡♥s♦ s♦❧♦ ✐♥ t❡r♠✐♥✐ ❞✐ ✈❡r✐✜❝❛ ❡ ❝❛r❛t✲

t❡r✐③③❛③✐♦♥❡ ❞❡❧ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡❣❧✐ ♦❣❣❡tt✐ ❞❡✜♥✐t✐ ❞❛❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡

▲♦✇✳

✹✳✹✳ ■♠♣♦s✐③✐♦♥✐ s✉❧❧❛ s♦❧✉③✐♦♥❡

■❧ ❝♦♠♣♦rt❛♠❡♥t♦ ❝♦♥✈❡r❣❡♥t❡ ❛tt❡s♦ ♣❡r lim
s→−∞

[(

Uj1

Ujj

) (

Uj2

Ujj

) (

Uj3

Ujj

)]†

✐♥❞✐✲

❝❛ ❝❤❡ ♣♦tr❡❜❜❡ ❡ss❡r❡ ✐♥t❡r❡ss❛♥t❡ st✉❞✐❛r❡ ❞✐r❡tt❛♠❡♥t❡ ✐ ❧✐♠✐t✐ ❞✐ q✉❡st✐ r❛♣♣♦rt✐✱

q✉✐♥❞✐ ❝♦♥✈❡rr❡❜❜❡ r✐❞❡✜♥✐r❡ ✐❧ ♣r♦❜❧❡♠❛ ✐♠♣✐❡❣❛♥❞♦ q✉❡st❡ ❢✉♥③✐♦♥✐ r❛♣♣♦rt♦ ❞✐ ✐♥✲

t❡r❡ss❡✱ ❛s♣❡tt❛♥❞♦❝✐ ❛♥❝❤❡✱ ❛ss✐❡♠❡ ❛❧❧✬❡s✐st❡♥③❛ ❞✐ ✉♥ ✈❛❧♦r❡ ❧✐♠✐t❡✱ ❝❤❡ ❛❜❜✐❛♥♦

❞❡r✐✈❛t❛ ❛❧ ❧✐♠✐t❡ ♥✉❧❧❛✳

▼❛ q✉❡st♦ t✐♣♦ ❞✐ st✉❞✐♦✱ ❛✈❡♥❞♦ ♠❛♥t❡♥✉t♦ ✻ ❢✉♥③✐♦♥✐ ✐♥❝♦❣♥✐t❡ ✭❧❡ ❞✐❛❣♦♥❛❧✐ s♦♥♦

✐❞❡♥t✐❝❛♠❡♥t❡ ♥♦r♠❛❧✐③③❛t❡ ❛ 1✮✱ ♥♦♥ ❝✐ ♣❡r♠❡tt❡ ❞✐ st✉❞✐❛r❡ ✐♥ ♠❛♥✐❡r❛ ❡✣❝✐❡♥t❡ ✐❧

♣r♦❜❧❡♠❛✿ ✐ tr❡ ❞✐st✐♥t✐ s✐st❡♠✐ ❞✐ ❡q✉❛③✐♦♥✐✱ ❝❤❡ s✐ ♣r❡s❡♥t❛♥♦ s❡♣❛r❛t✐ ✐♥ ❝♦❧♦♥♥❡✱

✈❡♥❣♦♥♦ r✐❛❝❝♦♣♣✐❛t✐✱ ✐♥ q✉❛♥t♦ ♦❣♥✐ ❡❧❡♠❡♥t♦ ❞✐ ♦❣♥✐ ❝♦❧♦♥♥❛ ✈✐❡♥❡ ❛❝❝♦♣♣✐❛t♦ ❛❞

✉♥ ❡❧❡♠❡♥t♦ ❞❡❧❧❛ r✐❣❛ ❛ ❝✉✐ ❛♣♣❛rt✐❡♥❡✳ ▲❡ ❢✉♥③✐♦♥✐ ♣♦ss♦♥♦ ❡ss❡r❡ r✐❝♦str✉✐t❡ ♥✉✲

♠❡r✐❝❛♠❡♥t❡ s♦❧♦ ❧❛✈♦r❛♥❞♦ ❝♦♥t❡♠♣♦r❛♥❡❛♠❡♥t❡ s✉ t✉tt❡ ❡ ✻✳

P❡r ♣♦t❡r ❛✛r♦♥t❛r❡ ✐❧ ♣r♦❜❧❡♠❛ ❜✐s♦❣♥❡r❡❜❜❡ ❝♦♥♦s❝❡r❡ ❞❡❧❧❡ ❝❛r❛tt❡r✐st✐❝❤❡ ♥❡❝❡s✲

s❛r✐❡ s✉❧❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ❝❤❡ ♣❡r♠❡tt❛♥♦ ❞✐ ❢❛r❡ ❞❡❧❧❡ ✐♠♣♦s✐③✐♦♥✐ s✉❧❧❛ s♦❧✉✲

③✐♦♥❡ ❝♦sì ❞❛ ❞✐♠✐♥✉✐r❡ ✐ ❣r❛❞✐ ❞✐ ❧✐❜❡rtà ❞❡❧ ♣r♦❜❧❡♠❛✳

❈♦♠❡ ❣✐à tr❛tt❛t♦ ✐♥ ♣r❡❝❡❞❡♥③❛✱ s❛♣♣✐❛♠♦ ❝❤❡ ❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ t❡♠✲

♣♦r❛❧❡ ♣❡r ❧✬❍❛♠✐❧t♦♥✐❛♥❛ 3 × 3 s❛rà ❛ s✉❛ ✈♦❧t❛ ✉♥❛ ♠❛tr✐❝❡ q✉❛❞r❛t❛ ❞❡❧❧❛ st❡ss❛

❞✐♠❡♥s✐♦♥❡✱ ❝❤❡ ♣❡r ♦❣♥✐ ❝♦♣♣✐❛ ❞✐ t❡♠♣✐ (s, s0) è ✉♥❛ ♠❛tr✐❝❡ ✉♥✐t❛r✐❛✿ ✐❧ ❞❡t❡r♠✐✲

♥❛♥t❡ ❞❡❧❧❛ ♠❛tr✐❝❡ ❝❤❡ r❛♣♣r❡s❡♥t❛ t❛❧❡ ♦♣❡r❛t♦r❡ U(s, s0) è ✐♥ ❣❡♥❡r❛❧❡ ❝♦♠♣❧❡ss♦✱

❛❞ ❛♣♣❛rt✐❡♥❡ q✉✐♥❞✐✱ ♣❡r ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞❡❧ ❣r✉♣♣♦✱ U(s, s0) ∈ U(3)✱ ❞♦✈❡ U(3) è

❛♣♣✉♥t♦ ✐❧ ❣r✉♣♣♦ ❞❡❧❧❡ ♠❛tr✐❝✐ ✉♥✐t❛r✐❡ ❞✐ ❞✐♠❡♥s✐♦♥❡ 3✱ s❡♥③❛ ✐♠♣♦s✐③✐♦♥✐ ✉❧t❡r✐♦r✐✳

■❧ ❞❡t❡r♠✐♥❛♥t❡ è ♣✐✉tt♦st♦ s❡♠♣❧✐❝❡ ❞❛ r✐❝❛✈❛r❡✱ ✐♥ q✉❛♥t♦ è s❡♠♣❧✐❝❡ ❞✐♠♦str❛✲

r❡ ❝❤❡ s❡ ✈❛❧❡ i ∂
∂sU = HUU ✱ ❛❧❧♦r❛ ✈❛❧❡ ❝❤❡ i ∂

∂sdet(U) = Tr(HU )det(U) ❞❛ ❝✉✐

det(U) = ke−i
´

Tr(H)ds✱ ❝❤❡ r❛♣♣r❡s❡♥t❛ ✉♥❛ s♦rt❛ ❞✐ ❢❛s❡ ♦✈❡r✲❛❧❧ ❞✐♣❡♥❞❡♥t❡ ❞❛❧

t❡♠♣♦✳ ❚❛❧❡ r✐s✉❧t❛t♦ è ❡q✉✐✈❛❧❡♥t❡ ❛❧❧❡ ❝♦♥s✐❞❡r❛③✐♦♥✐ ❝❤❡ ✈❡♥❣♦♥♦ r❡❛❧✐③③❛t❡ ♥❡❧❧♦

st✉❞✐♦ ❞❡✐ ❝♦♥t✐♥✉✐ ♣❡r ❞❡✜♥✐r❡ ❧❛ ❞❡❢♦r♠❛③✐♦♥❡ ❞✐ ✉♥ ✈♦❧✉♠❡tt♦ ❞✐ ✉♥ ♠❡③③♦ ❝♦♥t✐✲

♥✉♦✱ st✉❞✐❛♥❞♦ ❧❛ ❞✐❛❣♦♥❛❧❡ ❞❡❧ ❣r❛❞✐❡♥t❡ ❞❡❧❧❡ ✈❡❧♦❝✐tà✳
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❚✉tt❛ ❧✬✐♥❢♦r♠❛③✐♦♥❡ s✉❧❧❛ ❢❛s❡ ❞❡❧ ❞❡t❡r♠✐♥❛♥t❡ ❞❡❧❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ è q✉❡❧✲

❧❛ ❝❤❡ r✐❝❛✈✐❛♠♦ ❛♥❛❧✐t✐❝❛♠❡♥t❡ ❞❛❧❧❛ tr❛❝❝✐❛ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛✱ ❝❤❡ ♥❡❧ ♥♦str♦ ❝❛s♦

r❡st❛ ✐♥✈❛r✐❛t❛ ❞✉r❛♥t❡ ❧❛ tr❛s❢♦r♠❛③✐♦♥❡ ✐♥tr♦❞♦tt❛ ❞❛❧❧❛ ❢✉♥③✐♦♥❡ ❞✐ ❛❝❝❡♥s✐♦♥❡✱ ✐♥

q✉❛♥t♦ s✐ è ✜ss❛t❛ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❧❛ ❧❛ ❞✐❛❣♦♥❛❧❡ ❞❡❧❧❛ ♣❡rt✉r❜❛③✐♦♥❡✳ P❡r q✉❡st♦

♠♦t✐✈♦ ♣♦ss✐❛♠♦ ✏r✐s❝❛❧❛r❡✑ ❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ♠❡❞✐❛♥t❡ ✉♥ ♦♣♣♦rt✉♥♦ ♠✉❧✲

t✐♣❧♦ ❞❡❧❧✬✐❞❡♥t✐tà✱ ❝♦sì ❞❛ ♦tt❡♥❡r❡ ✉♥✐✈♦❝❛♠❡♥t❡ ✉♥ ❡❧❡♠❡♥t♦ ❞❡❧ ❣r✉♣♣♦ SU(3)

❝❤❡ ❝♦♥t❡♥❣❛ t✉tt♦ ✐❧ r❡st♦ ❞❡❧❧✬✐♥❢♦r♠❛③✐♦♥❡ s✉❧ ♣r♦❜❧❡♠❛ ❡❞ ❛❜❜✐❛✱ ♣❡r ❞❡✜♥✐③✐♦✲

♥❡ ❞❡❧ ❣r✉♣♣♦ ✉♥✐t❛r✐♦ s♣❡❝✐❛❧❡✱ ❞❡t❡r♠✐♥❛♥t❡ 1✳ ◆❡❧ ❝❛s♦ ❞❡❧❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❞✐

✐♥t❡r❛③✐♦♥❡✱ ❧❛ s❝❡❧t❛ ❞❡❧❧❛ ♣❡rt✉r❜❛③✐♦♥❡ ❛ ❞✐❛❣♦♥❛❧❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❧❛ ❣❛r❛♥t✐s❝❡

❞✐r❡tt❛♠❡♥t❡ ❝❤❡ ❧✬♦♣❡r❛t♦r❡ ❞✐ ❡✈♦❧✉③✐♦♥❡ ✐♥ t❛❧❡ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❛♣♣❛rt❡rrà ❞✐r❡t✲

t❛♠❡♥t❡ ❛ SU(3)✳

❘✐❝❡r❝❛♥❞♦ ❧✬♦♣❡r❛t♦r❡ tr❛ q✉❡❧❧✐ ❝❤❡ r✐s♣❡tt❛♥♦ ❣❡♥❡r❛❧♠❡♥t❡ ❧❛ ❝♦♥❞✐③✐♦♥❡ ❞✐

❡ss❡r❡ ❛♣♣❛rt❡♥❡♥t✐ ❛ t❛❧✐ ❣r✉♣♣✐✱ ♣♦ss✐❛♠♦ r✐♣❛r❛♠❡tr✐③③❛r❡ ❧✬♦♣❡r❛t♦r❡ ✐♥ ♠♦❞♦ ❝❤❡

s✐❛♥♦ ❧❡ ❢✉♥③✐♦♥✐ r❡❛❧✐ ❝❤❡ ❞❡t❡r♠✐♥❛♥♦ ✐ ♣❛r❛♠❡tr✐ ❝♦♥ ❝✉✐ ✉♥ ♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦ è

❞❡✜♥✐t♦ ✉♥✐✈♦❝❛♠❡♥t❡ ❛❞ ❡ss❡r❡ st✉❞✐❛t❡ s❡❝♦♥❞♦ ❧❡ ❡q✉❛③✐♦♥✐ ❞✐✛❡r❡♥③✐❛❧✐ ❝❤❡ ❞❡✜✲

♥✐s❝♦♥♦ ✐❧ ♣r♦❜❧❡♠❛✳ ◆❡❧ ❝❛s♦ ❞✐ SU(3) è ♥♦t♦ ❝❤❡ ✐❧ ❣r✉♣♣♦ ❛♠♠❡tt❛ ✽ ❣❡♥❡r❛t♦r✐

✭❧❛ ❞✐♠❡♥s✐♦♥❡ ❞✐ SU(n) è n2 − 1) ❡ q✉✐♥❞✐ ❝❡r❝❤✐❛♠♦ ✽ ❢✉♥③✐♦♥✐ ❝❤❡ ❛❞ ♦❣♥✐ t❡♠♣♦

♣❡r♠❡tt❛♥♦ ❞✐ r✐❝♦str✉✐r❡ ❧✬♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦✱ ❡ss❡♥❞♦ ♥♦t❛ ❧❛ ♥♦♥❛ ❢✉♥③✐♦♥❡ ❞❛❧❧✬❡✲

q✉❛③✐♦♥❡ s✉❧ ❞❡t❡r♠✐♥❛♥t❡✳

P♦ss✐❛♠♦ ❛❞ ❡s❡♠♣✐♦ ✐♠♣✐❡❣❛r❡ ❝♦♠❡ ✽ ❣❡♥❡r❛t♦r✐ ❧❡ ♠❛tr✐❝✐ ❞✐ ●❡❧❧✲▼❛♥♥✱ ❝❤❡ ❤❛♥♥♦

✐❧ ♣r❡❣✐♦ ❞✐ ❡ss❡r❡ ❛ tr❛❝❝✐❛ ♥✉❧❧❛✱ ❝❤❡ ♣❡r♠❡tt♦♥♦ ❞✐ s❝r✐✈❡r❡ ✉♥ ♦♣❡r❛t♦r❡ ✉♥✐t❛r✐♦

❝♦♠❡ eiϕ(s)
∏

eiαj(s)λj ✱ ✐♥❞✐❝❛♥❞♦ ❝♦♥ λj ❧❛ ❥✲❡s✐♠❛ ♠❛tr✐❝❡❀ ❡ss❛ r✐s✉❧t❛ ❛✈❡r❡ ❞❡t❡r✲

♠✐♥❛♥t❡ ♣❛r✐ ❛ e3iϕ(s)✱ ✜ss❛♥❞♦ ❧❡ λj ❛ tr❛❝❝✐❛ ♥✉❧❧❛✳ ❙✐ ✐♥t❡♥❞❡ ✐❧ ♣r♦❞♦tt♦ ❞❡❣❧✐

♦♣❡r❛t♦r✐ ✉♥✐t❛r✐ ♦r❞✐♥❛t♦✳

◗✉❡st❛ ❢♦r♠❛ è ❝♦♠✉♥q✉❡ ❛❜❜❛st❛♥③❛ s❝♦♠♦❞❛ ❞❛ tr❛tt❛r❡✱ ♣❡r ❧❛ ❢♦r♠❛ ❛rt✐❝♦❧❛t❛

❞❡❧❧❛ ❞❡r✐✈❛t❛ ❞❡❧❧✬♦❣❣❡tt♦ ❝❤❡ ♥❡ r✐s✉❧t❛✱ ❝❤❡ ♥♦♥ ❢❛❝✐❧✐t❛ ❧❛ r✐s♦❧✉③✐♦♥❡ ❞❡❧❧✬❡q✉❛③✐♦♥❡

❞✐ ❙❝❤rö❞✐♥❣❡r❀ ❛❞ ♦❣♥✐ ♠♦❞♦ ♣✉ò ❡ss❡r❡ ✐♠♣✐❡❣❛t❛ ✉♥❛ q✉❛❧s✐❛s✐ ❛❧tr❛ ♣❛r❛♠❡tr✐③③❛✲

③✐♦♥❡ ❡✣❝❛❝❡ ❞❡❧ ❣r✉♣♣♦✳ ■❧ ♣r♦❜❧❡♠❛ ❞❡❧❧❛ ♣❛r❛♠❡tr✐③③❛③✐♦♥❡ ❞✐ SU(3) è ❛♠♣✐❛♠❡♥✲

t❡ tr❛tt❛t♦ ♣❡r ❧✬✉t✐❧✐tà ❝❤❡ t❛❧❡ ❣r✉♣♣♦ ❤❛ ❞✐♠♦str❛t♦ ♥❡❧❧✬❛♠❜✐t♦ ❞❡❧❧❛ ✜s✐❝❛ ❞❡❧❧❡

♣❛rt✐❝❡❧❧❡✳



❈♦♥❝❧✉s✐♦♥✐

■♥ q✉❡st♦ ❧❛✈♦r♦ s✐ s♦♥♦ ♣r❡s❡ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ❧❡ tr❛s❢♦r♠❛③✐♦♥✐ ❧❡♥t❡✱ ❡ s✐ è

❛✛r♦♥t❛t♦ ✐❧ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦ ♣❡r st✉❞✐❛r❡ ✐❧ ❝❛s♦ ♣❛rt✐❝♦❧❛r❡ ❞❡❧❧❡ ❍❛♠✐❧t♦♥✐❛♥❡

❝♦♥ ❢✉♥③✐♦♥✐ ❞✐ ❛❝❝❡♥s✐♦♥❡✱ ♣❡r ♣♦t❡r ❛rr✐✈❛r❡ ❛ st✉❞✐❛r❡ ✐❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥

❡ ▲♦✇✱ ❝❤❡ tr❛tt❛ ❡✈♦❧✉③✐♦♥✐ s✉ t❡♠♣✐ ✐♥✜♥✐t✐✳ ❆ ♣❛rt✐r❡ ❞❛❧❧♦ st✉❞✐♦ ❞❡❧ ❚❡♦r❡♠❛

❆❞✐❛❜❛t✐❝♦ è ❞✐ ✐♥t❡r❡ss❡ ♣♦t❡r ❛rr✐✈❛r❡ ❛ ♣♦rr❡ ❞❡❧❧❡ ❝♦♥❞✐③✐♦♥✐ ❞✐ ❝❛r❛tt❡r❡ ❣❡♥❡r❛❧❡

s✉❧ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ ❞✐ ❛❝❝❡♥s✐♦♥❡ ♥❡❧ ❞❡✜♥✐r❡ ✐❧ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡❣❧✐

♦♣❡r❛t♦r✐ st✉❞✐❛t✐✱ ❡❞ ✐♥ ♣❛rt✐❝♦❧❛r❡ è ❞✐ ✐♥t❡r❡ss❡ ❞❡✜♥✐r❡ ❛♥❛❧✐t✐❝❛♠❡♥t❡ ❧❡ ❝♦♥❞✐③✐♦✲

♥✐ ♣❡r ❧❛ ✈❛❧✐❞✐tà ❞❡❧❧❛ ♠❛❣❣✐♦r❛③✐♦♥❡ ✐♥ ✷✳✹✳✾✿ ❛ s❡❝♦♥❞❛ ❞❡❧❧❛ ❝❛r❛tt❡r✐st✐❝❤❡ ❞❡❧❧❛

❢✉♥③✐♦♥❡ ❞✐ ❛❝❝❡♥s✐♦♥❡✱ s✐ ❛rr✐✈❛ ❛❞ ❛✛❡r♠❛r❡ ✐❧ t❡♦r❡♠❛ ♦ s✉❧❧✬✐♥t❡r♦ ❛ss❡ ❞❡✐ t❡♠♣✐

♦ s✉❧❧✬✐♥t❡r✈❛❧❧♦ ❞❡❧❧✬❡✈♦❧✉③✐♦♥❡ ❝♦♥s✐❞❡r❛t❛✳

❯♥♦ ❞❡❣❧✐ ❛s♣❡tt✐ ♣✐ù ✐♥t❡r❡ss❛♥t✐ ❞❡❧❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛ ❡s♣♦st✐ ✐♥

q✉❡st♦ ❡❧❛❜♦r❛t♦ è ❝❡rt❛♠❡♥t❡ ❧❛ ❢♦r♠✉❧❛③✐♦♥❡ ❞❡❧❧✬♦♣❡r❛t♦r❡ ❞✐ ❑❛t♦✱ ❞✐ ❝✉✐ s✐ ❞✐✲

♠♦str❛♥♦ ❧✬❡s✐st❡♥③❛ ❡ ❧❡ ♣r♦♣r✐❡tà✱ ♠❛ r✐s✉❧t❛ ❞❡✜♥✐t♦ ❡s❝❧✉s✐✈❛♠❡♥t❡ ❛ ♣❛rt✐r❡ ❞❛✐

♣r♦✐❡tt♦r✐ ❛ ❧❡ ❧♦r♦ ❞❡r✐✈❛t❡ r✐s♣❡tt♦ ❛❧ t❡♠♣♦✳ P♦t❡♥❞♦ ❞❡✜♥✐r❡ ✐♠♣❧✐❝✐t❛♠❡♥t❡ q✉❡st♦

♦♣❡r❛t♦r❡ ✐♥ ❢✉♥③✐♦♥❡ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛✱ ❛❞ ❡s❡♠♣✐♦ ♠❡❞✐❛♥t❡ ✐♥t❡❣r❛❧✐ ❞✐ ❝❛♠♠✐♥♦

♥❡❧ ♣✐❛♥♦ ❝♦♠♣❧❡ss♦ ♥❡❣❧✐ ✐♥t♦r♥✐ ❞❡❣❧✐ ❛✉t♦✈❛❧♦r✐ ❡♥❡r❣❡t✐❝✐✱ è ♦♣♣♦rt✉♥♦ ❛♣♣r♦❢♦♥❞✐✲

r❡ ❧❡ ♣r♦♣r✐❡tà ❞✐ t❛❧❡ ❢♦r♠✉❧❛③✐♦♥❡ ♣❡r ♣♦t❡r r✐s❛❧✐r❡ ❛❧❧❡ ✐♠♣❧✐❝❛③✐♦♥✐ s✉❧❧✬♦♣❡r❛t♦r❡

❞✐ ❡✈♦❧✉③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛✳ ■♥ q✉❡st✬♦tt✐❝❛ è ❞✐ ❣r❛♥❞❡ r✐❧❡✈❛♥③❛ ❧❛ ♣✉❜❜❧✐❝❛③✐♦♥❡ ❞✐

❇r♦✉❞❡r✱ P❛♥❛t✐ ❡ ❙t♦❧t③ ✏●❡❧❧✲▼❛♥♥ ❛♥❞ ▲♦✇ ❢♦r♠✉❧❛ ❢♦r ❞❡❣❡♥❡r❛t❡ ✉♥♣❡rt✉r❜❡❞

st❛t❡s✑ ❬✶✶❪ ♣❡r ❧❛ ❝♦str✉③✐♦♥❡ ❞❡❣❧✐ ♦♣❡r❛t♦r✐ ❞❡❧❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ❛❞✐❛❜❛t✐❝❛ ❝♦♥

❝✉✐ ❛rr✐✈❛r❡ ❛❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇✳ ■♥ q✉❡st♦ ❛rt✐❝♦❧♦ ✈✐❡♥❡ ❛✛r♦♥t❛t❛ ❛♥❝❤❡

❧❛ ♣r♦❜❧❡♠❛t✐❝❛ ❞❡❧❧❛ ❞❡❣❡♥❡r❛③✐♦♥❡✱ ❝❤❡ r✐s✉❧t❛ s✐❣♥✐✜❝❛t✐✈❛ ♣❡r tr❛rr❡ ❝♦♥s✐❞❡r❛③✐♦✲

♥✐ ❞✐ ❝❛r❛tt❡r❡ ♣✐ù ❣❡♥❡r❛❧❡ r✐s♣❡tt♦ ❛❣❧✐ st❛t✐ ❝❤❡ ♣♦ss♦♥♦ ❡ss❡r❡ ❞❡✜♥✐t✐ ♠❡❞✐❛♥t❡

✐❧ t❡♦r❡♠❛❀ ♥❡❧❧❛ tr❛tt❛③✐♦♥❡ q✉✐ s✈♦❧t❛ ♥♦♥ s✐ è ✈♦❧✉t♦ ❛♣♣r♦❢♦♥❞✐r❡ ✐❧ ❝❛s♦ ❞✐ ✉♥❛

♣❡rt✉r❜❛③✐♦♥❡ ❝❤❡ r✐s♦❧✈❛ ✉♥❛ ❞❡❣❡♥❡r❛③✐♦♥❡✱ ❛♥❝❤❡ s❡ è ♣♦ss✐❜✐❧❡ ❝❛r❛tt❡r✐③③❛r❡ ✐ ❢❡✲

♥♦♠❡♥✐ ❞✐ ❞❡❣❡♥❡r❛③✐♦♥❡ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ✐♥✐③✐❛❧❡ ❡ ❝r♦ss✐♥❣ ❡♥❡r❣❡t✐❝♦ ❞✉r❛♥t❡ ❧❛

tr❛s❢♦r♠❛③✐♦♥❡✳ ❈♦sì ❝♦♠❡ ♣✉ò ❡ss❡r❡ ✐♥tr♦❞♦tt♦ ✉♥ ❝♦♠♣♦rt❛♠❡♥t♦ s❡♠♣r❡ ❛❞✐❛❜❛✲

t✐❝♦ ♠❛ ❞✐s♦♠♦❣❡♥❡♦ r✐s♣❡tt♦ ❛❣❧✐ st❛t✐ s✉ ❝✉✐ ❛❣✐s❝❡ ❧❛ ♣❡rt✉r❜❛③✐♦♥❡✿ s✐ ♣✉ò ❝✐♦è

st✉❞✐❛r❡ ✉♥❛ ♣❡rt✉r❜❛③✐♦♥❡ ❝❤❡ ♣r❡s❡♥t✐ ✉♥❛ ❞✐♣❡♥❞❡♥③❛ ❞❛❧ t❡♠♣♦ ✭❛❞✐♠❡♥s✐♦♥❛t♦

♦ ♠❡♥♦✮✱ ♣✉r❝❤é ❧❡♥t❛✳

✻✺



❈❖◆❈▲❯❙■❖◆■ ✻✻

▲❛ ❞✐♠♦str❛③✐♦♥❡ ♦tt❡♥✉t❛ ❝♦♥ ✉♥ s❡♠♣❧✐❝❡ ♠❡t♦❞♦ ✈❛r✐❛③✐♦♥❛❧❡ ❝❤❡ q✉✐ s✐ è ❢♦r✲

♥✐t❛ ❞❡❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ♠❡tt❡ ✐♥ r✐s❛❧t♦ ✐❧ ♣❛r❛❧❧❡❧✐s♠♦ tr❛ ✐❧ t❡♠♣♦

✭q✉❛❧❡ ❛r❣♦♠❡♥t♦ ❞❡❧❧✬❡s♣♦♥❡♥③✐❛❧❡ ❝❤❡ ♠♦❞✉❧❛ ❧❛ ♣❡rt✉r❜❛③✐♦♥❡✱ ❡ q✉✐♥❞✐ ❝♦♠❡ ❢❛t✲

t♦r❡ ❞❡t❡r♠✐♥❛♥t❡ ♣❡r ❡ss❛✮ ❡ ❧✬❡s♣❧✐❝✐t♦ ♦r❞✐♥❡ ❞✐ ❣r❛♥❞❡③③❛ ❞❡❧❧❛ ♣❡rt✉r❜❛③✐♦♥❡❀ ❡ss❛

❝♦♥❢❡r♠❛ ✐ r✐s✉❧t❛t✐ ♥♦t✐✱ ❞✐ ✐♥t❡r❡ss❡ ♣❡r ❝♦♠♣❛tt❡③③❛ ❡ s✐❣♥✐✜❝❛t♦ ❞❡❧❧❛ s❝r✐tt✉r❛✱

s✐❛ ♥❡✐ r✐❣✉❛r❞✐ ❞❡❣❧✐ ❛✉t♦st❛t✐ ❞❡❧❧✬❍❛♠✐❧t♦♥✐❛♥❛ ♣❡rt✉r❜❛t❛ ❝❤❡ ❞❡❧❧✬♦♣❡r❛t♦r❡ ❞✐

s❝❛tt❡r✐♥❣✳ ◗✉❡st✐ s♦♥♦ ♦❣❣❡tt✐ ❞✐ ❝✉✐ s✐ è ♠♦str❛t❛ ❧❛ ❣r❛♥❞❡ ♣♦rt❛t❛ ❞❡❧❧✬❡s✐st❡♥③❛

❡ ❞❡✜♥✐③✐♦♥❡✱ ♥❡❧❧✬✐♠♣✐❡❣♦ ❢♦r♠❛❧❡ ❝❤❡ ♥❡ ♣✉ò ❡ss❡r❡ ❢❛tt♦✱ ♣✐ù ❝❤❡ ♣❡r ❧❛ r✐s♦❧✉③✐♦♥❡

♥✉♠❡r✐❝❛ ❞✐ ♣r♦❜❧❡♠✐ ❝❤❡ ♣✉r❡ ♣✉ò ❡ss❡r❡ s✈♦❧t❛✳

❈♦sì ❝♦♠❡ ♣❡r ✐❧ ❚❡♦r❡♠❛ ❆❞✐❛❜❛t✐❝♦✱ ❛♥❝❤❡ ✐❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ♣✉ò ❡s✲

s❡r❡ ✉❧t❡r✐♦r♠❡♥t❡ ❛♣♣r♦❢♦♥❞✐t♦ ❛♥❛❧✐③③❛♥❞♦ ❞✐✛❡r❡♥t✐ ❢✉♥③✐♦♥✐ ❞✐ ❛❝❝❡♥s✐♦♥❡✱ ❛✈❡♥❞♦

❧❡ ❛❝❝♦rt❡③③❡ ❝❤❡ s♦♥♦ st❛t❡ ❞❡s❝r✐tt❡✳ ■♥ q✉❡st♦ ❝❛s♦ ✈❛ ♣❡rò ♦ss❡r✈❛t♦ ❝❤❡ ✐❧ ❚❡♦✲

r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ❡ ▲♦✇ ❤❛ ❞❡❧❧❡ ❛♣♣❧✐❝❛③✐♦♥✐ ❝❤❡ ♣r❡s❝✐♥❞♦♥♦ ❞❛❧❧❡ ❝♦♥s✐❞❡r❛③✐♦♥✐

s✉❧❧✬❛❝❝❡♥s✐♦♥❡ ❞❡❧❧❛ ♣❡rt✉r❜❛③✐♦♥❡✿ ✐❧ r✐s✉❧t❛t♦ ❢♦♥❞❛♠❡♥t❛❧❡ ❝❤❡ ❞❛ ❡ss♦ s✐ ♦tt✐❡♥❡✱

r✐❣✉❛r❞❛♥t❡ ❧✬♦♣❡r❛t♦r❡ ❞✐ s❝❛tt❡r✐♥❣✱ ♣✉ò ♣❡rò ❡ss❡r❡ ❛♣♣r♦❢♦♥❞✐t♦ ❛ ♣❛rt✐r❡ ❞❛ ❝♦♥✲

s✐❞❡r❛③✐♦♥✐ ❞✐ ❝❛r❛tt❡r❡ ❣❡♥❡r❛❧❡ ♣❡r s✐st❡♠✐ ❛❞✐❛❜❛t✐❝✐✳ P❡r q✉❡st♦ ♠♦t✐✈♦ ✉❧t❡r✐♦r✐

r✐s✉❧t❛t✐ ❛♥❞r❡❜❜❡r♦ ❝♦♥t❡st✉❛❧✐③③❛t✐ ♥❡❧❧❛ t❡♦r✐❛ ❞✐ ❝❛♠♣♦ ❡ ❞❡❧❧✬✐♥t❡r❛③✐♦♥❡ ❛ ♠♦❧t✐

❝♦r♣✐ ❝♦♠❡ s✐ ✐♥tr♦❞✉❝❡ ♥❡❧❧❛ s❡③✐♦♥❡ ✸✳✺✱ ♣❡r ✈❡r✐✜❝❛r❡ ❡❞ ❛♣♣r♦❢♦♥❞✐r❡ ✐❧ s✐❣♥✐✜❝❛t♦

❞❡❣❧✐ str✉♠❡♥t✐ ❝❤❡ ❞❛❧ ❚❡♦r❡♠❛ ❞✐ ●❡❧❧✲▼❛♥♥ ♣♦ss♦♥♦ ❡ss❡r❡ r✐❝❛✈❛t✐✳

▲❛ tr❛tt❛③✐♦♥❡ ❡s❡♠♣❧✐✜❝❛t✐✈❛ s✈♦❧t❛ ♥❡❧ ❝❛s♦ ❞❡❧❧❡ ♠❛tr✐❝✐ 2×2 ♠❡tt❡ ✐♥ ❡✈✐❞❡♥③❛

✐❧ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ ❞✬❛❝❝❡♥s✐♦♥❡ ❡s♣♦♥❡♥③✐❛❧❡✱ s✐❛ ♥❡❧❧❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡

❛❞✐❛❜❛t✐❝❛ ❝❤❡ ♥❡❧❧✬❡✈♦❧✉③✐♦♥❡ t❡♠♣♦r❛❧❡✳ ❈✐ ❛s♣❡tt✐❛♠♦ ❝❤❡ ❛♥❝❤❡ ♥❡❧ ❝❛s♦ 3×3 t❛❧❡

❛❝❝❡♥s✐♦♥❡ ❞❡t❡r♠✐♥✐ ✉♥ ❛♥❞❛♠❡♥t♦ ❛♥❛❧♦❣♦✱ s❡♣♣✉r❡ ♣✐ù ❞✐✣❝✐❧❡ ❞❛ tr❛tt❛r❡ ♣❡r

❧❛ s♦✈r❛♣♣♦s✐③✐♦♥❡ ❞❡❣❧✐ ❡✛❡tt✐ r❡❧❛t✐✈✐ ❛ st❛t✐ ❞✐✛❡r❡♥t✐ ❞❡❧❧❛ ♣❡rt✉r❜❛③✐♦♥❡✱ ❝❤❡ è

❞❡✜♥✐t❛ ❝♦♥ ♣✐ù ❞✐ ✉♥ ❣r❛❞♦ ❞✐ ❧✐❜❡rtà✳ ❙✐ ♣♦ss♦♥♦ ❝❡r❝❛r❡ s♦❧✉③✐♦♥✐ ❛♥❛❧✐t✐❝❤❡ ♦

❛♣♣r♦ss✐♠❛t❡ ❞❡❧ ♣r♦❜❧❡♠❛ ❛ tr❡ st❛t✐✱ ♠✉♦✈❡♥❞♦ ❞❛ ♣❛r❛♠❡tr✐③③❛③✐♦♥✐ ❞✐ U(3) ♦

st✉❞✐❛♥❞♦ ❞❡❧❧❡ s♦✈r❛♣♣♦s✐③✐♦♥✐ ❞✐ ❢✉♥③✐♦♥✐ ❞✐ ❇❡ss❡❧✳ ▼❛ q✉❡st♦ ❝❛s♦ ♥♦♥ ❜❛♥❛❧❡

r❡st❛ ✐♥t❡r❡ss❛♥t❡ ♣❡r ❧❡ ✐♠♣❧✐❝❛③✐♦♥✐ ❝❤❡ ❞❛❧ ❝❛s♦ ❜✐❞✐♠❡♥s✐♦♥❛❧❡ ♣♦ss♦♥♦ ♥♦♥ ❡ss❡r❡

❡✈✐❞❡♥t✐✳



❇✐❜❧✐♦❣r❛✜❛

❬✶❪ ❚✳ ❑❛t♦✱ ❏✳ P❤②s✳ ❙♦❝✳ ❏❛♣❛♥ ✺✱ ✹✸✺ ✭✶✾✺✵✮

❬✷❪ ▼✳ ●❡❧❧✲▼❛♥♥ ❛♥❞ ❋✳ ▲♦✇✱ P❤②s✳ ❘❡✈✳ ✽✹✱ ✸✺✵ ✭✶✾✺✶✮

❬✸❪ ●✳ ◆❡♥❝✐✉ ❛♥❞ ●✳ ❘❛s❝❤❡✱ ❍❡❧✈✳ P❤②s✳ ❆❝t❛ ✻✷✱ ✸✼✷ ✭✶✾✽✾✮

❬✹❪ ▲✳ ●✳ ▼♦❧✐♥❛r✐✱ ❏✳ ▼❛t❤✳ P❤②s✳ ✹✽✱ ✵✺✷✶✶✸ ✭✷✵✵✼✮
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