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Introduction

Since its discovery in 1911 by Kammerling-Onnes ([5]), superconductivity has
always been an intriguing topic in condensed matter physics. Many efforts have
been spent by theorists through the years, in order to find an adequate solution
explaining the microscopical mechanisms ruling the superconducting phase.

In 1935, Fritz and Heinz London attempted to explain superconductivity
through a phenomenological model based on the idea of a an irrotational fluid
of electrons in these materials [6]. The application of fluidodynamics laws then
led to the first explanation of the Meissner-Ochesnfeld effect [7].

A few years later, a great success was achieved by Lev D. Landau and Vitaly
Ginzburg [8] who applied their phenomenological theory of phase transitions [9]
to superconductivity; this lead to the understanding of the behaviour of many
physical quantities near the transition and, after a work by Abrikosov [10], to
the description of the differences between type-I and type-II superconductors.

Despite the great successes achieved with the phenomenological approach, a
microscopical theory was necessary, in order to understand the very nature of
superconductors. This microscopical theory was indeed developed during the
fifties by John Bardeen, Leon Cooper and Robert Schrieffer [14]. They suggested
that in some materials, at low temperature, there exists an attractive interaction
between electrons, mediated by the quanta of lattice vibrations: the phonons.
This attraction leads to a bound state of two electrons, called Cooper pair, that
thus create an energy gap A in the electronic spectrum in a very narrow range
of energies in the proximity of Er. The creation of pairs in these materials gives
to electrons an order parameter, the phase of the wavefunction, resulting in the
absence of resistivity.

This intuition revealed to be correct, as soon as comparison between theo-
retical predictions and experimental data showed a surpisingly great accord.

In spite of their exceptional agreement with observed phenomena, both
Ginzburg-Landau and BCS theories are developed in a Mean Field Approxi-
mation (MFA). It is common, in physics, to use this approximation in order to
work out otherwise unsolvable problems; in the great majority of cases, this ap-
proach can give qualitative insight, but fails when things get quantitative. This
is because, in most systems, the effects beyond the MFA, known as fluctuations,
have a significant role.

As shown by Ginzburg [19], this is not the case for bulk, type-I supercon-
ductors, where fluctuations show to become considerable only in a very narrow
range of temperatures around 7.

Nevertheless, through years, many particular superconductive materials have
been discovered, whose behaviour MFA cannot account for. Even if Anderson
proved ([53]) that disorder should not affect three-dimensional superconduc-
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tors, when lower dimensionalities are taken into account this is not the case
anymore. In these materials, impurity concentration plays a fundamental role,
and fluctutations show to have a much larger action.

Many new techniques, both phenomenological and microscopical, have been
created and are still used nowadays in order to account for these effects.

After Anderson’s paper [33], the interplay between disorder-induced local-
ization and charge transport became a hotly debated topic. In the eighties,
Altshuler and Aronov started the investigation on the combination of Ander-
son’s localization and of electron-electron interactions [27].

The developement, of this subject opened the possibility of the occurrence
of a transition from the superconducting phase to an insulator (SIT). The SIT
was first introduced in the late eighties/early nineties and it is still nowadays
an open subject.

About the Superconductor-Insulator Transition, many scientists proposed
their own idea of the mechanism driving the passage from the two farthest
scenarios in charge transport. Among them, two main frameworks arise: the
fermionic and the bosonic hypothesis.

According to the first [48], Cooper pairs break up at the transition due to
fluctuations in the amplitude of the order parameter, thus the superconducting
phase disappears, leaving bare electrons that can localize as a consequence of
disorder. The second one [31], on the contrary, suggests that Cooper pairs
survive the transition, but phase fluctutations destroy their coherence hence
they persist as localized bosons and therefore conductivity is zero.

At the present stage, none of this scenarios seems to be clearly the right one,
since many experimental data have been found in agreement with predictions
made by both of them. Nevertheless it seems that homogeneously disordered
systems are ruled by fermionic transition, while granular films show a much
more bosonic behaviour.

Some recent experiments [2] showed uncommon features in nominally homo-
geneous ultrathin NbN films. Characteristics belonging to the different schemes
manifest on the same samples, suggesting that possibly a continuous evolutions
between the two there may exist.

Novel features, such as a cross-over between a 2D and a 0D-like paracon-
ductivity trend, rose many questions on the fluctuations’ behaviour in these
films. The hypothesis of an anomalous diffusion of fluctuating Cooper pairs was
proposed as a possible answer. In the same paper, it has been proved that this
anomaly could indeed explain the behaviour in the excess conductivity.

We argue that in these niobium nitride thin films, a different type of disorder
arises. Even if morphologically the samples seem to be homogeneously disor-
dered, the electronic spectra showed that some other type of inhomogeneity is
somehow present in the films. There are some regions where the pseudogap
(i.e. the depression of the DOS around the Fermi energy above the critical
temperature) is higher than the expected value. We call these areas supergrains
and hypothesize that the anomalous diffusion law is strongly related to their
presence.

The aim of this thesis is thus to calculate the DOS of this system, taking into
account the anomalous diffusion in the fluctuations’ propagator. We want to
prove that this different type of disorder is effective in increasing the pseudogap
and that the size of the supergrains obtained via our calculations matches the
value obtained thorugh experiments.
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The importance of this work relies in the novelty of the approach to fluctu-
ations and to the interesting fact that the samples studied seem to belong to
an intermediate region of disorder, where both the fermionic and the bosonic
behaviours contribute. We hope, with this thesis, to obtain a comparison of
the theoretical curves with tunneling spectra, in order to better understand the
physics beyond this strange features. Certainly, more experimental effort in this
sense should follow, as the results available at the moment are not enough to
allow neither fitting nor statistical analysis.

Clearly, to get the real comprehension of the physical nature of this charac-
teristics, a microscopic approach should be combined with this phenomenologi-
cal study.

Finally, the structure of the following work is given: in chapter one the phe-
nomenology of disordered and low-dimensional superconductors is presented,
together with the two main theoretical frameworks of the SIT. Furthermore, we
show in some detail the experimental data coming from [2] on NbN ultrathin
films. In chapter two, we deal with the theoretical background on fluctuations
explaining the main features characterising the disordered superconductor. In
chapters three and four the results obtained with the anomalous diffusion law
are presented and commented, highlighting their successes and their limits and
suggesting further analysis in order to improve our understanding of these sam-
ples.

v



Chapter 1

Fluctuation phenomenology

Both the phenomenological theory of Ginzburg and Landau [8] (GL) and the
quantum microscopical one of Bardeen, Cooper and Schriffer [14] (BCS), are de-
veloped in a Mean Field Approximation (MFA) framework. Although usually
MFA gives only qualitative explanations, in the lucky case of superconductors,
quantitative results are found in perfect agreement with experimental data of
bulk, clean, type-I superconductors. This is because, as shown by Ginzburg
[19], fluctuational effects, in these systems, are practically negligible. He calcu-
lated the fluctuations’ contribution to heat capacity, finding that their effects
are important in a very narrow range of temperatures 67/T, ~ 10712 +1071* K
from the transition, so that this phenomenon is not experimentally accesible in
bulk superconductors. Nevertheless, in the second half of the 20th century, after
the discovery of dirty [47] and low dimensional [45],[46] superconductors, many
new features came out, which MFA is not able account for. Generally speaking,
fluctuations make the transition from the superconducting to the normal phase
less sharp, often giving some precursor effects, at temperature T > T,.. Further-
more, thinness and disorder cause the transition temperature to decrease. In
this chapter, we will briefly review the most important of these features, which
gave rise to the need of analizing fluctuations in superconductors.

1.1 Experimental observations

In this section, we will present some of the most relevant phenomena connected
to fluctuations, giving experimental evidence of their important role in some
particular materials.

Moving away from the ideally clean, 3D, type-I superconductor, for which
the BCS mean field approximation is in perfect agreement with experimental
results, the situation becomes more complicated by all means. Even though deep
inside the superconducting phase, the main characteristic, both electronical and
termodynamical, of the material are not affected by fluctuational effects, both
near and above the transition, these can change the behaviour of the sample.

The enhanced effect of fluctuations can be attributed to different physical
reasons. Among them certainly disorder plays an important role, as well as
dimensionality.

At a first glance the main effect of these is the decreasing of the critical
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Figure 1.1: Resistance measurements in two different superconductors, the sharp
transition at the critical temperature is well displayed in both cases.

temperature and even its vanishing at a critical disorder concentration or thick-
ness. The experimental results shown in fig.1.2, from [49], show an interesting
behaviour of the transition temperature with the decrease of the film thickness
t. For t > 30A, the thinner the sample, the higher the transition tempera-
ture. Nevertheless, as soon as the thickness becomes smaller than this value,
the samples show a dramatic decrease in T,, thus establishing a difference be-
tween thin and ultrathin films. On the right panel the diagram for the sheet
resistance as a function of thickness is displayed. Again at the same thickness
value of ¢ ~ 30Athe the behaviour drastically changes and a huge increase in
sheet resistance is observed for ¢ < 30A.
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Figure 1.2: T. (left) and Ry (right) vs t (film thickness) for Al thin layers
deposited on SiO substrates. We can observe how, at thickness t < 30Athe
critical temperature dramatically decreases while the sheet resistance has a huge
increase.

Furthermore, many other physical quantities show unexpected behaviours in
these kind of superconductors, strongly deviating from their Mean Field Theory
(MFT) values. These effects arise either in the smoothening of the transition or
in precursor effects.



Among the firsts, certainly we can consider the resistance behaviour and the
heat capacity jump for disordered and low-dimensional superconductors.
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Figure 1.3: Resistance data from Strongin et al. paper ([21]). If compared with
the sharp transition of figure 1.1, it is clear how in these granular aluminum
films the transition region is strongly broadened.

Glover [18] firstly and a little later Strongin et al. [21] showed for the first
time, in the late sixties, that for some granular superconducting samples, it
was possible to experimentally observe a smoothening of the otherwise sharp
resistance transition from the normal to the superconducting phase. What they
measured was an unexpected widening of the transition region; as said before in
this chapter, Ginzburg calculations predicted the transition to occur within an
extremely narrow interval of temperatures. All the previous experiments indeed
confirmed this theoretical estimation, as shown in figure 1.1. In systems where
fluctuations have a significant role, though, the possibility to see some smearing
effects arises.

The resistance measurements performed by Glover on amorphous bismuth
samples, indeed showed an anomalous decrease in resistivity before the transi-
tion temperature in a range of a few mK. Later, Strongin et al. noticed a similar
behaviour in granular Al films.

As seen in fig. 1.3, the sharp transition expected is effectively smoothened,
leading to a different behaviour around 7,. The fit, solid line in the figure,
is carried out with a function of the form R/Ry = (1 + ¢y/e)~!, where € =
(T —T.)/T. is the reduced temperature and ¢ is its value when R = 1 Ry.

As will be explained in section 2.2, this is in a very good agreement with the
Aslamazov-Larkin microscopic theory of paraconductivity [17].

The resistance (or equivalently the conductivity) is not the only physical



quantity that is affected by fluctuations. A similar effect of smoothening is
indeed observed in at least two other superconductor characteristics: the heat
capacity and the energy gap in the density of states.

The behaviour of heat capacity of a pure superconductor in proximity of its
critical temperature is one of the main features of these kind of materials and
is strictly connected to the presence of the gap in the DOS.
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Figure 1.4: Heat capacity jump AC vs T in the ideal case (a) and its smoothening

(b)

It shows, as highlighted in figure 1.4(a), a typical jump AC at T = T,
separating the metallic phase, with its linear growth, and the superconducting
one, characterised by an exponential behaviour.

This is not the case, anyway, for the whole new group of materials in which
fluctuation phenomena have great influence. Figure 1.4(b) shows many exper-
imental data showing this effect. The ratio of ACg,, to the jump predicted
by mean field theory and verified in type-I superconductors is plotted against
T-T..

We can see that deep inside the superconducting region, the ratio is almost
fixed to unity, while approaching the critical temperature it has a little peak
and then reaches a very small value. This reveals a decreasing of the sharpness
of the jump, as shown in the inset in the picture.

A theoretical explanation of this effect is indeed possible taking into account
also fluctuations in termodynamic quantities.

To conclude this section, we will describe two phenomena belonging to the
precursor effects’ category:pseudogap and paraconductivity.

Pseudogap consists of a suppression of the one-electron density of states
around the Fermi energy due to the persistence of fluctuating Cooper pairs
above the critical temperature.

Experimental data come from tunneling current measurements and have
been refined through years. Cohen et al. achieved, among the firsts, some



good density spectra above T, in a Josephson junction system where two su-
perconducting layers, one in its flcutuational phase and the other deep into the
superconducting state, are connected through an insulator. In the case here re-
ported, [24], the first layer was composed by granular aluminum, the insulating
material was aluminum oxyde, while the superconductor was lead or indium.
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Figure 1.5: DOS data from Cohen et al. article ([24]). It can be easily observed
the dip at the Fermi energy and its decrease with rising temperature.

In figure 1.5, we can see that a pseudogap-like behaviour exists up to rela-
tively high T'/T, ratios of 1.274. The closer T'/T. to unity, the deeper the dip
at the Fermi energy of the Density of States, while at T" < T, the entire gap is
restored, together with coherence peaks. We must highlight here that coherence
peaks are indeed a hallmark of the superconductive phase. The formation and
the subsequent condensation of Cooper pairs, indeed, gives to the system an
order, which displays in peaks in the single-electron DOS. Therefore, the com-
bination of the energy gap and of the coherence peaks in the electronic spectrum
highlight the presence of superconductivity. The sole energy gap, thus, is not a
sufficient evidence of the superconducting phase.

Authors observe that the temperature range in which these anomalies in
the electronic spectrum are measured is the same in which charge transport is
affected by fluctuations, too.

In the last fourty years a great improvement in microscopical techniques, and
specifically in Scanning Tunneling Microscopy and Scanning Tunneling Spec-
troscopy (STM and STS), lead to experimental pseudogap data of a very high
quality.

A more recent work by Sacépé et al. [23], shows the presence of pseudogap



in a conventional superconductor, ultrathin films of TiN, in the proximity of the
transition to the insulating state (SIT).

a

Mormalized conductance

Figure 1.6: Conductance of three different TiN thin films, measured by Sacépé
et al. reported in [23]. A strong pseudogap feature is clearly measured in all the
three samples, up to high temperatures.

In figure 1.6 the conductance spectra of three samples (namely TiN1 (a),
TiN2 (b) and TiN3 (c)) is shown up to many times the critical temperature,
always displaying pseudogap features. We can clearly see that below T, the
energy gap is combined with the presence of coherence peaks, thus indicating
superconductivity. The strong surviving of the pseudogap above T, seems to be
connected to the proximity of a transition to the insulating phase and to the
low dimensionality of the system.

The last phenomenon that will be presented in this section is paraconductiv-
ity. We already discussed the effects of fluctuations in resistance as an example
of the smoothening of the superconductive transition. Now we will briefly show
how the same behaviour can be seen as a precursor effect, also. Since resistance
is reduced at T" > T, from its normal value, an increase of the conductivity in
the sample, above the transition, is observed. This increase is singular in the
reduced temperature, thus diverges at the transition, leading to superconductiv-
ity. Consequently, we can consider this phenomenon effectively as a precursor
one, as it discloses superconductive features at temperatures higher than the
critical temperature.

1.2 Superconductor Insulator Transitions (SIT)

Disorder in electronic systems has a dramatic effect; in normal metals it can lead
[32] to a Metal-Insulator Transition (MIT) due to the phenomenon known as
Anderson localization [33]. In the presence of impurities, the electronic motion
is indeed disturbed and, with increasing disorder, it can lead to an insulating
phase. This defects-driven transition from metal to insulator has been studied
for the last 60 years.

Nevertheless, when the metal happens to be a superconductor, it is shown
through the so-called Anderson’s theorem [53], that disorder poorly affects the
critical temperature and the energy gap. As mentioned in the previous section,



though, experimental evidence of critical temperature reducing is observed in
dirty low-dimensional systems. This means, as formerly said, that fluctuations
of the order parameter have an important role in these materials.

A Superconductor-Insulator Transition (SIT) due to quantum flucutations
is expected to occur at T'= 0 K for a certain value of impurity concentration
and at very small film thickness ([34]). It is mainly in two-dimensional systems
that this transition is indeed observed ([38],[39],[40]), as fig.1.7 shows, since
superconductivity is weaker in 2D media and localization is stronger.
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Figure 1.7: Resistivity curves for different disorder intensities. The most disor-
dered samples (D-A) do not show a transition to the superconducting phase, thus
their critical temperature is zero. Samples E-H, instead, show a non-zero T,
but its value decreases with increasing disorder. It is noteworthy the decreasing
of normal state resistivity for decreasing disorder (A—H).

While in metals the only carriers that can localize are electrons, in supercon-
ductors a question naturally arises on the action of disorder: it firstly destroys
Cooper pairs and then localize bare electrons or the Cooper pairs are driven,
altogether, to localization?

The answer is that both these scenarios are possible and experimentally ob-
served.

The order parameter ¢ is a complex value: ¢y = V/Ae*®, where A is the
energy gap. Consequently fluctuations can affect either the amplitude or the
phase of v, leading to the two different scenarios mentioned above.

The first one, known as fermionic scenario is observed in homogeneously
disordered systems and it ascribes the transition to fluctuations in the amplitude
of the order parameter. If instead the transition happens because of fluctuations
of the phase ¢ of the order parameter, the second picture of a bosonic framework
arises. This usually happens when the system is strongly disordered or granular.

As mentioned above, experimental results are found in agreement with both
the thoeretical frameworks proposed. On the one side, some electronic density



of states measurements ([41],[42]) showed that the energy gap vanishes at the
SIT, thus suggesting that Cooper pairs break-up at the transition. On the other
hand, though, transport properties exhibit a scaling behaviour consistent with
the one predicted in the bosonic hypothesis [43],[44].

A computational work by Bouadim et al., [20], took into accout the fermionic
hamiltonian of the Hubbard model, eq.1.1, where ¢ and ¢! are the annihilation
and creation fermionic operators, t is the hopping constant between neighboring
sites R and R/, Vi is a random potential and |U| is the on-site attraction
generating the superconducting phase

H=—t Z (CEUcR/U + CTR,UCRU) — Z(,u —Vr)nge — |U]| ZnRTnRJ,. (1.1)
(RR"),0 Ro R

In their simulations, the authors included thermal and quantum fluctuations,
together with inhomogeneities in the amplitude of the order parameter. This
led, through quantum Monte Carlo (QMC) calculations, to the study of several
single particle spectra, with varying temperature and disorder strength (V).
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Figure 1.8: Upper row: N(w) maps for different T and V wvalues. In the first
panel on the left, the temperature is kept constant while disorder (V') is increased:
the gap in the DOS is always observed (black region). In the central panel an
intermediate disorder value V' = 0.5 is used, while varying temperature: beyond
a certain T wvalue, both the gap and the coherence peaks vanish, thus indicating
the insulating phase. In the last panel, V has a quite high value, and at all
temperatures mo coherence peaks are shown: this panel displays an insulator.In
the lower row spectra are compared in the same conditions of the upper row
maps.

In figure 1.8 some of the results of [20] are shown. In the left panels, the
electronic spectrum is displayed at a fixed temperature of 7' = 0.1 K and at
increasing disorder. It is possible to observe how the energy gap persists at all V'
values, but the coherence peaks are lost as disorder is increased. At the centre
of the figure, a study of temperature dependence of the density of states at a
fixed disorder value V < V, is performed. While the coherence peaks, in red,
vanish at the critical temperature, the pseudogap strongly persists well above
the transition. In the upper panel, the blue region around zero coincides with



the energy gap (dark blue) or the pseudogap, depending on the temperature. We
can, then, observe the pseudogap feature even above the transition temperature
of 0.2 K, at which, instead, the coherence peaks vanish. Lastly, on the right
figure, a similar investigation is pursued in a different disorder regime, above
the critical value V.. It is noteworthy the absence of coherence peaks at any
temperature, proving the insulating phase. Furthermore we can observe how the
low temperature energy gap evolves to a pseudogap as temperature is increased.

Further efforts, [54], have been spent in order to understand by computa-
tional tools the nature of the transition. In the cited paper, it is shown that with
increasing disorder the amplitude of the order parameter begins to be rather in-
homogeneous, forming some puddles of A(R) # 0 embedded in an insulating
phase where no pairing is observed. It is then argued that at this disorder
values, also phase coherence is destroyed by fluctuations, thus the different lo-
cally superconducting regions, whithin which coherence is still present, have no
accord between them, leading to an overall insulating phase (fig.1.9).
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Figure 1.9: On the left: A(R) maps for different disorder strengths show
evolution from an homogenous distribution to isolated puddles; on the right:
schematic explanation of the coherence loss between different superconductive
regions

As shown in the right-upper panel of figure 1.9, amplitude fluctuations could
be uneffective in destroying phase coherence, when acting alone, while when to
these phase fluctuations are added, the effect is of changing the order parame-
ter’s phase in the regions where its amplitude is lower, with a little energy cost,
and thus lead to a total loss of phase ordering, as displayed in the lower panel.

1.2.1 Bosonic picture

As stated above, the bosonic scenario suggests that Cooper pairs survive the
transition and still exist in the insulator. Nonetheless, their persistence at the
insulating side of the transition cannot lead to conducitivity, as the granular
structure of the materials forces the Cooper pairs to localize in grains or puddles
whithout any coherence between them. As a consequence, in this scenario the
loss of superconductivity cannot be ascribed to fluctuations in the amplitude of
the order parameter, hence to the break-up of Cooper pairs, but rather to phase
inhomogeneities, destroying the superconducting stiffness.



Figure 1.10: The granular structure of a Pb film, obtained thorugh STM

T

Superconductor

Ac  Insulator A

Figure 1.11: SIT phase diagram, reported from [37]. Dashed line: temperature
T* at which Cooper pairs begin to form. Solid line: critical temperature T,,
at which resistance goes to zero. At T = 0 and A = A, the transition from
superconductor to insulator sets in.

In figure 1.11 the phase diagram of a two-dimensional amorphous supercon-
ductor is shown, as a function of temperature and disorder A. The dashed
line represents the critical temperature at which Cooper pairs begin to bind
together. It is possible to appreciate how this curve diverges from the transition
temperature as disorder is increased. The Superconductor-Insulator transition
sets in at T'= 0 at a certain critical disorder A..

In the bosonic hypothesis, the critical temperature at which Cooper pairs
begin to bind, i.e. the temperature below which A > 0, is weakly affected by
disorder, which is much more effective in generating fluctuations in the phase.
It is possible to observe in some experimental R vs T curves, like the one in
figure 1.12, how this is indeed the case for some granular samples, where a
sharp change in the resistance behaviour is measured at a fixed temperature
T*, where pairs are formed, not varying with increasing disorder.

On the other hand, though, charge transport at T' < T* is quite compli-
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Figure 1.12: Tin resistance data for increasing disorder; the knee at which there
s a change in the behaviour always happens at the same temperature.

cated by phase fluctuations, decreasing the conductivity with increasing disorder
and pointing to an insulating phase, cahracterized by a quasiparticle tunneling
transport. Charge transport between incoherent contiguous grains may occur
through Josephson tunneling. Since Cooper pairs are made of two bound elec-
trons, their tunneling probability is roughly the square of the bare electron
one. Consequently electronic quasiparticle hopping between neighboring grains
is preferred with respect to Cooper pairs tunneling current. For the same rea-
son, these granular superconductors have a negative magnetoresistance. The
effect of the magnetic field, in fact, is of destroying Cooper pairs, thus yielding
an increase in charge current, as single electrons have a greater mobility in these
systems.

Concerning spectral features, a persisting energy gap in the insulating phase
is expected, since A # 0 there and Cooper pairs are still bound together. This
feature is confirmed by many tunneling spectroscopy conductance experiments,
showing a hard gap for some temperature ranges followed, generally, by a pseu-
dogap.

In order to give a suitable theoretical background to the bosonic hypothesis,
in the late eighties Fisher et al. [31] introduced a complete formalism with
the aim of studying lattices of bosons in the presence of disorder, represented
by a random potential. A little later, [35], the application of the formerly
introduced formalism to the problem of a condensate of bosonic Cooper pairs
was pursued in more detail. In accord with the persistance of Cooper pairs in
the insulating phase, the authors stated that the SIT could be described within
a framework of 2e-charged bosons moving in a random potential. In this theory,

11



the competition between kinetic energy and repulsive interaction, together with
the random potential is responsible for the transition. The first, in fact, has a
tendency to delocalize particles and reduce phase fluctuations and thus lead to
Cooper pairs’ condensation, while the second enhance on the contrary particles
localization. Then, when the density degrees of freedom are somewhat frozen,
the conjugate quantum d.o.f., namely the phase, fluctuates more widely.

The hamiltonian describing this system is:

H=- Z(*J0+M+5M)Ni+%v Z Nz‘(szfl)*% Z Jij(Pldj+ld:). (1.2)
% [ 1,7

Where ¢ 1s a bosonic field operator, satisfying the canonical commutation
rules, N; gi) qi)z is the number operator, counting the number of particles in
a determinate state, J; ; is the hopping strength between sites ¢ and j (Jo =
Zi,j Ji ;), v is the chemical potential and dy; is a random on-site potential with
zero mean. V is the strength of the on-site soft core repulsive potential. The
distribution of du; could be either uniform or gaussian and it depends on the
value of the disorder A.

Since the transition is expected at zero temperature, the universal scaling
cannot, be found as a power law of T'— T, and a parameter ¢, measuring the
distance from the transition at 7' = 0 must then be added. According to the
theory, then, the coherence length diverges at the transition as £ ~ d~%; fur-
thermore a characteristic frequency 2 ruling all energy and temperature scales
arises in this system, vanishing at the transition as Q ~ 7% = Q ~ §*.

According to Fisher et al., between bosons (i.e. Cooper pairs) and vortices in
the bosonic wave-function a dual relation exists, at the transition. Hence, while
in the superconducting phase Cooper pairs Bose-condense, leading to zero resis-
tance, and vortices are localized, in the insulating phase, on the contrary, bosons
are localized, impeding conductivity at all, whereas vortices proliferate and con-
dense. The transition is the point at which bosons and vortices exchanghe their
roles, and thus they are both mobile, leading to a finite resistance. Theoretical
calculations, indeed, give a conductivity behaviour which remains finite, at the
criticality, when the temperature is lowered to zero: o(T,¢ = oo) ~ T(P=2)/2,

In the two-dimensional case, the resistance per square R, when expressed
in units of the quantum of resistance h/4e?, is a pure number. Renormalization
group analysis shows that this number is, similarly to the critical exponents,
a universal value, not depending on the microscopic nature of the sample, but
only on the universality class it belongs to [37],[35]. Experiments on Josephson
junctions arrays, through which is possible to describe granular superconductors,
show effectively to approach a finite universal resistance at 7' — 0, [55].

1.2.2 Fermionic picture

At the opposite side of granular systems, there are homogeneously disordered
materials, the difference being in the typical lengthscales over which disorder dis-
plays. In granular systems, impurity’s distribution is strongly inhomogeneous,
forming grains, while at the opposite side stand homogeneous dirty supercon-
ductors, where impurities are distributed homogeneously in the sample.

In granular films (fig.1.12), when disorder is increased, the temperature range
over which R reaches zero may become a few Kelvin wide. On the contrary, in
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homogeneous samples a rather direct superconductive transition is observed at
all disorder values A < A.. In figure 1.13 it appears clearly this behaviour for
decreasing film thickness of homogeneous bismuth samples: at ¢t > t. the tran-
sition occurs in a narrow temperature range. At ¢t < t., instead, the transition
to the insulating phase takes place.

0*

15

Figure 1.13: Sheet resistance vs temperature for homogeneously disordered Bi
films; data from [57]. Decreasing the film thickness (lower to upper curves),
the critical temperature decreases and, at some critical thickness t., it vanishes.
Remarkably, the behaviour at t > t. always shows a quite sharp transition, if
compared to other similar curves from granular films (see fig.1.12).

Another interesting quality strongly different from granular systems’ charac-
teristics is the decreasing of the transition temperature with increasing disorder.
We can observe this feature both in figures like 1.13 where the transition knee
is moved towards the left side of the x-axis and in graphs like the one of figure
1.14, where the critical temperature is plotted against the sheet resistance of
the film in the normal state (clearly the bigger Rg the stronger the disorder).
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Figure 1.14: Upper panel: T, vs R for homogeneous Pb and Sn samples; Lower
panel: AJT. vs R for the same samples. The constant ratio, at least for the
lead sample, indicates that together with T, also the energy gap decreases and
eventually vanishes.

From the bottom panel of figure 1.13 another remarkable feature arises:
the energy gap reduces roughly at the same rate as the critical temperature,
in contrast with the observation of energy gap inside the insulating phase for
granular superconductors.

According to these observations, Finkel’stein proposed that the mechanism
relying behind the SIT in homogeneously disordered superconducting films is
driven by the amplitude of the order parameter, related thus to the suppres-
sion of the gap and of T, with increasing disorder. In this picture then is the
competition between the phonon-mediated attraction between electrons and the
Coulomb repulsion that drives the transition. While the first is substantially
independent on the disorder strength, impurity scattering considerably reduces
the electronic screening, making the Coulomb repulsion more effective. Since
the binding energy of the Cooper pairs is roughly the sum of these two contri-
butions, when disorder is enhanced, there will be a certain point beyond which
electrons’ attraction does not exceed their repulsion anymore, thus leading to
pairs’ breaking.

After destroying Cooper pairs, disorder drives single electrons to a weak
localization, bringing the system to an insulating phase.

Since the main parameters of the Fermi liquid are invariant under the varying
of the film thickness, while the sheet resistance obviously is not, it is argued that
the variation of the critical temperature with Rg must be ascribed to the sole
interplay of Coulomb repulsion and impurities scattering. Consequently, the
expression of T.(Rp) is researched considering only these interactions, together
with renormalization group’s equations for the electron gas. The reduction of

14



the transition temperature with respect to the bulk one is expressed in eq.1.3:

T. _1 [(1 N V(€2 /4m2h) R (1 V(€2 /472 h) R )_1]1/\/(62/W2h)35
=e 7 — )
Teo v — (e2/8m2h) R ~v — (e2/8m2h) R
(1.3)
Where v = m, with 7 as the free path time. The behaviour of this

expression is linear with the sheet resistance for (e?/47?h)Rg < |v|?, to which
follows a slow-down in the decrease of T, that vanishes at ~ 72 and thus at a
value which is material-dependent, being function of the lifetime 7. The only
fitting parameter of this equation is v and a very good agreement is found for
Mo-Ge data, whose comparison with the theoretical prediction is showed in
figure 1.15.
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Figure 1.15: T, vs R for Mo-Ge data (empty circles) compared with theoretical
prediction (thick line)

We can notice the initial linear decrease, followed by the predicted slow-down
and the final total vanishing of the critical temperature.

1.3 NDbN ultrathin films

The main focus of this thesis is finding a theoretical counterpart to the STS con-
ductance data obtained on niobium nitride ultrathin films in [2]. The thinnest
of the samples studied in the cited paper show in fact many anomalies in charge
transport and spectral properties, when related to their morphological features.

Niobium nitride is a s-wave superconductor with a tridimensional fcc struc-
ture like the one sketched in fig.1.16. It thus has four niobium atoms per unit
cell, each of them carrying five electrons in the outer shell, as Nb electronical
structure is [Kr|4d*5s!, for a total carrier number per cell of 20. Its lattice
parameter is a = 4.413 A, giving a carrier density n = 2.33 x 10%*m=3.

As a conventional superconductor, niobium nitride has a quite large transi-
tion temperature of ~ 16 K and a small coherence length & < 5 nm. Further-
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Figure 1.16: FCC structure of niobium nitride, in green Nb and in white N
atoms

more it has a large penetration depth. These characteristics allow the production
of thin films, even two-dimensional, with a transition temperature of typically
a few Kelvin. Moreover, NbN films have good mechanical and chemical prop-
erties. All these features make niobium nitride an excellent compound to study
many physical phenomena in low-dimensional systems.

The films studied in this work are only a few nanometers thick and substan-
tially two dimensional, since their coherence length is larger than the sample
thickness. They have been produced in Karlsruhe Institute of Micro and Na-
noelectronic Systems laboratories using the magnetron sputtering of a niobium
target in a Ar+Ny atmosphere; the substrate used was the optically polished
side of sapphire crystals. Ny partial pressure and deposition rate were optimized
in order to have the highest transition temperature [58]. Figure 1.17 displays a
TEM image of a sample of thickness t = 2.33 nm.

The film shown in this image is composed by nanocrystal of typical size
d~2-=+5nm.

Among the experimental parameters of some importance, certainly thickness
and aging have the main roles. It was indeed found in studies on the transition
temperature that decreasing film thickness and after time cicling T, reduced
from its original value. Together with critical temperature lowering, normal
resistance enhancement was measured, thus making of these two parameters
good tuning tools of the SIT.

Remarkably it appears from experimental data that thinner films have un-
expected behaviours in some measured physical quantities.

While the thickest of the films showed features in good agreement with the
expected behaviour, the thinnest and aged samples exhibited anomalies in para-
conductivity, electronic inhomogeneities and pseudogap. These phenomena are
not in accord with the formal characteristics of the samples: two-dimensionality
and homogeneity. As will be illustrated in the following, paraconductivity
displays a behaviour that can be explained formally by a zero-dimensional
Aslamazov-Larkin theory. Spectral properties, instead, show inhomogeneities on
a lengthscale different from the one highlighted in morphological maps. More-
over, these characteristics belong to different SIT frameworks. Paraconductivity
is understandable in a fermionic scenario, as we already stressed that transport,
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Figure 1.17: TEM image of a NbDN sample; the presence of a niobium oxyde on
top of the film is argued from AFM data and chemical analysis

in bosonic systems, is characterised by quasiparticles tunneling. On the other
hand, pseudogap is definitely a bosonic hallmark.

In order to have a better understanding of these strange properties, we will
briefly report the main results obtained in [2].

1.3.1 Pseudogap Inhomogeneities

The samples were measured by Scanning Tunneling Microscopy with the aim
of confirming their overall homogeneous morphology. The topographic maps
show, as reported in fig.1.18, that the surface has some small inhomogeneities,
corresponing to the cristallites composing the whole crystal, of a dimension
d. ~ bnm.

From Scanning Tunneling Spectroscopy maps, it was possible to display the
gap A(zx,y) on the same areas studied with topographic data. These measure-
ments were performed at a temperature T' = 300 mK, well inside the super-
conducting phase, as the presence of the peaks in the dI/dV graph confirms;
the value of the gap was taken to be the peak-to-peak distance, in energy, from
those same dI/dV curves. In figure 1.19, always from the original paper, we
show the STS map and the dI/dV measurements.

Inhomogeneities in the electronic spectra have already been observed in some
experiments ([25],[26]), thus their presence in this map is not surprising. The
fact which is instead astounding is that no correlation exists between the energy
gap and the morphological inhomogeneities. At a first glance the areas where a
significant difference in the spectrum is observed seem to be much larger than the
cristallites’ size obtained in the STM map of fig.1.18. Further analysis showed
no correlation at all between morphological and spectral inhomogeneities.

The investigation on the radial profile obtained from the autocorrelation
map allowed to estimate these regions’ dimension, L;, as the distance of the
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Figure 1.18: Topographical map of the sample Xy of thickness d = 2.14nm, with
critical temperature T, = 3.8K.
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(a) STS map of sample Xo at T =(b) dI/dV curves in the higher (red) and lower
300 mK. It is possible to observe the dif-(blue) gap regions

ferent gap regions. In red the high-gap ar-

eas, while in blue the low-gap ones.

Figure 1.19: Gap measurements on the sample named Xy, 2.14 nm thick T, =
38 K

first peak in figure 1.20: L; value is roughly an order of magnituded larger than
the cristallite’s size, d..

More precisely, these areas (to which we will refer as supergrains) show a typ-
ical dimension of L; ~ 100 nm and a distance between contiguous supergrains
of Ll/2

At a temperature 7' = 4.2 K > T, a pseudogap-like spectrum is observed
in condunctance data from STS. Similarly to the measurements performed in-
side the superconductive phase, STS maps were obtained at this temperature,
showing inhomogeneities over regions compatible with the ones found at T < T..
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Figure 1.20: Radial correlation function, as extracted from autocorrelation map
of STS data

Again the correlation map of the STS data above and below the critical temper-
ature was studied and gave good agreement between energy gap and pseudogap
inhomogeneity regions, allowing the extraction of supergrains’ size in the nor-
mal phase. The supergrains dimension at 7" > T, was found in good agreement
with the size L; measured in the superconductive phase.
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Figure 1.21: Comparison of pseudogap spectra at T = 4.2 K: in red a curve
measured in the high-pseudogap supergrains, while in blue one obtained in low-
pseudogap regions

The hypothesis of a locally higher critical temperature, in order to explain

this increase in pseudogap, is discarded as the dI/dV curves in figure 1.21 show
no peaks.
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A similar study has been made on the same samples at a temperature inside
the 0D-paraconductivity regime (T = 7 K), giving results in good agreement
with the existence of a pseudogap even this far from the transition. A larg
pseudogap, measured even at temperatures at which one would expect none of
this feature, is unexpected in these kind of samples. The aim of this thesis is,
indeed, to explain this behaviour by means of the same mechanism driving the
paraconductivity anomalies discussed in the next section.

The good correlation between the supergrains in the pseudogap phase and
in the superconducting one, together with the unchanging dimension of the
supergrains with temperature, suggests that a common mechanism rules these
inhomogeneities below and above 7.

For thicker samples (d > 2.3 nm , T, > 0.3T¢) these effects are less signifi-
cant, decreasing with thickness.

1.3.2 Paraconductivity anomalies

As mentioned above, another surprising feature of NbN ultrathin films comes
from electrical transport measurements. In first place, resistance measurements
show for all samples, as indeed expected, curves that indicate fluctuations’ ef-
fects to be relevant in the systems studied. The smearing out of the sharp
superconducting transition is clearly observable in figure 1.22, where resistance
per square is plotted against temperature.

(b)

Square Resistance (k€2)

| 1 1 | | |
0 25 50 75 100 00 10 20 30 40 50
Temperature (K) Temperature (K)

Figure 1.22: Square resistance of the samples studied. (a): Thicker samples
are here reported, with the fit of the normal resistance at temperatures T < T,
(solid lines). (b): thinner samples data, here the normal phase resistance is
experimentally observed using a strong magnetic field in order to destroy the
superconducting states at temperatures T < T,

Subsequently, the excess conductance per square Ao (T) = o(T) — on(T) is
measured and plotted with respect to € = log(T/T.) in a log-log scale.

Figure 1.23 compares the results obtained on thicker samples with the ones
mesured on the thinner ones. The first are in perfect agreement with the
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Aslamazov-Larkin theoretical prediction Ao (T) = %zhe (solid light blue line)
over a relevant range of € values without any correction from other fluctuation
effects such as the Maki-Thompson ([28],[29]) or the DOS contribution.
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Figure 1.23: (a):Paraconductance per square in thicker films. It is clear how the
Aslamazov-Larkin prediction (light blue solid line) is in perfect agrement with
experimental data over a wide temperature range. (b): Paraconductance per
square in the thinnest samples. As thickness is decreased, the agreement with
the theoretical prediction is completely lost. The fitting with the A-L paracon-
ductivity obtained in the zero-dimensional limit is, instead, very good.

For thinner samples, panel (b), instead, there’s no agreement at all between
the experimental data and the corresponding theoretical curve (light blue solid
line), even taking T, as a free parameter. Remarkably, a power law dependence
2 is observed here, in agreement with results obtained in granular systems
([61],[62]), highlighting a seemingly 0D behaviour. A trial function f(e) = 0'2352
is reported in the plot as a purple solid line, in order to evidentiate the good
fitting with paraconductance data over a rather wide range of temperatures.

Even though one could argue that the inconsistency of the results with the
2D A-L prediction is due to the fact that the choice of the critical temperature
plays an important role, assuming, as it is legitimate, that T°P and T2?P are
different, the curves plotted in figure 1.24 demonstrate that a 0D behaviour
is always detected and seems very robust with respect to the choice of T..
Futhermore, the figure reveals another interesting behaviour. It appears that a
cross-over between the two regimes is plausible, especially according to the data
coming from the higher-T, plots. A similar phenomenon has indeed been already
observed in other systems in [30] and will be discussed in detail in section 3.1.

In this last section of chapter 1, we have presented the main features of thin
samples of niobium nitride and their anomalies. Particularly, we have stressed
the characteristic charge transport of this material and its spectral properties
too, highlighting the anomalies that raise so much interest on these films. In the
next part of this work, we will propose and discuss an anomaly in the diffusion

~ €

21



—=— data TC=4.3K
—— data TC=4.5K
—=— data TC=4.7K
- data TC=4.9K
===: AL OD prefactor 0.03
=== AL 2D

e a1 aaiml

a s assaul

Paraconductance (S)

PR T T 1 Al 1 3
5 6 7 89 2 3 4 5 6 7 89

Reduced Temperature

Figure 1.24: The robustness of the 0D behaviour with different choices of Tk.
Even leaving the critical temperature as a free parameter, all the curves are in
good agreement with the 0 — D prediction at least at high temperature. It is
worth noticing that the curves obtained via the lower T, are closer to the zero-
dimensional behaviour, while the ones obtained using high critival temperature
are more similar to the 2 — D paraconductivity.

of fluctuating Cooper pairs in order to understand and give a phenomenological
explanation to these behaviours.
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Chapter 2

Theory of fluctuations in
superconductors

As mentioned in the previous chapter, in dirty and low dimensional super-
conductors fluctuations may play a relevant role. On the one hand, they are
responsible of many of the effects occurring in these materials; on the other, the
different flavours of the SIT can be explained by means of fluctuations either
in the amplitude or in the phase coherence of the order parameter. It is now
worth, then, to explore in more detail the physics at the microscopic scale giving
rise to the phenomena presented in the previous chapter.

This chapter will be mainly focused on describing the physics generating
the experimental observations of chapter 1, the reader interested in a deeper
theoretical approach can refer either to the appendix A or to [4].

2.1 Fluctuations’ characteristics

In the previous sections, we mentioned that all the effects beyond mean field
theory are known, in physics, as fluctuations. We must underline that quasi-
particles, arising from the breaking of Cooper pairs, are excitations of the mean
field system, and belong to the same MFT framework. Thus, for the sake of
definitness, we call fluctuations those phenomena which belong neither to the
MFA nor to its quasiparticle excitation.

Deep inside the superconducting phase, for every type of superconductor,
almost all the Cooper pairs are condensed in a unique state, giving rise to a
macroscopical order resulting in the spectacular properties of such materials. At
temperatures T' < T,, then, the number of Cooper pairs out of the condensate is
considerably lower with respect to the total and, as a cosequence, these can be
neglected. Nevertheless in proximity of the transition, 7' 2 T, fluctuating pairs
become important, in some particular materials. As already noticed, in dirty
superconducting films, fluctuations have a primary role in explaining many of
the weird phenomena observed. Even though these can resemble quasiparticles,
a fundamental difference there exists: while for quasiparticles the excitation
energy must be much larger than their inverse lifetime, for fluctuations the two
can be of the same order of magnitude. For a Cooper pair, the lifetime is clearly
defined as the time necessary to break the pair and decade in two bare electrons.
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This time is called after Ginzburg and Landau and is denoted as 7qr. Since
at the transition we expect the Cooper pair to be substantially stable, when
T — T} the Ginzburg-Landau lifetime diverges. This assumption gives a hint
on the dependence on temperature of 7gy.:

1

R (2.1)

TGL X
Dimensional analysis trivially gives 7, ~ hi/kg(T — T.), while comparison
with the results from the microscopical theory gives the exact prefactor:

mh
8kp(T —T.)

For fluctuations, a typical dimension £(T) is defined, corresponding to the
distance the two electrons can move apart from each other during the Cooper
pair’s lifetime 7gr. We must now stress that fluctuations’ motion is indeed
a diffusive one, and it is thus ruled by a diffusion coefficient D ~ vZ7. Two
opposite cases naturally appear at this point: dirty superconductors and clean
ones.

For the dirty case, the time 7 corresponds to the impurity scattering time. In
a clean system, though, impurities do not affect electronic motion, thus the time
ruling the diffusion must be a ballistic one, obtained through the uncertainty
principle: 7 ~ h/kpT. In both cases, the total distance covered by the diffusive
motion of the two electrons is given by:

ToL = (2.2)

£a(T) ~vp/TTGL (2.3)

T-T.
Te

observe that a common dependence on € stands for both coherence lengths.
Therefore, in both the clean and the dirty limit, £(7T") diverges at the transition,
as expected.

We would like to stress here that indeed fluctuations can be treated as clas-
sical complex fields, but, rather than in a Boltzman framework, in a Rayleigh-
Jeans sense. Therefore, only small fluctuation energies must be taken into ac-
count while evaluating the Bose-Einstein distribution:

Introducing here the reduced temperature € = log(Tlc) ~
—1/2

, it is easy to

1 kT

e% -1 E(k)

It can be demonstrated using both the Ginzburg-Landau and the micro-

scopical formalisms that the fluctuational energy, close to the transition, has
the following expression:

(2.4)

k2 1, n?
E(k) = akp(T - T,) + o = 2m* [§2(T)

where clearly m™* is the reduced electronic mass.

+ k7] (2.5)
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2.2 Effects on conductivity

In this section we will briefly discuss the effects of fuctuations in the electrical
transport of superconductors. Fluctuations of Cooper pairs above the transi-
tion temperature T, affect conductivity in many different ways. This is not
surprising, since fluctuating pairs are indeed themselves carriers of charge 2e.
Moreover they significantly modify the electronic spectrum, which is involved in
the Drude formula for conductivity. It is possible to distinguish three different
contributions to the normal state conductivity due to fluctuations:

e Aslamazov-Larkin paraconductivity, caused by the diffusive transport of
Cooper pairs

e DOS contributions, produced by the decrease of the density of states

e Maki-Thompson corrections, purely quantum and generated by coherent
scattering.

Aslamazov and Larkin paraconductivity During the sixties, after a great
interest was raised on the corrections to conductivity due to fluctuations in
dirty and low dimensional superconductors, Aslamazov and Larkin elaborated
a theory describing one of these corrections, the so-called paraconductivty [17].

The basis of their argumentation lays in the fact that Cooper pairs are,
as electrons, charged particles. For this reason, they respond to an external
electric field and can thus be carriers, too. Clearly some differences exist between
electronic carriers and Cooper pairs: the first being fermions and having a
rather scattering-ruled motion, while the second are clearly bosons and move in
a diffusive way. The study of this Cooper-channel in the electric transport thus
leads to the paraconductivity term.

In the normal state, we have seen that some 2e-charged Cooper pairs still
exist and diffuse theirselves over a typical lifetime 7y = WE—TC)' The exact
calculation of this contribution, can be carried out in a microscopical framework,
using Feynman diagrams. The interested reader can find more details in [4]. In
the following we will report the final results, and comment their major features.

The result for different dimensions of the system is as follows:

1
362?% 3D case

doar = 155t 2D case,d film thickness d < & (2.6)
’;2;5 =z 1D case,S wire cross-section S < £2.

Where clearly £ is the coherence length. The expression of eq.2.6 is obtained
considering the simple case of an isotropic electronic spectrum and consequently
conductivity loses its tensorial nature (i.e. conductivity tensor is proportional
to the identity tensor).

We can notice that all the solutions are singular in the ¢ — 0 limit, thus
indicating, as expected, that this correction increases approaching the critical
temperature T,. It is then worth observing that the lower the dimension of the
sample, the wider the effect of paraconductivity, confirming that dimensionality
has a great role in fluctuating phenomena.
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o [arb. units]

Figure 2.1: Paraconductivity in different dimension regimes. It is interest notic-
ing that, for e < 1, the lower the dimensionality, the higher the effect on con-
ductivity.

The two-dimensional correction due to paraconductivity shows a particu-
lar behaviour, surprisingly simple, when evaluated in its per unit square form
(restoring the universal constants):

e2 T
SN0 = TG T T,

Since this equation does not depend on any of the microscopical details of
the sample under consideration, its prefactor % turns out to be a universal
constant. This universality is suddenly lost when other dimensionalities are
taken into account.

In many systems the Aslamazov-Larkin contribution appears to be the lead-
ing term in the excess conductivity measured, then assuming an important role

in the description of the fluctuation contribution to charge transport.

2.7)

DOS contribution The standard Drude formula for conductivity in a nor-
mal metal (eq.2.8) highlights the dependence of this quantity on the carriers’
concentration n.

: (2.8)

where n is the total number of electrons per unit of volume, then it is strictly
connected to the density of states through the following integral:

Er
n= N(e)de. (2.9)
0
It follows, then, that variations in the density of states N(e) must reflect
in variations in the conductivity of the metal. Clearly, the presence of Cooper
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pairs, dramatically affects the electronic spectrum. It is known, indeed, that
in the superconducting phase they give rise to an energy gap in the density of
states. Above the transition, if fluctuating Cooper pairs survive for a typical
lifetime 71, they will not only increase the conductivity via A-L processes, but
they will also reduce it by affecting the DOS. Electrons bound into a pair, in
fact, cannot partecipate to the current transport in the electron-channel.

If we imagine to have n¢ fluctuating Cooper pairs in the normal state per
unit volume, then the difference in the total carrier density will be An, = 2n¢,
yielding a correction to the conductivity given by the expression of equation
2.10:

Anger 2ncer
dopos = — =- :
m m

(2.10)

Clearly, as mentioned above, this correction has a negative sign, as Cooper
pairs reduce the total number of electronic carriers.

It is possible to evaluate the total concentration of fluctuating pairs at a
temperature 7" > T, and then obtain the reduced temperature dependence of
the DOS correction to conductivity: dopos log(#).

Comparing this result with the ones of eq.2.6, it clearly appears how the DOS
related effects are much less singular in €. In typical cases, thus, DOS effects are
not able to overcome paraconductivity, the overall result, then, is the observed
decreasing of the normal metal resistance before the transition temperature.

Maki-Thompson effect The effect studied by Maki [28] and a little later
by Thompson [29], known as Maki-Thompson, is of purely quantum nature.
It affects only transport coefficients and has a singular behaviour in principle
similar to the paraconductivity one.

Electrons with nearly equal and opposite momenta interacting above T,
through the Cooper interaction, substantially modify the mean free path of their
diffusive motion. As T"— T, the Cooper interaction dramatically increase:

g 1 1

- -2 (2.11)
1 — vglog(52) log(Tlc) €

Jeff =

This growth is due to a sort of resonant scattering, caused by the beginning
of pairs’ formation.

The Maki-Thompson effect is generated by a coherent scattering of electrons
bound in Cooper pairs with the same impurity. Their initial distance will thus be
the dimension of the Cooper pair, i.e. the coherence length £(T"). Nevertheless,
in order to interact, the electrons must approach at a distance of order A\p =
1/kp.

Since the length covered by a diffusing electron is R(t) ~ v/Dt, the scattering
probability, evaluated in the weak-localization framework, will be identified with
the self-interacting trajectories contribution (see [4], pages 135-136):

tmaz \D-1
W~ L ypdt 2.12
RP(t) " (2.12)
The lower limit of integration ¢,,;, is determined by the time at which
R(tmin) ~ &(T), since this condition is necessary in order to let the electrons
interact through Cooper interaction. The upper integration bound is, instead,

tmin
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exstimated by the phase-breaking time 74, since when coherence between elec-
trons is lost, they can’t bind together into Cooper pairs.

The total M-T correction do;_1 is thus given by the product of the scat-
tering probability times the effective interaction magnitude: doprr/o = Wyesy.
This value can be obtained through micropic considerations and it gives, in the
2D case:

T (2.13)

It is worth mentioning that the original work by Maki highlighted a dra-
matic divergence in the two-dimensional contribution, but it was later observed
by Thompson that this infared divergence is indeed cut off by scattering on
paramagnetic impurities, within a typical time 7,, which destroys phase coher-
ence. It is nowadays well known that phase breaking can be caused by many
sources, such as paramagnetic defects, phonons, fluctuations and many others.
This is the reason why the Maki-Thompson effect, even if expected to have a sig-
nificant role, is often a non-leading term in contributions to extra conductivity
in superconductors.

2.3 Effects on the Density of States

The object of this section will be the study of the change in the electronic
density of states due to the persistence of Cooper pairs above the transition.
As previously mentioned, this is a well-known phenomenon, called pseudogap,
observed in several types of non-ordinary superconducting materials.

Because of the presence of fluctuating Cooper pairs, the number of free elec-
tronic states available for each particle decreases, thus giving rise to a decrease
in the DOS. This feature is typically measurable in a range of temperatures
depending both on the dimensionality of the sample and on the presence of
impurities.

In order to account for the density of states in many body systems, the
Lehmann representation of Green functions at finite temperature is an excellent
tool. It gives a relation between the spectral density and the imaginary part of
the retarded Green function describing the interacting particles.

For the sake of completeness, we report here this relation:

N(w) = —ls/ A"k GP(k,w) (2.14)
oo (2m)P e '

We remind that the retarded Green function is analytical in the complex
upper-half plane. The solution of equation 2.14 in a superconductor with fluc-
tuations was firstly derived by Abrahams, Redi and Woo [1] in 1970. The
authors solved the problem in the presence of magnetic field and of impurities,
highlighting the differences between the various dimensionalities. The energy
dependence of the DOS indeed changes substantially modifying the dimension-
ality of the sample studied.

Calculations in the clean and dirty superconductor follow distinct paths. The
presence of disorder makes some approximations legitimate, while its absence
on the contrary forbits them, thus necessarily leading to different results, even
if the general behaviour is similar throughout the variety of the systems.

28



The final results here reported are all obtained from eq.2.14, where the Green
function is obtained through diagrammatic perturbation expansion, including
fluctuations’ contribution.

For a three-dimensional clean and isotropic sample one finds the contribution
to the DOS from fluctuating Cooper pairs to be:

1

3/2
5]<TV3,c(W) _ _(‘;77) \/@%[
3.c(w) 3 Top — W+ Téi(Téi — 2w + x3T%)

X Te }
\/Tai — 2w + x3T.

where Gig . is the Ginzburg-Levanyuk number ([60],[19]), defined as the reduced
temperature at which the fluctuation correction to the heat capacity jump ap-
proaches the standard AC value, in some sense measuring the importance of
fluctuations in the system. For a 3D clean superconductor, this value reads:

(2.15)

T
Ep

Since typically in bulk superconductors the transition temperature is many
times smaller than the Fermi energy, we expect in these samples to see a very
little fluctuation effect in the DOS.

Here xp is a coefficient accounting for the different dimensionality: yp =
w/7mD/7((3). Finally, ¢(n) is the Riemann zeta function, {(3) ~ 1.202.

For the clean two-dimensional metal, instead, the correction to the density
of states, normalized to the normal value N(w), is expressed in eq.2.17.

SNoo(w)  (4m)? T2 w w+\/w? +X3Ter5)
— Giac 5 5 — {17 log ]
Nz.o(w) 73) witxaleTar -\ Jw? + \2Turs) x2\/Tergr

(2.17)

The general trend is similar to the one observed in three dimensions, show-
ing a dip at the Fermi energy, taken as the zero point of the energy scale. This
decreasing in the DOS increases as the temperature is lowered towards the tran-
sition temperature restoring the total energy gap at 7' < T,.. With increasing
energy, the contribution from fluctuations reaches zero at some frequency value
wo(T). Afterwards, the DOS shows a maximum at a frequency w ~ 75 i, which
is a precursor effect, anticipating the coherence peaks which will appear in the
superconducting phase.

At larger energies, then, the normal value is restored, as expected since at
such high energies Cooper pairs do not have enough binding energy to remain
bound. As it is clear from eq.2.17 taking w > T&i, the fluctuation contribution
to the DOS approaches zero as log(w)w™2.

While evaluating dirty superconductor, scattering by impurities must be
taken into account. As said above, This yelds results quantitatively different
from the clean limit.

The dependence of the depth of the dip at w = 0 on the reduced temperature
€ is indeed different in the two limits. For the clean superconductor, setting zero
frequency, we obtain:

Gis,. = 80(=)". (2.16)
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Figure 2.2: The fluctuation contribution to the DOS for different temperatures
in the 2D clean case. The black curve is evaluated at higher temperatures, and
gives a correction to the DOS of roughly 1.%. Increasing the temperature (red
curve) the contribution reduces to a 0.1%.

; —1/2 D=
dN.(€) o {\/Gz;),,ce 3 (2.18)

N, Glig et D=2’

while in the opposite limit of a dirty system, the ¢ dependence is:

5Nd(€) B \/Gig)de_s/z D=3 (2 19)
Ng Giy g6 2 D=2’ ’

showing, then, a stronger divergence at the transition ¢ — 0. At high energies,
once again, the DOS recovers its normal value, since the fluctuation contribution
vanishes as w™3/2 for the three-dimensional system and as w~2 in the two-
dimensional case.

Another difference between the two limits arises in the evaluation of the
energy scales relevant for the DOS, connected with the mechanism driving elec-
tronic motion in both cases. The energy scale at which the electronic spectrum
firstly reaches its normal value, i.e. when dN(wp) = 0, is indeed quantitatively
different in dirty and clean superconductors.

For the former, this energy coincides with the inverse of the time necessary
for the electrons to move apart on a distance ~ &(T), as for lengthscales larger
than the coherence lenght, no fluctuating Cooper pairs can survive. This inverse
relaxation time is: tgl = D¢ 2(T) ~ 75} ~ (T —T.). In the latter, electrons
move in a ballistic way, since impurity concentration is very low, changing the
characteristic relaxation time and thus the energy scale: tgl ~ vpEHT) ~

\/Teror ~ Te(T —To).
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Figure 2.3: Comparison of the behaviours in the different cases in a log-log
scale. As in figure 2.1, at ¢ < 1 we observe the faster divergence of the DOS
in dirty superconductors and, both in the clean and in the dirty case, that two-
dimensional systems always have a larger correction.

Finally, an important check on the formulae hereby presented is possible, i.
e. that the integral of the fluctuation contribution to the DOS over the entire
positive energy range exactly vanishes:

/OO ON(w)dw = 0. (2.20)
0

We expect equation 2.20 to be fulfilled in such an electronic system, as the
total number of particles must be conserved. This is indeed directly connected
with the number of cells in the crystal, that cannot be changed by the interaction
generating the fluctuating Cooper pairs. Thus, the only effect we must expect is
a redistribution of the energy levels in a range around the Fermi energy, where
the attractive interplay between electrons is effective.
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Chapter 3

Fluctuations with anomalous
diffusion law

3.1 Paraconductivity

As seen in Chapter 1, in the proximity of the transition temperature 7., NbN
ultra-thin films display an interesting phenomenon. In fact, although via Aslamazov-
Larkin theory a % behaviour is expected for paraconductivity in 2D systems,
where € &~ (T — T.)/T. (see eq. 2.6), experiments in NbN films are in contrast
with the prediction, showing a €2 trend for a very extended range of tempera-
tures. This is the expected result of the A-L theory for D — 0, as we shall show
in a few steps, and should not be observed in the films under investigation, as
they are two dimensional by all means.

The general expression for the paraconductivity in D dimensions, from which
eq.2.6 is deduced, is:

me? dPq 1 = 1

1) = — —(V - 3.1

UD(E) 4 / (27T)D D( qu) (6 + Vq)3 ( )

Since v, = £2]q|?, the whole integrand function depends only on |g] and the
angular integration can be easily carried out.

me?Qp (T dv,, ¢P7!
a(——
0

7€)~ e i) (et

(3.2)

Here Qp = % is the surface of the unitary sphere in D dimensions (while
2

I'(z) is the Euler gamma function). When D — 0, I'(2) ~ 2, so that the
limit exists, and the expression for the paraconductivity becomes:

“+o0
q
Sop-0ld) =me6s [ dg—tprs (3.3)
- Jo (e +&q%)?
Changing the variable of integration from ¢ to t = £2¢? the expression for
dop_sp becomes:

7T€2 2 +oo 1
(SO'DH()(G) = T%A dt (€+ t)3 (34)
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and can be easily solved, leading to the 0D formula for do

néde?
4e2

This result shows that the limit for 0D Aslamazov-Larkin paraconductivity
exists, and has an € dependence which is of the same type of the one observed
in NbN films. However the quantity measured is not the bare paraconductivity,
but the film paraconductance per square. This means that we have to divide
the paraconductivity by a suitable length scale [, squared, in order to obtain a
physical quantity comparable with experimental data.

dopo(e) = (3.5)

me? £o\2
1 (7)

Unfortunately the classical A-L theory does not provide a value for [. Fur-
thermore we know that, even though we might consider the supergrains com-
posing the film as zero dimensional, in some sense, the system is indeed two
dimensional and the grains are connected. We would then like to develop a the-
ory which can account both for the length scale here absent and for the 0D — 2D
cross-over we expect. We in fact guess that there exist roughly two temperature
ranges, one where fluctuations remain weakly confined in the supergrains, driv-
ing the system to its zero-dimensional like behaviour, closer to the transition,
instead, the intergrains dynamics is leading, restoring the two-dimensional be-
haviour. Furthermore another issue intricates the problem. Cooper pairs with
&(T) < L;, the ones we argue are responsible of the 0D-like paraconductivity,
indeed should have a three-dimensional behaviour. Since their dimension is
smaller than the supergrain’s size, then they should not interact with its border
and consequently they should not feel the spatial constraint. This makes the
interpretation of this anomalous feature particularly intricate.

In the following, we suggest a possible mechanism explaining the dynamics
of fluctuations in this regime.

Looking to eq.3.1, we see that a more general form can be obtained with the
introduction of a suitably weighted square current density, for the Cooper pair
fluctuations:

(3.6)

6Jmes =

dPq

No()= [ gt (T =), (3.7

It is thus possible to write:

o= T [y N

4D J, v (e+v)3 (38)

and the standard A-L result is recovered with N (v) = %u% If we want to
reproduce the observed 0D — 2D cross-over, though, a different density function
must be introduced.

In the system under examination we can put D = 2, and Ny(v) = £ is the
correct density to recover the 2D Aslamazov-Larkin behaviour for the paracon-
ductivity. Herafter, instead of the bare v dependence, we replace v appearing

in the expression for N(v) with a function g(v) defined as
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o(v) {7 fv=v (3.9)

v o ifv >,

where 7 is a suitable constant.

a(v) Density of states
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(a) The function g(v). (b) Square current density calculated through
the new dispersion law.

Figure 3.1: Comparison between g(v) (a) and the square current density obtained
with the anomalous vq (b): it is clear that the latter has a smooth cross over,
while in the first it is discontinuous.

With this new square current density, the paraconductivity is:

e? [T g(v) e?r 7 v [T 1
oot =5 ), i =5l v ), vl

(3.10)
and we obtain the cross over from one regime to the other, depending on the €
value,

€2 v

T 16 ele+v)
When ¢ < 7 the standard 2D behaviour is recovered, while when ¢ > ¥ a
0D-like trend is obtained:

do(e) (3.11)

v

T 16
Since € ~ ¢2/£2 we can evaluate the temperature 7 at which the cross over

takes place: £(T) =~ £v/v. Comparison with the previously obtained 0D limit
of the standard A-L paraconductivity, eq.3.6, establishes a relation between U

do(e) (3.12)

and the length scale I: v = 47r(570)2. The hypothesis of a non-trivial g(v)
dependence of the square current density solved the issues highlighted before in
this section: an expression for the lengthscale [ naturally appears, relating to
the still unknown constant 7 and the cross over from one regime to the other is
achieved at € =~ v.

In order to continue, we must give this cross over function g(v) a physical
meaning. Nonetheless, we would like it to have a less abrupt discontinuity, as
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we expect the cross over to be a continuous physical phenomenon. One possible
explanation is that the dispersion law v, modifies, because of some still unknown
mechanism, changing its behaviour above a typical momentum scale g. Indeed,
if we take as a dispersion law v, = vlog(1 + g,é) instead of v, = &¢?, then the
square current density is, according to eq.3.7, N(v) = %(1 — e~ ¥/7). This is,
as seen in fig.3.1, a smoothened version of the previous g(v), making the cross
over smeared in the range v € [1, 2], while for large v the function is practically
a constant.

It is now worth to have a deeper look at the diffusion law and its role. Since
fluctuations in this superconductors move in a diffusive way, they must satisfy
the diffusion equation:

ap(fv t) — szp(fa t) =0, (3.13)
where p(Z,t) is the Cooper pairs’ propagator. Applying the Fourier transform
to eq.3.13 we obtain a simple algebraic relation, which gives:

1

_—. 3.14
w — Dg? (3.14)

(g w) =
From this latter equation we can observe that the diffusion law must be
related to the inverse lifetime of the diffusing Cooper pair. This substantial
equality between diffusion law and inverse fluctuation’s lifetime is very useful
and will be widely used in the following.
The anomalous dispersion law is presented in fig.3.2: on the x axis the
momentum ¢ is normalized with respect to ¢, while on the y axis %“ values are
shown.

v/

a/q

Figure 3.2: The anomalous diffusion law vy, in blue, compared with the standard
one (dashed). Clearly at small momenta the two diffusion laws are practically
the same. When q/q > 1, though, the anomalous diffusion is significantly lower
than the standard one, thus increasing fluctuations’ lifetime.
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While at small momenta, the normal behaviour v, o ¢? is recovered, at
wavevectors g > ¢, instead, the logarithmic part is dominant, gving rise to a
slow-down in the diffusion and consequently to an increase in the fluctuations
lifetime. Physically, large wavelength fluctuations (with A > %) still obey the
standard diffusion law, and thus give an essentially two-dimensional contribu-
tion, while small wavelength ones, with A < 1, actually feel the logarithmic part
of the anomalous v, significantly increasing their lifetime and giving rise to a
0D-like behaviour. This phenomenological approach seems to explain the cross
over observed in [2] as the result of an anomalous diffusion law, that leads to
a slow-down of fluctuational Cooper pairs. The value of the wavevector ¢ can
be left as a free parameter and then obtained through the fitting with the data
for the paraconductivity. Intriguingly, it was found that the best value is of the
order of the inverse of the pseudogap inhomogenities regions L; ~ 20 =+ 50nm.
This gives a hint of what is really happening inside this strange superconductor:
for some physical reason, whose nature is still to be clarified, the Cooper pairs
seem to nearly localize in these regions, even if there is no strong and apparent
morphological reason for them to do so. This localization, in grains of the typi-
cal dimension of 1, makes them have a longer lifetime. In turn, as we shall show
in this thesis, this yelds a larger pseudogap in these regions. In fig.3.3 we can vi-
sualize what happens inside the NbN films: over small timescales and distancies
the scattering inside each supergrain slows down the diffusion of fluctuations
giving rise to the 0D-like behaviour (a). Over longer time and length scales,
instead, the intragrain dynamics is recovered, restoring the usual 2D behaviour
(b). At these latter wave-vectors, anomalous and standard diffusion are indeed
the same. Raising the temperature, we see from eq.3.11 that we approach the
anomalous behaviour. This means that at higher temperatures the main contri-
bution to paraconductivity comes from that momenta at which v, > . Looking
at the graph in figure 3.2, these wavevectors are the ones at which the standard
diffusion law is way bigger than the anomalous one. Consequently, standard
fluctuations have a much smaller lifetime than anomalous ones, thus the 0D-
like regime is explained as the former are destroyed long before the latter.

o]l

(a) Scattering inside supergrains slows-down (b) On longer lifetimes, intragrains dynamics
diffusion - 0D behaviour restores 2D behaviour

Figure 3.3: Cooper pairs dynamics inside the NbN films on different timescales

To proceed further with this hypothesis, agreement between DOS data, ob-
tained through Scanning Tunnel Spectroscopy (STS), and the calculated density
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of states, must be found.

3.2 Density of States

As discussed in the previous section, the proposed explanation of the anomalous
paraconductivity behaviour of niobium nitride thin films could have a counter-
part in the spectral electronic density of states. This seems to be suggested by
the fact that the supergrains’ dimension appears to be of the same order of the
inverse of the best fit for the § parameter introduced in the modified diffusion
law. As we shall see, the change in the diffusion law, certainly affects the den-
sity of states, too. We show, through this work, that the way the anomalous
diffusion of fluctuating Cooper pairs influences the single electron DOS is in
accordance with the trend measured in [2] and presented in section 1.3.1: our
calculation indeed highilights an increase in the pseudogap in the anomalous
0D-like regime.

The next section is mainly dedicated to the mathematical details of the
deduction of the DOS, the reader not interested in this matter, can directly
move to equation 3.32 for the clean case and to eq.3.38 for the dirty one.

3.2.1 DOS calculation in the clean and dirty limit

According to quantum many body theory, as briefly mentioned in section 2.3, the
single electron density of states of an interacting electronic system is computed
through its retarded Green function: N(w) = —1 [ dPkS[GR(k,w)]. Introduc-

ing the spectral density of states N (E,w) in a grand canonical ensamble, where
|a) and |o') are eigentsates of the hamiltonian H — uN, we have:

= 1 ’ _Wa _%al
N(k,w) = gzd(wa—wa/ —w)l{afplla) (e T e ), (3.15)

where Z is the partition function. .
It follows that the retarded Green function G®(k,w) is:

GB(k,w) =

400 ’ o
/ dos Nk ) (3.16)

- .
oo 2 W —w —n

Through the Plemelij relation, since 7 — 0, we can express the density of
states as a function of the imaginary part of the retarded Green function, as
stated above.

In chapter 2, we stressed that the prefactor of the paraconductivity in two-
dimensional systems has an interesting universal value. This means that in
superconducting films this factor, nominally A/16e2, is identical in the clean
and in the dirty case. The theory exposed in sec.3.1, thus, did not assume
none of the two distinct possibilities. This allowed us to evaluate the DOS with
anomalous diffusion in both limits and compare it with its analogous in the
standard diffusion case. The study, as we show in the next sections, proves how
clearly the dirty superconductor displays the strongest pseudogap change, when
anomalous diffusion is taken into account.
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Clean superconductor To take into account the fluctuation contribution to
the DOS in the clean limit, the diagramatic expression for G(k,w) is:
q

— — —

k w k w k w kw
7-kQ-w
The total green function G(k,w) (thick line) is, as shown in the diagram, the

1
w—E

sum of a noninteracting part G°(k,w) = (simple line) and a self-energy

contribution E(E, w) connected through other two simple Green functions. Since
in this paragraph we evaluate the clean case, we neglect the vertex corrections
of the Green function. This corresponds to the limit 7 — oo, where 7 is the
relaxation time of the electronic motion.

In order to obtain the bare fluctuation contribution to the DOS normalized
ON(w) = %;NO it is enough to use the self-energy contribution, since Ny =
—%dekS[GO(E,w)]. Working at T > 0, Matsubara formalism is used, in
which w is a fermionic frequency (w = 2(n + 1)xT) and Q is bosonic instead
(Q = 2n7T). We thus have, following the Feynman rules at finite temperature,
to integrate over momenta k and ¢ and to sum over Matsubara frequencies :

5N@o:73%i/gafgpﬁ TE:/‘dq o(@—E,Q— )M@Qﬂ

(3.17)
L(q,Q) is the fluctuation propagator (wavy line), obtained in a diagrammatic
way in appendix A.1. We report here the final expression found in eq.A.10:

1 1
L(q.Q) = -+ - . (3.18)
Net+ g+ £55) - v(3) - <G50 (3 + 1F)

The standard formulation interprets the prefactor of ¢2 as the diffusion co-
efficient of the theory, and expanding the digamma, ¢(z), and tetra-gamma,
1" (%), functions, one obtains for the propagator, in the limit of || < T', the
following expression.

8T 1

L(7,Q) ~ — , 3.19
@)=y (319

where 75} = 8(T—T..) is the inverse of Ginzburg-Landau relaxation time. In the
case under 1nvest1gat10n, we will substitute the standard diffusion law v, = 242,
with the one obtained in section 3.1, where now 7 = Dg?, with D a suitable
diffusion coefficient, which will be discussed later. With this replacement, the
new expression for the fluctuation propagator in a two-dimensional system with
supergrains is obtained.

8T 1

L(q,Q) ~ —
(@9) Nmmgg+wag1+§)+Ku

(3.20)

The wave-vector ¢ is clearly the momentum of the fluctuating Cooper pair,
and thus must have a small value, as we know from BCS theory that Cooper
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pairs have ¢~ 0. For small values of ¢, quadratic terms in this momentum can
be neglected leading to the approximation: Go(7— k,Q — w) ~ ’L(wa)fltfk#’v}-(j"
where the Fermi velocity is taken legitimately as the electrons partecipating in
the formation of Cooper pairs have wave-vectors in a small shell around the
Fermi momentum. Since now everything depends only on the band &, it is
possible to replace f d with an integral over the energy band: fw2 dEN(E).
As we are far from any Van Hove singularity, taking the normal den51ty of states
as a constant N is legitimate at this step. Moreover the energy scale typical
of the gap in superconductors is of order ~ 10 <+ 100ueV, many times smaller
than the total bandwidth ws 4+ w; = 1eV; this means that setting the limits
of the integration to infinity is an acceptable approximation, due to the fast
convergence of the integral in the ultraviolet limit. Using this approximations,
we have found the following expression for the fluctuations’ contribution to the
DOS:

d'D too 1 1
INw) = =9 OTZ/ L I e e )

— 00

(3.21)
At this point we can use the analytical continuation of the function to the
complex plane, in order to solve the d¢ integral by means of the residue method
in a straightforward way. The integrand has two poles: & = w of multiplicty
2 and & = vp - ¢+ 1(Q — w), which is a simple pole. In order to have a non-
vanishing result, the two poles must be in opposite halves of the complex plane;
furthermore, for the sake of semplicity, we decide to solve the integral in the

half of the complex plane in which the simple pole appears.

d Stgn
(W) = 59 N02mTZ / d%q Zg_ 2)M(+(UF q))gL( )] (3.22)

Since we are interested in the retarded Green function, we will take in a few
steps the limit in which w — w411, therefore it is possible to take, without loss
of generality, w > 0. To solve the sum over bosonic Matsubara frequencies, we
look for a function that has poles at 2,, = 2nmT values. The complex function
coth(5%) is one of those, as shown in eq.3.23:

~ 2T (3.23)
T2, )

+ e
e

6
€2

q\N &
S| S

and its residue is 27. Thus, the result of the sum in eq.3.22 is obtained inte-
grating over the contour C, shown in fig.3.4, the function of complex variable
z:

1
(z — 2w + vp - §)?

coth( Z

(3.24)

The function in eq.3.24 has a branch cut along the R(z) axis, because of the
modulus of Q in L(g, ), thus it is not analytical. To avoid this issue, keeping
in mind that the retarded propagator will be used in the next, it is necessary
to shift the complex variable z — z 4 w; after that, the function is analytical
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Figure 3.4: The contour of integration in the complex plane

on the lower half complex plane and L(q, ) can be replaced with its retarded
counterpart. As a consequence its analytical continuation to L¥(g, —12) can now
be performed without other problems and replacing w (where w = (2n+ 1)7T)
with w + 1, where now w is a real number and n — 0, gives the expression
for the retarded Green function. Since at |z| > 1 coth(55) ~ 1, the whole

integrand goes to 0 as ﬁ

1
= j{dz coth(CE LR, —i(z + w)) -
. 2T
o0

(z —w+ vp - 4)?
1
(z —w+vp- Q)2

(3.25)

+
/ dzcoth(ZZ—i—Tw)LR(cj’7 —i(z + w))

— 00

Here, following [3] we have neglected a less singular part, coming from the
shifting of the integration variable. With this substitution, equation 3.22 be-
comes:

1 Ny de Foo z4+w o 1
ON(w) = —N—OW%{7/ (2;)][1 /_Oo dz Coth(T)LR(q, —i(z4w)) C—wton @2}
(3.26)
To solve this integral, we adopt the so-called semi classical approximation,
where coth(5% ) should be approximated with a simpler function; taking advan-

tage of the fact that the main contribution to the integral comes from small

values of %, we replace coth(35) ~ 2L
1 ddq +oo 1 1
SN :_7°[NT ] d L7(q, i }
= 0N (w) N07r\y 0 / (2m)d /_oo At w (@, —i(z+w) (z —w+ vk - q)?
(3.27)

Inserting the expression of L from eq.3.19, we clearly see the presence of
2
three poles in the complex plane: 23 = —w —1(Dg?log(1 + 3,—2) +751), 72 = —W,
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z3 = w — Up - . Since both 29 and z3 are real, and the contour of integration
avoids the real axis, the only pole whose residue contributes to the integral is
z1. It is a simple pole and its residue is easily found.

:>5N(w)__16T2/ d%q [ 1
Nom J (2m)* "L(} - § — 2w — (75 + DgPlog(1+ %))

1 16772 /qm qdq 1
o

x }: _
(ra1, + DPlog(1+ L)) Nom 2m) (151 + Dlog(1 + &)

2
x 3%/ ao| L — |-
0 (vrgeos(0) — 2w — o7 + D@log(1 + L)))?

(3.28)
Replacing t = tg(6/2), dt = (1 +tg*(0/2))d0/2, db = 2%, the angular
integration can be solved analytically with the residue method,
27 400
1 dt 1
do =4 , 3.29
/0 (vpgeos(f) — 2)? /0 1+ ¢2 (UFQ%;EE —2)? (329

where z = 2w + (75 + Dg?log(1 + g—i))

The integrand is even in ¢, hence we can extend the lower limit of integra-
tion to —oo: 0+OO f) = %fj;o f(¢t). Furthermore the function is analytical on
the real axis and it can be analytically continued to the complex plane simply
replacing ¢t with ¢ € C. Now the integration is along a complex contour, which
can be chosen arbitrarily within the ones that give the correct integral on the
real axis.

oo L+t B 2 1+¢?
2/,00 M orad—2) 211 )2~ (org + 2)° 7{ (T Flraura h

(3.30)
Here t+ = +,/ Zigijrz are the poles of the complex function; since they are in

opposite halves of the complex plane, we can choose either to close the contour
¢ in the upper or in the lower half.

Recalling from eq.3.28 that we are interested only in the real part of the
integral in eq.3.30, the final result is:

2 14+ ¢ S 2z
ER(UFq +2)? fi 12— 10)2  (okg? — 222 (3.31)

Once the integral in 6 has been solved, a deeper insight at the features of
the density of states is possible, since now the only integration in dq is left:

3272 [ qdq 1
ONW) =T / (27) (r=1 + D2 i
0 Jo (tar + D@Plog(1 + %))

2w +1(rg}, + Dglog(1 + %)
S .
(v3q? — (2w + (75 + Dlog(1 + &)))%)3/?

(3.32)
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Dirty superconductor The main difference with respect to the clean limit,
is the fact that a finite relaxation time 7 is taken into account in the evaluation
of the Green function of the dirty superconductor. This leads to a shift in
the fermionic frequency w — w + sign(w)/27 and to a vertex correction in the
Feynman’s diagram. The vertex correction arises from the ladder summation of
impurity’s scattering. Since in the diagram presented in the previous paragraph
there were two vertices, this contribution will apear as a squared quantity:

A%(f,w, Q).
1 1
T D@log(1+ &) + 2w + 242 — qf

Aqw, Q) = (3.33)
With this changes, the equation for the fluctuations’ contribution to the
two-dimensional DOS becomes:

AN (w) = WNO Z/ O)A2(F,w, Q)/ Ak L G3(R,w)Golg—F, 0— )}

(2m)?
(3.34)
Because of the presence of the vertex part, the main ¢ dependence comes
from the poles in A% and then an easier form for the free electron Green function
in eq.3.34 can be used here, taking only the ¢ = 0 value of 5576.
In order to solve the d?k integral, a strategy similar to the one presented
in the previous paragraph (see eq.3.21) can be used. We therefore pass from a
two-dimensional integration in d?k to a monodimensional integral in d¢ times
the two-dimensional normal density of states Nj.

d*k 1 oo 1
2 2 =No 3 D) .
(2m)? (w — ) (1(2 — w) — &) oo (W =P —w) = &)
(3.35)
After the analytical continuation to the complex plane and the use of the
residue theorem we obtain the result:

d =
. “wmoem-9 -9 (21— 2
The main difference with the clean case is clear here: we do not have any
UF - ¢ term in eq.3.36.
Using this result and the explicit expressions for L({, ) (eq.3.20) and A(q, w, §2)
(eq.3.33), we obtain for 6N (w) the following formula:

. /+Oo 1 _ 2misign(w)f(w(w — Q)) Ny (3.36)

16T d?q sign(w)f(w(w — Q))
@) =y 2 2 (o — P (DiPlog(1+ E) + 2~

1
(Tg1 + D@Plog(1+ L) + 1)

(3.37)

In order to solve the Matsubara sum in eq.3.37, we follow exactly the same
steps of the clean case. Clearly the poles will be different here, but the main
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stages of the calculation are identical: we again use coth(z/2T) as auxiliary
function, we then shift z — 2z + ww, in order to obtain an analytical integrand
and get rid of the moduli.

The final expression for the fluctuational DOS is then obtained observing
that the angular part of the d2q integration is trivial as nothing depends on 6.

SN (w) =

2
1672 /q ] g(4(|lwl + 3)% = (r51 + DgPlog(1 + &))?)
- q-—— _ . —
mNoT Jo (ra1 + Dg?log(1+ %)) (2Dg?log(1 + &) + 761 )?
o 1
(4(wl + 302 + (751 + D@log(1 + &))?)?

(3.38)

At the end of this section, we remark that unfortunately solving the last
integral is a hopeless effort both in the clean (eq.3.32) and in the dirty (eq.3.38)
limit. Only numerical solutions are available, and thus we used a C++ environ-
ment in order to obtain the DOS curves presented in the next sections.

3.2.2 Comparison between anomalous and normal DOS
curves

Now that we have obtained, for the first time, the expressions for the contri-
bution of anomalous fluctuations to the DOS in the clean, eq.3.32, and in the
dirty case, eq.3.38, we can compare them with the standard result. We look for
an increase in the pseudogap, proving that anomalous diffusion can indeed give
rise to electronic spectra inhomogeneities.

We expect this effect to be stronger at higher temperatures and smaller . In
order to check this behaviour, we compared different curves obtained at different
T /T, ratios and at different L; values.

Both in the clean and in the dirty limit, we kept all the other parameters
fixed. As a momentum cut-off we took the limit of the Brillouin zone 1/a,
where a = 0.44 nm is the lattice constant. For the Fermi energy we chose
Er =300 meV, a typical order of magnitude in two-dimensional systems. The
diffusion constant D was taken at its standard BCS value D = 87, /72 and the
normal two-dimensional DOS Ny was Ng = mpr/27%L, where L is the sample
thickness.

Clean superconductor The curves obtained with anomalous diffusion in
the clean limit displayed effectively an increase in the pseudogap with respect
to the standard DOS. Nevertheless, as we will see in this paragraph, this effect
is really small, compared to the one obtained in the dirty case, and probably
cannot explain the experimental data obtained in [2].

As reported in figure 3.5 (a), anomalous diffusion can indeed give an increase
in the pseudogap. All the curves display a decrease in N (w) with respect to the
normal DOS curve, the black line. At w = 0 all the data have the same value
for all the different ¢ studied and independently on the fact that anomalous or
normal diffusion is taken into account.

Nevertheless, as w increases the effect of a pseudogap enhancement becomes
clear. We stress that the energy scale @ at which the normal DOS and the
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(a) Comparison of the standard DOS (black line) with curves obtained
with anomalous diffusion at different q§ values. T/T. = 1.1. It is clear
how increasing L; = 1/q the effect on the pseudogap increases. It is
also interesting to notice that N(0) seems to be totally independent on
the q choice
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(b) Comparison of the standard DOS (black line) with curves obtained
with anomalous diffusion at different q values. T/T. = 1.84. With
respect to the data at a lower temperature, we notice that in this curves
th effect seems to be stronger

Figure 3.5: Pseudogap at different supergrains’ size and at different temperatures

anomalous one begin to be different is strictly dependent on ¢. From fig.3.5(a)
it is possible to observe that the lower g, i.e. the higher L;, the lower this energy
scale. There must, thus, be a direct dependence of & on q.
Studying the various energy scales present in eq.3.32, we obtained @ «x vgq.
At higher temperatures we expect the anomalous regime to be more effective
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in reducing the density of states. In figure 3.5(b) we show DOS curves obtained
at a T/T, ratio of 1.84, thus far away from the transition.

Once again N(0) is the same for all the curves shown in fig.3.5(b), proving
that this behaviour is very strong with temperature. In this regime, we observe
that the two curves with smaller ¢ (the blue and the brown one) seem to reach
a plateau at high frequencies, while the red curve (L; = 10 nm) and the black
one grow up to unity.

In the clean limit, then, we noticed how certainly anomalous diffusion can be
the cause of a pseudogap enhancement, giving a decrease in the density of states
over a wide range of temperatures. Nevertheless, if we look for a quantitative
result, comparable with the experiments, we must recognise that in the clean
superconductor anomalous fluctuations are not such strong. We must stress
that a particular behaviour, i.e. the fact that anomalous and standard diffusion
give the same N(0) value, is definitely against observations. As observed in
section 1.3, and particularly in figure 1.21, we expect the effect of anomalous
diffusion to be important at small frequencies.

0 T __:_l_;l_‘: T T f
e —
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~
80 |
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_120 1 1 | | 1 1 1 1
1.01 1.02 1.03 1.04 105 106 1.07 108 1.09 1.1

Te

Figure 3.6: 0N (0) values at different T /T, ratios. Dashed line corresponds to
the theoretical behaviour, red triangles to L; = 30 nm and brown points to
L; = 50 nm. It is possible to observe an enormous increase in ON(0) with
increasing L;.

Dirty superconductor In the dirty limit, the effect of the anomalous dif-
fusion is definitely larger and stronger with temperature. This fact is easy to
believe, as we indeed expect the dirty framework to be more correct to describe
the NbN films, which are homogeneously disordered.

While in the clean limit the only adjustable parameters were temperture T’
and supergrains’ size L; = 1/, in the dirty case also the relaxation time 7 can
be set as a parameter, as we do not know its exact value for our samples.

As a first step we studied the curves’ behaviour in w = 0, plotting N(0) vs
T/T.. The theoretical behaviour, as reported in section 2.3, for this quantity in
the normal diffusion regime is N(0) o< €72,
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In figure 3.6 we compare the theoretical curve with data obtained with dif-
ferent values of ¢ in a range from 1000 to 1/50 nm~!. The g = 1000 nm~*
plot was made to check that at high ¢ the anomalous diffusion gives the same
results as the normal one. We notice that for increasing L; the shape of the
curve remains the same, but the values of N(0) are definitely larger for increas-
ing supergrains’ size.The data in figure 3.6 highlight, in the dirty case, a strong
dependence of the value of the DOS in w =0 on §.

This is an important difference with the clean limit, where N(0) was the
same in normal and anomalous diffusion. As already mentioned, this behaviour
is similar to the one measured on NbN films and thus we expect the application
of the dirty approach to anomalous diffusion to be the more correct.

Moreover, comparison of the DOS curves at T'/T, = 1.1 (fig.3.7(a)) and at
T/T. = 1.84 (fig.3.7(b)) show that the decrease in the DOS is always present.

All the curves presented in these two figures were obtained fixing the disorder
strength at 1/7 = 20 meV, many times smaller than the Fermi energy. We will
see in the next lines that this parameter modifies the curves in an interesting way.
In the first graph (fig.3.7(a)) the temperature is T' = 4.2 K, thus close to the
transition temperature T, = 3.8 K. Here the effect of anomalous fluctuations is
huge and its dependence on the ¢ parameter is dramatic. Indeed, we notice that
the blue curve, with ¢ = 1/10 nm " is pratically identical to the standard DOS
(black line), while the red (7 = 1/30 nm~!) and the brown (g = 1/50 nm™1)
DOS have a much larger deviation.

In the second figure, DOS curves are evaluated at T' = 7 K, well inside
the 0D-like regime of NbN films. Here the effect of the anomalous diffusion
is quantitatively smaller, but it gives anyway a very strong pseudogap with
increasing temperature. We observe that also the blue curve (L; = 10 nm), that
at T = 4.2 K was very similar to the standard curve, at this higher temperature
deviates significantly from it, giving rise to a persistent pseudogap.

At the end of this section we would like to stress the behaviour of DOS curves
upon changing 1/7. The precise value of the relaxation time is not known, and
its variations can strongly modify our curves, particularly when compared with
experiments. At the present stage, we suggest that this comparison could also
give a good estimation of the disorder strength of the studied samples.

A generical behaviour is clear from the panel: increasing 1/7 the effect of
anomalous diffusion on the pseudogap increases. Therefore, we expect super-
conducting films with higher impurity concentration to have a larger pseudogap,
which survives to higher temperature. This fact is in agreement with the exper-
imentally observed strong pseudogap in granular superconductors.

In this section, then, we have observed how the comparison between anoma-
lous and standard density of states results in a larger pseudogap for the former,
both in the dirty and in the clean limit. This is certainly a good result, as we
were looking for such an effect due to anomalous diffusion. Furthermore, com-
paring the curves obtained in the dirty and in the clean case, it appears that
in the latter we obtain a much smaller effect, and on an energy range which is
different from the one expected from experiments.

In figure 3.8, lastly, we compared anomalous DOS curve with different 1/7
values at a temperature 7 = 5 K and chosing a fixed L; = 30 nm, showing
how increasing the impurity concentration the effect of the anomalous diffusion
is larger.

Therefore the anomalous diffusion of fluctuating Cooper pairs gives the cor-
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T/Tec ratio. We observe that at higher temperatures, the effect of the
increase of the pseudogap is still large, but it has decreased

Figure 3.7: Pseudogap at different supergrains’ size and at different temperatures

rect DOS behaviour in the dirty two-dimensional superconductor case, which
indeed seems to be the most adequate to describe NbN thin films.

In the following sections, then, we will discuss the fitting of anomalous DOS
curves obtained in the dirty framework with experimental data from Carbillet
et al. paper [2].
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Figure 3.8: Comparison of anomalous DOS curves at different 1/7 values. It
clearly appears that increasing the inverse disorder strength, the pseudogap de-
creases. This means that samples with more impurities, which have a lower T,
should have a larger pseudogap.

3.3 Comparison with experiments

In this thesis, untill now, we have found that theoretical DOS curves obtained
through anomalous diffusion effectively display a stronger pseudogap in two-
dimensional films. Furthermore we proved that the best way to describe this
increase in the pseudogap is the dirty superconductor framework. Using this
approach, we found a huge enhancement of the depression of the DOS around
the Fermi energy, dependent on various parameters. Among them, certainly the
supergrains’ size L; = ¢~ ! and the disorder strength 1/7 are the most physically
relevant. We would like to stress here that to these two physical quantities, at
least one could be added as a parameter: the diffusion coefficient D. So far we
took it in its standard value for the dirty superconductor. Nevertheless, since
we argue that diffusion is strongly modified in these films, one could expect also
the coefficient to be different from its normal value.

So far, we investigated anomalous diffusion under a mostly theoretical point
of view, studying different cases and regimes. At this point, though, our aim
is to compare our phenomenological predictions with experimental results. We
will, thus, devote the rest of this thesis to the comparison with the DOS curves
obtained on NbN thin films in [2].

In their paper, the authors measured electronic spectrum inhomogeneities
over a lengthscale L; ~ 20 = 50 nm which is not related to any morphological
relevant scale. At temperatures T' > T, they measured an increasing of the
pseudogap in these regions, as we can see from fig.3.9. In this panel, two different
DOS curves referring to different regions are compared. The red curve was
measured in a region of higher pseudogap.

This data were obtained for the thinner of the NbN samples (¢ = 2.14 nm,
T. = 3.8 K) at a temperature of 4.2 K. Oune can immediately notice that at
small energies, V € [—1, 1], the red curve has a deeper dip in the DOS. However,
with increasing energy the two curves substantially overlap.
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Figure 3.9: Comparison of two different DOS curves, obtained on a NbN thin
film (thickness t = 2.14 nm). The red curve was measured in a high-pseudogap
region, or supergrain, while the blue one has a smaller pseudogap. It is worth
notice that the difference between the two curves is larger at small V' values

As previously said, we must compare our curves with these experiments. In
order to achieve this result, we must adjust the experimental data to remove
some effects we are not accounting for in our work. A generical suppression of
the DOS is typically present in many electrons systems, the so-called Altshuler
Aronov effect ([27]),which is essentially leading in DOS suppression at high
temperatures. Since this phenomenon is out of our analysis, we decided to devide
the experimental curves presented in figure 3.9 by some high temperature data,
thus obtaining the curve used for comparison in the following figures. After
this procedure, we adjusted the parameters of the expression in eq.3.38 to find
a quantitative agreement between the experimental data and our theoretical
prediction.

We know that the supergrains’ size is L; ~ 20+50 nm and that the relaxation
time 7 must satisfie 1/7 < Er. Moreover we observe that in their analysis on
paraconductivity, the authors of [2], had to modify the standard Aslamazov-
Larkin coefficient, in order to obtain a good fit. Consequently we expect a
renormalization of our results of the same order of magnitude (~ 30%), when
we compare them with experiments.

Firstly we looked for a quantitative agreement with experimental data, con-
cerning the depth of the DOS fluctuative contribution. We investigated a range
of disorder strengths varying from 1/7 = 5meV to 1/7 = 20meV. For each of
them, we calculated the DOS at different L; values, fitting the results with the
original curve.

In figure 3.10 we report the results of the calculation of the DOS at T/T, =
1.1, L; = 16.5 nm and 1/7 = 5 meV. Quantitatively there is good agreement
between the theoretical, red curve, and experimental, black crosses, data at
small w values. This behaviour has been observed at all the disorder strengths
investigated, yielding, for each of them, a different ¢ = L; ! value. All the
different supergrains’ sizes extracted from the fit are in reasonable agreement
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Figure 3.10: Comparison of the data from Carbillet et al. ([2]), black crosses,
with a DOS curve obtained with anomalous diffusion, red curve. Fitting param-
eters for this case are: L; = 16.5 nm, 1/7 =5 meV.

with the estimated values reported in [2] both from morphological measurements
and from paraconductivity fit. We can, then, observe from this result that the
same phenomenological argument, i. e. the anomalous diffusion hypothesis, can
explain both paraconductivity and electronic spectra strange behaviour of NbN
ultra-thin films.

There is at leas one more interesting information that can be obtained from
the quantitative comparison of theoretical curves with experimental data. It is,
indeed, possible to plot L; as a function of the disorder strength 1/7, using the
data obtained from the different fit. These data are shown in figure 3.11, where
we can appreciate the almost linear increase of L; with increasing 1/7. Then it
means that our phenomenological framework can give good results over a wide
range of possible disorder strengths. In more detail, we found that at higher
impurity concentrations (larger 1/7) a larger supergrains’ size gives the best fit.

Even if this is not a prove of a direct correlation between the two quantities,
following our theoretical predictions we would expect a more disordered material
to have larger supergrains. Unfortunately, at this stage, we do not have other
samples with different impurity concentration to prove this prediction.

Even though the quantitative agreement between the fluctuative contribu-
tion to the DOS and the experimental results is good, a failure of the qualitative
shape of the theoretical curve is evident, compared with the experiment. Espe-
cially around w = 0, we observe that the typical behaviour of the two curves is
very different. In the experimental curve, the dip at w = 0 is rounded, while in
our theoretical DOS it has a cusp-like trend. We are, thus, able to reproduce
the quantitative correction, by adjusting the fitting parameters, but we cannot
achieve qualitative agreement, at this stage.

We highilighted in section 1.3.2 that consistency between experimental para-
conductivity data and anomalous diffusion theory is achieved only if we assume
the critical temperature of the two regimes to be different. A possible solution
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Figure 3.11: In this figure, we report the behaviour of L; vs 1/1 extracted from
the fit of theoretical DOS curves with experimental data

to this shape issue, then, could rely in this difference between T2P and T°P. We,
therefore, carried out the DOS calculation replacing the formerly used constant
T?P with a more complex T, (w).

We expect that on long timescales, i.e. at small frequencies, the nature
of fluctuations is mainly two-dimensional. On the other hand, at intermedi-
ate times, we hypothesise the diffusion to be anomalous, and to yeld a zero-
dimensional like behaviour of fluctuating Cooper pairs. Therefore, we chose a w
dependence for the critical temperature such that at large energies T,.(w) = TP,
while in the region around w = 0 the two-dimensional critical temperature is
restored. Among the possibilities, we used the inverse tangent function in the
following form:

T.(w)=T?P - a(g + parctan(y|w| — 0)). (3.39)

In figure 3.12 we report the chosen function for T.(w) for arbitrary param-
eters. For this figure, we used the critical temperature data from the thinner
NbN sample (X) studied in [2].

Clearly modifying «, 3, v and 4 the shape of the curve changes and it can
be arranged to suitably fit the experimental data.

The result of the replacement of 7, with 7, (w) is displaied in the two panels
of figure 3.13, where we used exactly the same temperature and disorder strength
of figure 3.10. After applying the modulation of the critical temperature with
energy, the shape of our DOS curves immediately has a better agreement with
the experimental data. Comparison with the curves obtained with constant
critical temperatures shows that at intermediate energies, T.(w) gives the right
result in the DOS, in satisfactory agreement with the data. Instead of a narrow
dip around w = 0, as in fig.3.10, in this latter figures we find that the DOS shows
a broadening in this region, as experimentally observed. Furthermore, at high
frequencies, we restore the normal DOS, as indeed expected. This effect is clear,
if we analyze the expression for T.(w). At higher energies T,(w) ~ TP < T?P.
Therefore, at these energies, fluctuations feel more distant from the transition,
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Figure 3.12: Critical temperature T.(w) as resulting from eq.3.39. In this case
we took critical temperature values of NbN sample X of [2]

and their effect decreases, leading to the reaching of the normal DOS value.

The figure in panel (a) shows the DOS calculated with L; = 16.5 nm, as in
figure 3.10. In order to obtain the right agreement with experimental data (black
crosses), we had to tune the parameter of eq.3.39. It is interesting to notice that
in this figure we obtain a little overshooting at intermediate energies, as indeed is
observed also in experiments. In panel (b), instead, we modifed the supergrains’
size to a higher value L; = 35.3 nim and again used the parameters in the T, (w)
expression to obtain good agreement with experiments. We notice that in this
latter case no overshooting is observed, and the DOS reaches a constant value at
intermediate energies. The comparison of these two figures allows to understand
that modifying T.(w) different DOS curves can be obtained.

Unfortunately, it is also straightforward that at small w this description
fails, and a cusp-like behaviour is still observed in the calculated curves. This
characteristic seems to be typical of the dirty regime, as it is shown even in
the standard diffusion limit, while in the clean case the behaviour at small
energies is, at least qualitatively, in agreement with the experimental curves.
This could point to a 7 dependence on w, suggesting that NbN thin films are
in an intermediate disorder region. Unfortunately, at this stage, the switch
from clean to dirty limit in our equations is quite cumbersome, and achieving a
numerical solution to this issue is still complicated.

In conclusion, with this section we proved the effectiveness of the proposed
anomalous diffusion law, Dg?log(1 + g—z), in increasing the pseudogap, both in
the clean and in the dirty limit of the two-dimensional superconductor. Fur-
thermore, comparing the results of the two limits, we have been able to assess
that among the two possibilities, certainly the dirty framework is the best to
obtain the searched increase in pseudogap. Thus, we focused on this particular
limit, obtaining good quantitative agreement (fig.3.10) with experimental data
and establishing a relation between the dirtiness of the material and the super-
grains’ dimensions (fig.3.11). Encouraged by this success, we finally decided to
explore a possible energy dependence of the critical temperature of the sample,
passing from the two-dimensional to the zero-dimensional like regime. This last
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(b) In this panel, we show a DOS curve calculated at the same tem-
perature and impurity concentration previously used. Here, though,
we changed the supergrains’ size L; and used different parameters in
the Tc(w) expression.

Figure 3.13: Comparison of the experimental data with a DOS curve obtained
with T.(w) instead of constant critical temperature. A broadening in the region
around w = 0 is observed, with respect to the result obtained in the same set up

but with T, = 3.8 K (fig.3.10)

evaluation gave a satisfactory agreement with experimental data, as presented
in figure 3.13, except for a small region around w = 0.
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Chapter 4

Conclusions

As a conclusion to this thesis work, we would like to discuss the main results
we were able to obtain, the limits of the model used, and the possible further
developments, both theoretical and experimental.

As it is certainly clear to the carefull reader, our whole approach is purely
phenomenological. Assuming the anomalous diffusion law, it has already been
proven that paraconductivity anomalous behaviour highlighted in the paper by
Carbillet et al. is explained in a satisfactory way. Nonetheless the physical
mechanism behind this anomaly is, at this stage, still unknown.

With the calculation of the single electron density of states, we hoped to
obtain at least a qualitative agreement with the conductance curves measured
via Scanning Tunneling Spectroscopy on the samples and possibly grasp some
other feature on the microscopical mechanism responsible of this anomalous
diffusion.

In the two-dimensional particular case the paraconductivity has a quite uni-
versal behaviour, independent of the details of the material, such as its dirtiness.
Thus, we had no initial suggestion on the right framework, whether the clean
or the dirty one, to treat this system. Furthermore, NbN thin films present
a mesoscopic type of disorder, giving rise to the supergrains, which could be
generated by both standard microscopic disorder or another unknown mecha-
nism. Therefore, both the frameworks could, in principle, give good results in
the calculation of the pseudogap.

Applying quantum many body theory, we were able to obtain the DOS both
in the clean and in the dirty case. Thus, in order to understand which of the
two limits is better suited to explain this pseudogap enhancement in NbN films,
we compared DOS curves obtained in the two cases. Studying these curves
over a wide range of possible L; values and of temperatures, we have been able
to understand which of the frameworks was the most effective in showing the
expected behaviour. This comparison proved that the dirty superconductor case
is certainly the one in which the increase in the pseudogap is more evident.

This is the first achievement of this work: we discovered that microscopical
disorder has a fundamental role in explaning pseudogap anomalies. This is not
trivial as, for the reasons stated above, the nature of the mechanism that gives
rise to anomalous diffusion was not predetermined.

We then studied in further detail the effect of anomalous fluctuations in
the dirty superconductor. The investigation of the analytical expression for the
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DOS with anomalous diffusion and our curves, obtained at different supergrains’
size, disorder strengths and temperatures, lead to the understanding of the
dependence of pseudogap on these quantities.

Since the starting point of this work was to find an explanation for the for
the experimental tunnelling data on niobium nitride films, after identifying the
dirty case as the best framework, we focused on comparing our theory with
the experiments. We consequently investigated the possible fitting of our DOS
curves with STS data, finding good quantitative agreement, concerning the
increase in pseudogap with respect to the lower pseudogap regions highlighted
in STS maps.

We therefore found that anomalous diffusion, together with the assumption
of a disordered superconductor, can indeed explain the pseudogap enhancement
measured in NbN samples. We also extracted some L; values, all in satisfactory
agreement with the results found in paraconductivity studies.

As a final result of this work, we were able to find the right parameter to
modify the shape of our curves. Introducing an energy dependence of the critical
temperature, we achieved a smoothening of the cusp-like dip at zero energy,
reproducing the more rounded behaviour displayed by the experimental curves.
This hypothesis was supported by the previous observation that the critical
temperatures of the two regimes (0D and 2D) are different, hence we expect
a transition with frequency. At low energies and long timescales, the system
acts as a standard two-dimensional superconductor, while at higher energies and
shorter lifetimes the anomalous diffusion sets in, yielding zero-dimensional like
behaviour.

Our phenomenological description, then, can explain both the charge trans-
port and the spectral properties of the electronic gas in two-dimensions, in NbN
thin films. Nevertheless, as all these type of approaches, it will not reveal what
is happening inside this superconductor at the microscopical level.

Therefore, the main future effort on this theme, should certainly be a deeper
investigation on the microscopical mechanism ruling this anomalous diffusion.
This study will probably be cumbersome, as many different issues complicate the
derivation of the fundamental laws behind these phenomena. The interplay of
different disorder types of different typical size is certainly one of them. It could,
indeed, explain the intricate dependence of physical quantities on frequency,
such as the T.(w) hypothesis we pursued in this thesis.

Another result that the investigation on the microscopical level could obtain
is a different expression for the diffusion coefficient. We indeed expect this
quantity to be modified by the same microscopical interaction that produces
the supergrains structure. During all our calculations we used its standard
value for the dirty superconductor, but we would not be surprised if another
dependence would arise from the microscopical study. We started a preliminar
analysis on the dependence of the diffusion coefficient on the supergrains’ size
L;, but at this stage we do not have enough data to obtain a relevant hypothesis.

Another open issue is the cusp-like dip at zero energy in our DOS curves,
which is absent in the experimental data that have a smooth rounded shape at
zero bias. Many could be the different reasons for this discrepancy: for instance a
distribution of L;, 1/7, and of the critical temperatures of the two-dimensional
and zero-dimensional regimes over the sample. On the other hand, it could
also be related to the intricate interplay of the different types of disorder. As
a matter of fact, we observed that in the clean limit the dip has the correct

55



rounded shape, therefore we could also suggest that an intermediate disorder
regime is present in this system.

Besides this theoretical investigation, further experimental studies are also
necessary. It would be interesting to have experiments brought out on samples
with different supergrains’ dimension, with different impurity concentration or
made of different compounds. The fabrication of other superconducting films
with similar characteristics, indeed, would increase the understanding of their
anomalous behaviours, and clarify many of the present open issues.
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Appendix A

Theoretical background

To account for fluctuations in disordered or low dimensional superconducting
media both the phenomenological and the diagrammatic approach are efficient.
Clearly, the first has a more thermodynamic character, studying the stability
of the free energy functional to variations of the order parameter. The latter,
instead, focuses on the microscopic nature of fluctuations, investigating the
electron-electron interaction out of the mean field approximation.

In order to study fluctuations, we need to go beyond MFA. In G-L for-
malism, this is achieved considering a slowly varying complex order parameter,
representing flucutating Cooper pairs, and adding a fluctuational term to the
time-dependent G-L equation. In diagrammatic framework, we must give up
the Hartree-Fock approximation, considering a fluctuation propagator, i.e. a
simplified version of the four points Green function.

Even though both frameworks have much importance and highlight different
aspects, this appendix has the target of being a brief help to the reader interested
in the theoretical background of the physics presented in the main body of the
thesis. For this reason, only some outstanding caluclations, relevant to the whole
work, are reported here. Especially, we omit the phenomenological description
at all, as the limits of validity of a microscopical approach are clearly wider, and
furthermore this framework gives a better understanding of the physics of the
system. We suggest the reading of [4] for an accurate review of the theory and
of its applications.

The hamiltonian operator, in its BCS form, is:

T A i ot 7 7
H=Y &t dp,—9 > b 0 dp g, (AL
ko k E’,q’,o’,a’
Here, &; = 5(13) — e and g is the electron-electron effective interaction

constant, which is non-zero only in a narrow range of momenta near kp.

A.1 The fluctuations’ propagator

The mean field approximation performed in the standard BCS formulation con-
sist of taking into account, for the calulation of the Green function’s equation of
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motion, only the one particle Green functions. If, instead, we consider the whole
two-particles Green function L(k, k', q) =< TTqﬁwq,gl/Lk’,aqﬁ,z,ﬂ’g,zﬁT_k,y_a, >,
where T is the 7-ordering operator and four-dimensional vector notation is
understood, the situation complicates. In the following, we will call the fluctu-
ation propagator L({,€);) the vertex part of the two particles Green function
expansion. It is a chain of polarization bubbles in the particle-particle channel
(as the arrows are oriented in the same direction), connected through phonon
interactions, in the approximation in which this interaction is punctual. Its di-
agrammatic Dyson equation is expressed here below and it makes evident the
dependence of it on the interaction constant g, represented by solid points, and
on the polarization II(g, ), expressed in random phase approximation (RPA)
by single particle loops.

St
K HDA

. . . 1 1 .
L(q, Q%) = —g + 91T, ) L(G, Q) = L7HG Q) = 57t (7, Q%) (A2)

In order to evaluate the exact expression for L(q, <), we need to express
the polarization in its analytic form:

-

3 -
(T, Q) _TZ/(;’;G(HJ,% + )G (=, —wp). (A.3)

Since the single-electron Green functions that appear in eq._A.S are the ones

of the normal metal, we can rewrite the equation replacing G(k,w,) = — l—gk:

L &k 1 !
(g, ) = T;/ (2m)% s(wn + Q) = Eppq —wn — €k A

In a small shell in the vicinity of the Fermi surface, the following approxi-
mation for the quasi-particle energy is reasonable:

Shtqg X &k + Vil - (=& + 0k - (A.5)
the integral thus can be solved separating the angular part [ Lﬁ% =<>pgs.

and replacing the residual integration over wave-vectors k with an integral over
the energies &, being N the density of states:

. 1 1
Mg ) :TZN< B /dfzw—i—ﬁz(w—i-Q) —&— T (j’>FS
1
:TZN?WQ(_OJ(W-FQ)K(QOJ_'_Q)O+22{,‘k.%>>F.S. (A.6)
Wn, w—+

! 1 <(6k'q_72>p.s

%TZN27T9(—w(w+Q))2w+Q( G ).

Wn
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In the first step we use analytic continuation of the function in ¢ in order to
use the residue theorem and solve the integral in the lower half complex plane
(the upper half would give the same result, clearly). To obtain the result in the
third row, we take advantage of the fact that in the narrow region in the vicinity
of the critical temperature we are considering, ¥ - ¢ < T ~ w always, thus the
expansion of the denominator is possible in the way we chose, obtaining the
final expression.

Exlpoiting the sum over the fermionic Matsubara frequencies w,, = 27T (n+
1/2), the sequent result is found for the polarization:

g0 = N[ — =02 >ps 5 1 e

Q 2 Q
n>0 n+ % + % (47TT) n>0 (’Il + % + 4|7r7'1"‘)2

These sums can be evaluated by the calculation of the digamma function
1(z) defined as the logarithmic derivative of the Euler gamma function: (") (z) =
%log(F(x)). The first sum, which is indeed logarithmically divergent at n —
00, is known as the Cooper logarithm and its divergence is cut-off by the Debye
energy. The final expression for the polarization is thus:

1 Q
1 9) = N[y (5 + )

Lol
2 AxT

< Ty Q)2 >ps. ql)//(}_’_ﬂ)}
2(47T)? 2 AnT
(A.8)
From BCS theory’s determination of critical temperature, we can get the
value of the interaction constant g:

2 1
T. = Dope i o - = Nlog(LTc) (A.9)
s g 2vwp
Being v = e, where C is the Euler-Mascheroni constant (¢/(3) = —2log2 —
C). Using this relation, and recalling that ¢ (% + z) ~ log(z), the expression for

the fluctuations’ propagator in eq.A.2 is found to be:

L(§,Q) =——= =3 . (A.10)
Ne+ (3 + 1ok) — v(3) — <G2Z5=9"(3 + 1ok)
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