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ABSTRACT

Motivated by recent experimental advances in the field of cold atoms, the theoretical
study of the non-equilibrium dynamics of isolated quantum many-body systems is cur-
rently receiving increasing attention. One of the main question concerns the way in
which a macroscopically large isolated system evolving with unitary quantum dynamics
from a generic initial state approaches equilibrium. In this thesis we investigate the non-
equilibrium dynamics of a quantum Ising chain perturbed by a time-dependent noise
in the transverse field and driven out of equilibrium by a sudden change of the static
component of this transverse field, we refer to this model as noisy quantum Ising chain.
In previous work various equal-time quantities were calculated and it was found that, in
the limit of weak noise, the system first attains an intermediate stationary non-thermal
state in which the noise does not affect the dynamics, then the noise comes into play and
drives the chain towards an infinite-temperature thermal state. Moreover, at long-times,
the equal-time correlator of the transverse magnetization shows a diffusive behavior.
In this work we extend the computation to two-time quantities and find the correlation
and linear response functions of a noisy quantum Ising chain. We focus on the analysis
of these expressions in the time range in which the noise has come in play; we find that
at short time differences compared to the time elapsed from the quench, the two-time
correlator of the transverse magnetization shows a diffusive behavior analogous to the
one of the equal-time correlator. On the contrary, for much longer time differences, the
qualitative behavior of the two-time correlator changes completely becoming ballistic.
In addition, the knowledge of dynamic correlations gives us the opportunity to study the
fluctuation-dissipation relations in non-equilibrium conditions. In particular, we extract
an effective temperature of the noisy chain from the classical fluctuation-dissipation rela-
tion which provide information about its dynamics. In the case of short time differences
compared to the time elapsed from the quench, the effective temperature grows towards
infinity as time goes, according to the results obtained for the two-time correlator of the
transverse magnetization. Instead, in the opposite case of much longer time differences
we find an effective temperature that tends to zero: at the present this behavior is not
understood and therefore more studies are required.
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The thesis is organized as follows:

e In Chapter 1 we introduce the concept of quantum quench and the current under-
standing of quantum relaxation in integrable and non-integrable quantum many-
body systems. Recent experiments involving non-equilibrium of these systems are
illustrated.

e In Chapter 2 we review the equilibrium properties of the quantum Ising chain,
paradigmatic example of integrable model undergoing a quantum phase transition,
which is the basis of the model investigated in this thesis. We discuss after the
non-equilibrium dynamics of a quantum Ising chain following a quench of the
transverse field and we confirm the lack of thermalization using an approach based
on fluctuation-dissipation relations.

e In Chapter 3 we first explain the Keldysh formalism employed in the following to
derive the various results. The noisy quantum Ising chain is then introduced and
its non-equilibrium dynamics is discussed in detail.

e In Chapter 4 we report the results obtained in this thesis for the two-time correla-
tion and linear response functions of the transverse magnetization. The behavior
for different times range is investigated. Finally, we extract an effective temper-
ature of the noisy chain from the classical fluctuation-dissipation relation and we
discuss the information provided by it.

Details about the calculations are reported in the Appendices.
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CHAPTER 1

LINTRODUCTION TO NON-EQUILIBRIUM DYNAMICS

In this Chapter we illustrate the fundamental issues concerning non-equilibrium dynam-
ics in closed quantum many-body systems. In particular, in Sec. 1.1 we introduce the
simplest protocol to drive a system out of equilibrium, i.e., the so-called quantum quench.
In Sec. 1.2 we discuss the definition of thermalization for closed quantum systems and
the possible mechanism behind it. Then, in Sec. 1.3, we consider integrable quantum
systems and their relaxation properties, introducing the generalized Gibbs ensemble. In
Sec. 1.5 we present the concept of prethermalization and finally, in Sec. 1.6, we review
the fluctuation-dissipation theorem and the associated effective temperatures, which will
turn out to be a useful tool for investigating non-equilibrium dynamics. In addition
to the relevant theoretical concepts, experiments involving non-equilibrium dynamics of
isolated quantum systems are also illustrated here.

1.1 Quantum quench

The strength of thermodynamics consists in its effectiveness in describing a system com-
posed by many degrees of freedom at equilibrium in terms of few macroscopic variables,
such as temperature, volume, pressure etc. Moreover, these macroscopic variables are
generally not independent, but they satisfy some relations, called equation of state,
depending on the characteristics of the system considered. The underlying microscopic
and probabilistic theory is statistical mechanics, which, starting from general and simple
principles, successfully explains the equilibrium properties of systems with many degrees
of freedom. This theory has been developed in the 18/19-th century and it is considered
one of the greatest successes in physics for its general character and the broad range of
applications. However, most systems found in nature are not in thermodynamic equilib-
rium; for they change over time, are subject to flux of matter and energy or to chemical
reactions. Unfortunately, there is no general theory able to describe non-equilibrium
phenomena and research in this direction proceeds mainly via a case by case study
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forming a rapidly evolving research field.

In the past decade, experimental advances in the field of cold atoms [1-3] have made it
possible to realize artificial systems which are accurately described by theoretical models
(e.g., Hubbard, Kondo, Ising and Luttinger models): internal parameters are tunable
with high precision and, in addition, they exhibit an unprecedented degree of isolation
from the surrounding environment, i.e., their dynamics is unitary and genuinely quan-
tum many-body effects (e.g., linear superposition of states, entanglement) are preserved
by the dynamics during the time scales of the experiments. The availability of these sys-
tems provides an invaluable opportunity to explore theoretically and experimentally the
non-equilibrium dynamics of closed quantum many-body systems [1]. Among the many
ways in which a system can be driven out of equilibrium, in this thesis we concentrate on
the simplest protocol, the so-called quantum quench. It consists in preparing the system
in the ground state |0)4, of its quantum many-body Hamiltonian H(go), characterized
by a parameter gg, and in suddenly switching the parameter to a different value g # go,
letting the system evolve according to the post-quench Hamiltonian H(g), i.e.,

(1)) = e H O oY, (1.1)

where |1(t)) is the state of the system after a time ¢ from the quench. The ground
state |0)4, of the pre-quench Hamiltonian H(go) is not an eigenstate of the post-quench
Hamiltonian H(g) and it has a finite overlap with all the post-quench eigenstates |n),
(see Fig. 1.1), making the dynamics of the system highly non-trivial.

A sudden change of a parameter is a theoretical idealization, since from an experimental
point of view it is not possible to modify the characteristics of a system instantaneously.
Let us call 7. the relaxation time of the system, i.e., the time scale which governs the
response of the system to external perturbations, and 7, = ¢g/¢ the typical time associ-
ated with the variation of the parameter g in our experiment. For 7, < 7, the system
is given sufficient time to adapt to the altered conditions and it can be thought of as
being almost at equilibrium at every moment: this is known as adiabatic transforma-
tion. On the other hand, if 7, < 7, the system is not able to respond to the external
perturbation and therefore lags behind: this is what we mean by a sudden change and
what constitutes a quantum-quench.

There are different kinds of quantum quenches: the abrupt change of the parameter
can involve only a spatially localized part of the extended system (local quench) or the
whole system (global quench); it is possible to "quench” the parameter across a quan-
tum phase transition, suddenly switching on interactions, or modify the geometry of
the system (geometric quench). It is natural to ask oneself if the system long after a
quantum quench approaches a steady state, what the characteristics of this state are
and if the eventual relaxation process occurs uniformly in time or if it consists of many
stages. We address these questions in the next Sections.
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Figure 1.1: Schematic representation of the energy spectrum of the pre-quench (blue)
and post-quench (red) Hamiltonian. The state |0),, in which the system is initially
prepared is not an eigenstate of the post-quench Hamiltonian H(g), resulting in a non
trivial quantum evolution (see Eq. (1.1)). [Courtesy of A. Gambassi]

1.2 Quantum thermalization

1.2.1 Ergodicity in classical statistical mechanics

In classical physics the concept behind thermalization is ergodicity. Consider a classical
system of N particles in d spatial dimensions, with volume V and constant energy F.
The system is characterized by a time-independent Hamiltonian H(Z), where & = (q, p)
is a point in a 2d N-dimensional phase space I'. The value of 7 determines the microscopic
state of the system and, because of energy conservation, it belongs to the constant energy
surface X g, defined as the set of points # € I' such that H(Z) = E. The point & evolves
in time according to Hamilton’s equations

dq,-(t) _ oH
dt N 8}0@,
dpi(t) _ OH (1.2)
dt 0g;’
H(q,p) = E,
with i = 1,...,2dN, drawing a trajectory Z(¢) on the surface ¥g. In order to describe

the properties of the system, we are interested in the value of some observable O(Z(t)),
which depends on the dynamical state of the system. In experiments done in equilibrium
conditions, one is actually measuring the time average O of the observable O, defined

as
to+T

GETETOO% / dt O(F(1)). (1.3)
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Despite the conceptual simplicity of this definition, it cannot be used for practical pur-
poses. Indeed, determining the dynamics of Z(t) requires solving as many differential
equations (1.2) as the number of degrees of freedom (of the order of Avogadro number
N4 ~ 10?3 for macroscopic systems), which is clearly an impossible task. One needs
a different approach and equilibrium statistical mechanics is the viable one. Instead of
considering its time evolution, the idea is to take a large number of copies of the same
system and to assign to this set a time-independent' probability distribution p(Z) that
determines the probability for the system to be in the state #. The set of the copies is
known as statistical ensemble and p(Z) is the associated probability distribution. The
choice of the ensemble and of the corresponding probability distribution p depends on
the macroscopic conditions of the system. If, for example, it has a fixed number N of
particles, a given volume V and a given value of the energy within the range E and
E + AE, the probability distribution p(#) has to be nonzero only at the points # € T
which are consistent with these constrains, i.e.,

o) = {1/9, if H(Z) = E, a4

0 , otherwise.

In Eq. (1.4) we indicate by €2 the area of the surface ¥ and assume that each point &
in X g is equally probable. This kind of ensemble is known as the microcanonical one.
Once the probability distribution p is chosen, we define the ensemble average of the
observable O as

0), = /F di p(7)0(7). (1.5)

This average is more easily computable than the time average (1.3), because one does
not need to solve all the equations of motions but instead it is sufficient to know the
macroscopic properties of the system and define a consistent probability distribution.
The connection between these two approaches is provided by the concept of ergodicity.
A system is said to be ergodic if, for any observable O and for almost all initial states
Zo, the time average (1.3) is equivalent to the microcanonical average (1.4 and 1.5):

0 =(0) (1.6)

»
Another equivalent definition is that a system is said to be ergodic if during its motion
Z(t) passes arbitrarily close to all points of the surface X g of the phase space compatible
with energy conservation. An important class of systems which are not ergodic is consti-
tuted by integrable systems. By definition a classical system with f degrees of freedom is
integrable if there are f independent integrals of motion which are Poisson-commuting;
this means that the Hamilton’s equations can be exactly integrated via action-angle
variables. The presence of additional conservation laws in integrable systems constrains
the dynamics of the system to a subregion of the energy surface > g and so the evolution
is not able to uniformly cover the surface at constant energy.

1We are considering here equilibrium cases.
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1.2.2 Thermalization in quantum statistical mechanics

In the early days of quantum mechanics, von Neumann realized that the most obvious
generalization of the notion of ergodicity to the quantum realm is arduous [5]. In
quantum mechanics the counterpart of the state & is the wavefunction [¢) € H, where
‘H is the Hilbert space of the system considered. The time evolution of this state is now
governed by the Schrédinger equation

.0
i [0() = HlW(t)), (L.7)

where we set h = 1 and H is the Hamiltonian operator of the system. If we choose the
basis of the normalized eigenstates |a) of the Hamiltonian, H|a) = E,|a), it is possible
to decompose the state as

W> = an‘a% (1'8)

where the normalization condition (|¢) = 1 implies

D eal* = 1. (1.9)

[0}

The solution of the evolution equation (1.7) is then given by

(1) =) cac " a). (1.10)

[e%

The expectation value of an observable O at time ¢ is

(0(1) = @@)ON(#)) = Tr [p(t)0] = Y cache™ P P50, (1.11)
a,8

where the density matrix p(t) associated with the pure state |¢) is given by

p(t) = [ () (P(t)]. (1.12)

Accordingly, the time average calculated according to Eq. (1.3) is

to+T
GZTETOO% / dt (0(t)) = T [(50] . (1.13)

where p(t) is the time average of the density matrix. Also in this case the computation
of Eq. (1.11) is practically impossible for a macroscopic system and we need to introduce
a statistical description.
Similarly to the classical case, it is possible to introduce the suitable ensembles and
the corresponding operator density matrix p. The ensemble expectation value of an
observable O is

(0), = Tr[pO]. (1.14)
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The quantum equivalent of the microcanonical ensemble (system with constant energy
within the range [E, F + AFE]) is defined by the density matrix pp,.

pme =37 3 ladal, (1.15)

aeSE

where Sg is the set of eigenstates |a) of H such that £ < E, < F+ AF and N is a
normalization factor, counting the total number of eigenstates within the microcanonical
shell [E, E + AE]. The microcanonical expectation of an observable is obtained from
Eqgs. (1.14) and (1.15) as:

(O)me = Tt [pmeO] = % 3" (alOla). (1.16)
aESE

A naive extension of the concept of ergodicity to the quantum realm should require that,
chosen a generic initial condition |¢)y) made out of states in the microcanonical shell

o) = 3 cala, (1.17)

aESE

the time average of the density matrix is equal to the microcanonical one. Proceeding
along this line, the time average of the density matrix is

to+1
1 .
— : = * —Z(Ea—Eﬁ)t
OGN R ST a)(B
to (G,B)GSE
to+T
1 .
— 2 : - x —i(Eqa—Eg)t
> lealloytal + tim oo [de Y cache 0}(8
aESE to (CWAB)GSE
B 2 - Cacz|a> Bl e~ Fa—Ep)(T+to) —1o
= 2 lealloy(al+i tm 3 < Eo — Ej T
aESE (aiﬁ)esE
= 3 leallad 0] = puiag:
a€eSE

(1.18)

where we use Eqs. (1.10) and (1.17), then split the sum and finally perform the integra-
tion. In the last equality, we could neglect the second term of the previous line under
the assumption that the eigenstates of the system are not degenerate, i.e., £, # Eg if
a # 3, while we define the diagonal density matrix pgi.y. The equivalence between the
diagonal density matrix pgiqy and the microcanonical one p;,. requires that

%, (1.19)

as it is evident from the comparison of Egs. (1.15) and (1.18). But Eq. (1.19) is a very

‘Ca‘Q =

special condition, satisfied by a very restricted class of initial states.



1. INTRODUCTION TO NON-EQUILIBRIUM DYNAMICS 7

Another argument showing that the concept of quantum thermalization is peculiar in
several respects, consists in the fact that the trace of the density matrix is constant
during a unitary time evolution (this follows from the cyclic property of the trace).
Hence, if we take a pure state [1)g) as a starting point of the evolution, the trace of the
square of its density matrix p = [1g) (10| is identically one at any time, i.e.,

Tr[p?(t)] = Tr[p?] = Tr[p] = 1. (1.20)

On the other hand, we expect that thermalization occurs and therefore the properties of

the system should be described by a thermal density matrix ps, with inverse temperature
5>0

1 _
Pth = = € o, (1.21)

which, however, has Tr[p%] < 1 in contrast to Eq. (1.21). Accordingly, it seems that
true thermalization in closed systems never occurs. But our common sense makes us
believe that macroscopic systems should reach an equilibrium thermal state, unless some
special conditions are met (e.g., integrability, see below for details). In order to solve
this apparent puzzle, we restrict our attention to a finite and spatially compact subpart
A of the original system, so that the complementary part A can act as an effective bath,
leading the subsystem to thermalization. Adopting this point of view, the key quantity
in which we are interested is the reduced density matriz pa

pa = Trlpl. (1.22)

obtained from p by tracing over the degrees of freedom of the bath. We can now
claim that a closed quantum many-body system relaxes to an equilibrium thermal state
at inverse temperature (8, or in other words thermalizes, if, in the thermodynamic limit
and for any subsystem A, the long-time limit of p 4 equals the appropriate Gibbs density
matrix py, i.e.,

e PH

Hm pa(t) = pame = Trz[pmc] = P = (1.23)

t—4o00 Z

In this case, the outcome of measurement of local observable O 4 can be evaluated either
as the time average or as an ensemble average

lim ($()|0Al0()) = Tr [pameOna] = %Tr [ 0,4]. (1.24)

t——+o0

1.2.3 Eigenstate thermalization hypothesis

One of the most debated issue in the literature about non-equilibrium many-body sys-
tems is the mechanism underlying quantum thermalization. The most accepted conjec-
ture regarding the mechanism underlying the emergence of a thermal state in isolated
quantum systems is the so-called eigenstate thermalization hypothesis (ETH). It states
that thermalization happens at the level of individual energy eigenstates and that the
time evolution plays just an auxiliary role (see Fig. 1.2); in order to compute thermal
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[0}
/‘\E
=

Chaos

Initial state

Figure 1.2: (a): In classical systems thermalization is made possible by dynamical
chaos. The system evolves in time and visits all the available phase space, such that it
can be correctly described with a microcanonical ensemble. (b): It has been conjectured
that the mechanism responsible for thermalization in quantum systems is the eigenstate
thermalization hypothesis. The thermalization happens at the level of individual energy
eigenstates (see Eq. (1.26)) and time evolution does not construct the thermal state as
in the classical case but it only reveals it. In fact, the thermal state exists already at
time ¢ = 0, but the quantum coherence, which is suppressed as times passes, hides it.
[Figure taken from Ref. [6]]

Thermal state

Initial state

Coherence

| Eigenstate thermalization |

averages it is sufficient to know the average over a single energy eigenstate within the
microcanonical energy window. Below we will be more specific and we clearly explain
how ETH works. Consider an observable O: its time average O is given by Eq. (1.13)
and therefore, proceeding in the same way as done before to derive Eq. (1.18), it can be
computed as a diagonal ensemble average, i.e.,

0= > leal*(alO]a). (1.25)

aESE

The value predicted for the observable by the microcanonical ensemble is instead given
by Eq. (1.16) The averages (1.25) and (1.16) have to be equal and the only possibility for
this to happen is to assume that the diagonal elements («|O|a) = O, are constant in
the energy window [E, E+ AE]. Under this hypothesis and from Eqs. (1.16) and (1.25),
we can assert that thermalization happens at the level of individual eigenstates of the
Hamiltonian, i.e.,

Oaa = (O) e = O; (1.26)

in other words, each eigenstate implicitly contains a thermal state. The role of time
evolution is only to suppress the off-diagonal elements (3|O|a) with 8 # « appearing
in O (similarly to Eq. (1.18)), leaving behind only the ones with 3 = a. This idea
was introduced by Deutsch in 1991 [7] and Srednicki in 1994 [8]. In Ref.[8] the author
considered an isolated quantum hard-sphere gas, whose classical counterpart has chaotic
dynamics, and showed that the momentum distribution of each constituent particle
approaches its thermal equilibrium value. In Ref. [7], instead, the ETH has been
shown to hold for integrable systems with a small perturbation in the form of a random
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matrix. More recently, supporting evidence for ETH has been collected in non-integrable
models investigated via numerical methods [6, 9] while its breakdown was demonstrated
in integrable models [10].

1.3 Integrable systems and generalized Gibbs ensemble

As we mentioned above, integrability plays an important role in determining the asymp-
totic properties of a system. However, defining a quantum counterpart of integrability
is a non-trivial task [L1]. For instance, it is not clear what should be considered as
number of degrees of freedom in a system with a finite dimensional Hilbert space, e.g.,
a spin chain: if the number of spins, which is proportional to the size of the system or,
instead, the dimension of the Hilbert space which grows exponentially with the size of
the system. Moreover, the existence, analogously to the classical case, of a maximal set
of independent and commuting operators cannot be considered the hallmark of integra-
bility. Indeed, such a set can be built by considering the projectors on the eigenstates
of the Hamiltonian, but this can be done for any system and therefore does not discrim-
inate if a quantum system is integrable or not. A better definition is the one given by
Sutherland [12]: a quantum system is integrable if any multi-body scattering process
can be decomposed in a series of binary collisions; this implies that quasi-particles can
scatter only elastically and their identity is preserved upon collisions.

In addition to energy, an extensive number of non-trivial independent conserved quanti-
ties I, is present in quantum integrable systems; these quantities constrain the dynamics
and prevent any relaxation towards a thermal state. Indeed, starting from an initial state
|1o), the expectation value of integrals of motion is conserved during the dynamics:

(o () Inltho(t)) = (YolIn|tho), (1.27)

and the system retains information about the initial state at any time. On the contrary,
a thermal state has no memory of the initial state. For quantum integrable systems it
was supposed [13] that relaxation actually occurs towards a non-thermal steady state
described by the so-called generalized Gibbs ensemble (GGE)

1 _
Page = 7€ el (1.28)
gge

where {I,,} is the set of the independent local conserved quantities with
n,Im] =0 and In,H) =0, Vn,m, (1.29)

while the constants \,, are fixed by imposing that the expectation value over the GGE
coincides with the (conserved) value that these quantities have in the initial state (see

Eq. (1.27)):

(Un)gge = T Unpgge] = lim (tr0(t) Zultbo(t)) = (ol nlubo)- (1.30)
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In this case, it follows that the long-time limit of the expectation value of a local ob-
servable O4 will be

Jim (o (1) Ol (t)) = Tr [Oape]. (1.31)

It is worth noting that the only assumption behind the GGE density matrix (1.28) is
the maximum-entropy principle [14] according to which the density matrix p is the one
which maximizes the von Neumann entropy

Slpl = =Tr[plnp], (1.32)

taking in account the conservation of the quantities I,,. Mathematically, one has to look
for p which maximizes the functional F'[p]:

Flp] = Slp] = £[Trlp] = 1] = > Ao [Tr[Lup] — (tholLnlv0)], (1.33)

which is composed by the entropy S, a term imposing the normalization of the density
matrix and a final term taking in account that the integrals I,, of motion in the steady
state are equal to their initial value. The solution of this minimization problem is the
GGE density matrix (1.28) in which we can interpret the coefficients \’s as Lagrange
multipliers. Moreover, one assumes that only local integrals of motion have to be in-
cluded in the GGE because, as explained in Sec. 1.2, we focus only on a subpart of the
system and so we are interested in its local properties. The generalized Gibbs ensem-
ble has been tested successfully in various models, such as Luttinger liquids [15], Ising
chains [16, 17], integrable hard-core bosons [13] and Hubbard-like models [18, 19].

As we anticipated in Sec. 1.1, the non-equilibrium dynamics following a quantum quench
can be investigated also experimentally thanks to cold atomic gases. We now illustrate
the important experiment performed by Kinoshita et al. [20], known as the quantum
Newton’s cradle. In this experiment arrays of tightly confined tubes of ultracold 8"Rb
atoms were prepared in a superposition of states of opposite momentum. The imparted
kinetic energy was small compared to the energy required to excite the atoms to the
higher transverse states and the gases remained effectively one dimensional along the
axis of elongation. The system was then allowed to evolve for a certain time before the
momentum distribution was sampled (see Fig. 1.3). It was observed that, after thousands
of collisions, the momentum distribution remained non-Gaussian, signaling that the
non-equilibrium Bose gas did not equilibrate on the time scales of the experiment (see
Fig. 1.3). The explanation of this unexpected behavior is that this experimental setup
is close to be represented by the Lieb-Liniger model [21, 22], which describes a gas
of one-dimensional Bose particles interacting via a repulsive delta-function potential.
This model is a notable example of integrable quantum many-body system and so the
associated non-trivial conservation laws prevent relaxation towards a Gibbs thermal
ensemble.
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Figure 1.3: (a) The classical Newton cradle and (b) its quantum counterpart consid-
ered in the experlment of Ref. [20]. Right: Absorption image as a function of the time
t elapsed from the quench during the first oscillation cycle for the quantum Newton
cradle, showing the absence of relaxation towards a steady state and an almost periodic
motion [Figure taken from Ref. [20]]

1.4 The end of the story?

Until now, it seems that the current knowledge about the relaxation of closed quantum
many-body systems following a quantum quench can be summarized as follows: non-
integrable systems relax to a thermal Gibbs ensemble, while integrable models attain
a non-thermal state described by a generalized Gibbs ensemble. However, the actual
dynamics towards quantum relaxation could be more involved, as some recent works
suggest. For example, in Ref. [23] the dynamics of a Bose-Hubbard model following a
quench from the superfluid to the Mott insulator regime was investigated in this respect.
It was found that for large values of the post-quench interaction strength between the
particles the system approaches a distinctly non-equilibrium steady state which bears
strong memory of the initial conditions. By contrast, if the post-quench interaction
strength is comparable to the hopping between neighboring sites, the correlations are
rather well approximated by those at thermal equilibrium. The explanation behind this
strange behavior was given in terms of the ineffectiveness of quasi-particles interactions
deep in the Mott regime, with a suppression of thermalization, because of the impos-
sibility of redistributing the energy injected into the system after the quench. Instead,
a more pronounced dependence of the evolution on the initial state was observed in a
numerical study of integrability breaking in a one-dimensional quantum Ising chain [24]

H=-Y |oio}, +gof] —h> of. (1.34)
A

i
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Numerical results for the out of equilibrium evolution of the reduced density matrix of
this model showed the existence of three different regimes occurring depending on the
initial states. The initial configuration was chosen to be a translation invariant product
states, determined by the state of an individual spin,

[4)) = cos <Z> |0) + ' sin <§> 1), (1.35)

for |0) (]1)) the +1 (—1) eigenstates of o®. If the initial state has all spins aligned along
the positive y direction (§ = ¢ = 7/2), then the reduced density matrix approaches the
thermal canonical ensemble (strong thermalization), while for initial states with spins
pointing along the positive z direction (6 = 0) the system shows convergence to thermal
values only after time averaging (weak thermalization). Remarkably, if the initial spins
point along the z direction (0 = 7/2, ¢ = 0) relaxation is fast, but the distance between
the evolved state and the thermal one is different from zero even in the long-time limit.
In Ref. [25] it was established that when certain models which are far from being inte-
grable reach the steady state, they have memory of the initial conditions, resulting in a
lack of thermalization but being instead described by a generalized Gibbs ensemble.

In spite of these evidences in favor of the role played by the GGE in the dynamical
evolution of quantum many-body systems, its explicit construction for general interact-
ing integrable models remains an open problem, and there are examples of integrable
systems where the GGE seemingly fails to describe correctly the steady state [26, 27]. A
thorough understanding of the non-equilibrium dynamics of closed quantum many-body
system has not yet been reached and research in this field is one of the most active and
growing activity in statistical physics and condensed matter.

1.5 Prethermalization

In the previous Sections we concentrated on the state attained by a closed quantum
system long after a quantum quench, but it is certainly interesting to investigate also
the intermediate dynamics and understand whether the relaxation occurs uniformly or
via a sequence of different stages. In fact, it is possible that a system driven out of
equilibrium initially approaches an intermediate quasi-steady state and then approaches
the eventual stationary state of the dynamics at a later time. A notable instance of this
case is provided by the so-called prethermalization.

This multi-stage dynamics was first mentioned in the study of relativistic heavy-ions
collisions [28]. It was observed that, on a time scale 7,;, a dephasing mechanism leads
to the equipartition of energy between kinetic and potential component and to the
establishment of a time-independent equation of state P = P(¢) relating the pressure P
and the energy density €, even if the system is still far from equilibrium. This process
is independent of the details of the interaction and is very rapid; for this first non-
thermal steady state was introduced the term prethermalization. Inelastic collisions are
responsible for the existence of a second, longer time scale 744y, Which characterizes
the relaxation of the mode occupation numbers; most of the dependence on the initial
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conditions is already lost at this stage, even if the momentum distribution function
still does not look thermal. True equilibration happens only at later times ¢ ~ 7.
A similar scenario emerges also in condensed matter, as highlighted in Ref.[29] where
the authors investigated the non-equilibrium dynamics of a Fermi-Hubbard model at
half filling (with Fermi energy ez = 0) in more than one spatial dimension (such that
the system is not integrable and thermalization is expected) after a sudden interaction
quench. This model is described by the following Hamiltonian

H(t) = e cfycro +9(t)UZi: (W - ;) (w - ;) , (1.36)

k,o

where o € {1,]} indicates the spin value, k the momentum, ¢ and ¢! are canonical
fermionic annihilation and creation operators, respectively, n; 1) = CI’T( 1Cit(y) repre-
sents the occupation number of the site ¢ with spin value o =7 ({), while 6(¢) is defined
as O(t < 0) =0, (t > 0) = 1 and it accounts for the sudden interactions switch-on.
Three clearly separated time regimes were found: a first stage for times 0 < ¢ < p}lU_z,
where pr = p(e = 0) is the density of states at the Fermi level, during which one ob-
serve a fast reduction of the Fermi surface discontinuity with oscillations decaying as 1/t
in the momentum distribution function. This short-time regime has been interpreted
as the formation of quasi-particles from the free electrons of the initial non-interacting
Fermi gas. Then for times t 2 p;ﬁlU_2 the system relaxes towards an intermediate
quasi-steady regime, where there are no further changes in the momentum distribution
function, but this distribution does not resemble the equilibrium one. This is a clear
instance of prethermalization and if the system was integrable, this regime of dynamics
would become stable and last forever, but the inelastic interaction processes at later
times drive this metastable state towards the true equilibrium distribution function.
Finally, in the late stage of the dynamics for ¢ = pj73U_4, a Boltzmann equation de-
scription is expected to hold and the authors have been able to show that the resulting
momentum distribution function of the system approaches a Fermi-Dirac one with tem-
perature T ~ U: in other words, the system has reached a thermal state.

Another important aspect of prethermalization is its possible connection with the GGE:
in fact, GGE stationary states for integrable systems could be seen as prethermal
plateaus which never decay and, conversely, the prethermal intermediate state of nearly
integrable models can be seen as if it was the GGE asymptotic state of the ”closest”
integrable model constructed with specific quasi-conserved quantities [30]. To be more
specific, consider as starting point an integrable Hamiltonian

H(t=0)=Hy= )Y eéala, (1.37)

«a

where ¢, is the "energy” of the level labeled by the quantum number «, {I,} is a set
of integrals of motion with corresponding eigenvectors |n), I,|n) = nq|n), and suddenly
switch on a small integrability-breaking term H;

H(t>0)=Hy+gH,  with |9 <L (1.38)
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Because of the smallness of the parameter g, the evolution after the quench of this
system can be investigated using unitary perturbation theory, for details see Ref. [30].
We expect that the dynamics is strongly influenced by the near integrability of H (¢ > 0)
and the conservation laws possessed by Hy are not totally lost. In this case the system
prethermalizes and an observable (A(t)) relaxes first to a non-thermal quasi-stationary
value A,.ein. The expectation value of A within the prethermalization plateau can be
obtained as long-time average

T

(AGD) = lim % / dt' (A(t)), (1.39)

0

assuming that g is so small that the scale 1/|g| and 1/|g|?, related to the perturbative
character of the calculations, are well separated and the limit 7" — oo is taken in the
sense that 1/|g| < T < 1/|g|?. Tt turns out that Eq. (1.39) can be written as [30]

Apreth = <A(t)> = 2<A>(] - <A>0 =+ 0(93)7 (140)

where the averages (o) and (e)5 are respectively taken on the initial state |0), ground
state of the integrable Hamiltonian Hy, and on the perturbative ground state |0) of
H(t > 0). Being close to integrability is reflected by the fact that a set of approximate
integrals of motion I, can be constructed and that the Hamiltonian (1.38) can be cast

in the following form

H=> elo+ Y [A)gEY +g*EP)(n| + O(g°), (1.41)

where |n), E7(L1’2) are the perturbed eigenvectors and eigenvalues of H(t > 0). For ap-
proximate integrals of motion we mean quantities I, which commute among themselves
and with the full Hamiltonian at least up to second order, i.e.,

[Io,Ig) =0 and  [H, 1] = 0(g). (1.42)

This set of approximate constant of motions are then used to build the corresponding

GGE
-> )\afa] (1.43)

with the constrain
(a)g = T [pgla] = (Tao. (1.44)

Phrased in these terms, the main result of Ref. [30] is that the prethermal values (1.40)
can be actually predicted as GGE averages with the density matrix (1.43), i.e.,

Apreth = <A>é + 0(93). (145)
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The scenario described in Ref. [30] is expected to hold for intermediate time scales
1/g < t < 1/¢?, as a natural limitation coming from perturbative computations, and
therefore the prethermal metastable state is expected to be long lived as much as the
integrable point is weakly perturbed. If thermalization eventually occurs, it is due to
the O(g?) terms, which are expected to become relevant on time scales of the order 1/g3.
Prethermalization occurs also in systems of quenched spinor condensates [31], non-
integrable quantum spin chains after a quench [32] and weakly interacting bosons fol-
lowing an interaction quench [33]. In Chapter 3 we report in some detail the study of
the non-equilibrium dynamics of a noisy quantum Ising chain, which shows prethermal-
ization [34].

We now present the recent experiment performed by Schmiedmayer’s group [35] thanks
to which it has been possible to directly observe a system in a prethermal state. The
experiment considers a single one-dimensional Bose gas cloud of 8’Rb atoms in the
quasi-condensate regime and with an elongated shape: because of this geometrical con-
straint and reduced dimensionality many longitudinal modes are populated with a con-
sequent rich spatial structure and dynamics of the local phase of the ”condensate” wave
function, in contrast to three-dimensional condensates in which the existence of a gen-
uine long-range order implies a quantum state with a single global phase. The initial
state is prepared by rapidly and coherently splitting the single one-dimensional gas,
producing a system of two uncoupled and elongated one-dimensional Bose gases in a
double-well potential. After the splitting, the two gases have almost identical longi-
tudinal phase profile ¢12(z) (where z is the coordinate along the elongation), and are
therefore strongly correlated in their phases (see Fig. 1.4). By contrast, two indepen-
dent quasi-condensates have different and uncorrelated phase profiles ¢ and ¢o. The
strongly correlated phases of the two gases after splitting reflects the memory of their
common parent quasi-condensate. The experiment studies how this memory evolves,
decays in time, and, in particular, whether a thermal equilibrium state corresponding
to two independent separated quasi-condensates is reached at long times. After the
splitting, the system evolves in the double-well potential for some time t. before the
two gases are released from the trap and allowed to interfere. The interference pattern
along the longitudinal direction is integrated over a variable length L and the so-called
integrated contrast C'(L) is extracted

2

L/2
C*(L) :% / dz eBoE] (1.46)
L/2

where A¢p = ¢ — ¢2 is the phase difference between the two gases and C(L) is a
direct measure of the strength of the relative phase fluctuations. In the initial state this
quantity is large, because essentially A¢ = 0; during the evolution, instead, the phase
difference varies, resulting in a decreasing of C'(L) as a function of time. Repeated
experimental runs can be used in order to measure the mean squared contrast (C?)
of the system. Fig. 1.5 (taken from Ref. [35]) shows an initial rapid decay of (C?),
after which a quasi-steady state emerges which slowly evolves further on a second, much
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Figure 1.4: (A): An initial phase fluctuating one-dimensional Bose gas formed by an
elongated cloud (with longitudinal coordinate z) is split into two uncoupled gases with
almost identical phase distributions ¢;(z) and ¢2(z) and allowed to evolve for a time
te. (B): At t, = 0, fluctuations in the local phase difference A¢(z) between the two
gases are very small, and the corresponding phase correlation length Aag is very large.
During the evolution, these relative-phase fluctuations increase, and Aag decreases.
The main goal of the experiment is to understand whether or when this system will
reach the corresponding thermal equilibrium of uncorrelated phases as characterized by
the initial temperature 7' and thermal coherence length Ar. (C): Matter-wave inter-
ference patterns obtained letting the two gas clouds interfere after different evolution
times. The contrast C(L) (see Eq. (1.46)) is a direct measure of the strength of the
relative-phase fluctuations. (D): Repeated experimental runs provide a characteristic
distribution P(C?) of contrasts, which allows one to distinguish between the initial
state, an intermediate prethermalized state, and the eventual thermal equilibrium of
the system. [Figure taken from Ref. [35]]

slower time scale. In order to verify if the quasi-steady state is thermal or not, the
probability distribution function P(C?)dC?, which gives the probability that C? takes
values within the range [C2,C? + dC?|, is computed and compared with a thermal
equilibrium distribution at temperature T¢¢r. It was found that the experimental data
are well described by an equilibrium distribution with an effective temperature which,
however, is a factor of five smaller than the initial temperature of the unsplit system
(see Fig. 1.5). The conclusion is that the observed steady-state cannot be the true
thermal equilibrium state of the system, but it is instead a prethermal state. These
experimental facts can be rationalized theoretically on the basis of an integrable theory,
i.e., the Tomonaga-Luttinger liquid formalism which provides predictions in very good
agreement with the experimental data; for details see Ref. [35].
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Figure 1.5: (A): Evolution of the mean squared-contrast (C?) (see Eq. (1.46)) of
the interference patterns integrated over the whole length of the quasi one-dimensional
clouds. Rapid decay is followed by a much slower one. Inset: experimental distributions
of the squared contrast for three different values of the evolution time ¢.. Red lines
are the best fit with equilibrium distributions from which T¢ ;s is extracted, while the
blue dashed lines are the equilibrium distributions at the actual setup temperature.
The evident discrepancy with the experimental data indicates that the steady state is
non-thermal. [Figure taken from Ref. [35]]

1.6 Fluctuation-dissipation theorem and effective temperatures

In the previous Sections we illustrated how the non-equilibrium dynamics of closed
quantum many-body systems following a quantum quench is actually understood and
described. Ome can distinguish two classes of systems: non-integrable ones, whose
asymptotic local properties are described by the usual Gibbs distribution, and integrable
systems, which, instead, relaxes to the so-called generalized Gibbs ensemble, account-
ing for the additional local conserved quantities in the system. However, it has been
suggested in Refs. [36, 37] that, depending on the system’s parameters and the specific
quantity under study, a conventional Gibbs ensemble might effectively describe some
relevant features of the non-equilibrium dynamics even in integrable case and therefore
their study would not reveal the non-equilibrium nature of the dynamics. Therefore, a
different approach is required in order to assess the real thermalization of a system and
in this Section we discuss this novel method [38, 39].

1.6.1 One-time quantities

Consider a system in the initial state |ip) subject to the sudden quench of its Hamil-
tonian from H(gg) to H(g) (see Fig. 1.1). The post-quench Hamiltonian governs the
unitary dynamics of the system, characterized by the state [¢(¢)). Usually, one-time
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quantities are studied in this kind of problems in order to understand the relaxation
properties. Among them, a special role is played by the energy of the system; indeed
the average energy F(t)

E(t) = (0()[H ()| (1) = (o] "9 H(g) e 9 [3ho) = (o] H(g)|t0) = E(t = 0),
(1.47)
is conserved in the dynamics because of unitary evolution. We can define an effective
inverse temperature Bf} 7 associated to the energy as

1

(ol H(g)lo) = - Tr [ #1119 i (g)] (1.48)

where the quantity on the L.h.s is the average energy of the system after the quench while
the one on the r.h.s is the average energy of an equilibrium state of H(g) at a temperature
T = Tgf = l/ﬁeEff (we set to 1 the Boltzmann constant kp). In other words, we can
imagine the system as if it was in an equilibrium thermal state at temperature Teb;c f fixed
by the amount of energy injected into the system upon quenching. However, one would
like to check that a Gibbs state with the temperature thus defined also describes the
stationary limit of the average value of other observables. Considering an observable O,
one can compare the stationary value of the average of the observable after the quench
(O(t = o0)) with the expectation value that the same observable would have in an
equilibrium Gibbs ensemble at the effective temperature Teof f and determine Teof f in
such a way that these two averages coincide, i.e.,

Jim (GolO(1) o) = o Tr [e=51 0] = (O)y_o (1.49)

An effective thermal-like behavior of the system in the stationary state would require
these temperatures Teoff to be independent of the observable O considered and to co-
incide with Te]?f defined by Eq. (1.48), because a real thermal state is described by a
unique temperature. This approach is useful also in order to understand better the
difference between the canonical Gibbs ensemble and the generalized Gibbs ensemble.

Consider an Hamiltonian that can be written in the diagonal form
Hi =Y exly =Y Hy, (1.50)
k k

where {I} is a set of non-trivial conserved quantities and ¢ is the energy of the level
labeled by the quantum number k. Therefore, the dynamics after the quench is con-
strained by a large number of integrals of motion and in Sec. 1.3 we argued that the
asymptotic properties of these kind of systems are captured by a generalized Gibbs
ensemble (see Eq. (1.28)) and that the Lagrange multipliers A\; can be determined by
imposing the condition (1.30). Equation (1.30) is analogous to Eq. (1.48), but with a
set of effective temperatures {7 ekf 7} ={€x/Ax} determined by the condition

1

(Yol Ix|vbo) = 7

Tr [e_ 2k Ml Ik} =
gge

Tr {e*ZkﬁﬁffHk Ik} = (L)ppr . (1.51)
gge eff
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In a sense, the generalized Gibbs ensemble is characterized by a variety of different
effective temperatures, one for each eigenstate, opposite to the canonical Gibbs ensemble
which is described by only one temperature. A signal of possible thermalization of the
system is the equality of all k-dependent effective temperatures T ff 7 to T 5 f-

1.6.2 Two-time quantities

In the stationary state one-time quantities are by definition time-independent, whereas
two-time quantities are not and therefore they carry information on how the dynamics
occurs even in equilibrium. Moreover, the analysis of one-time observable could be
misleading [17, 36, 37] and therefore one is naturally led to consider two-time correlation
function between two generic operators A and B, defined by

CAP(1,1') = (A() B(t')) = T [pA(H) B(Y)] . (1.52)
where the generic operator O evolves according to the Heisenberg representation (A = 1)
O(t) = et g e~ (1.53)

Clearly, generic A and B do not commute and therefore (A(t)B(t')) # (B(t')A(t)); it is
then natural to define symmetric and antisymmetric correlation functions as

CL5(t,1) = ([A(t), B(t)]+), (1.54)

where [X,Y]L = (XY £ Y X)/2. Without loss of generality, it is possible to consider
either operators with zero average or to subtract the latter from the definition of the
generic operator O: O(t) — O(t) — (O(t)). In addition to CAB, the other fundamental
dynamic quantity is the linear response function R4P which quantifies, up to linear
term, how much the expectation value (A(t)) varies after a perturbation hp(t) which
couples linearly to the operator B in the Hamiltonian of the system:

(A1)

Shp(t) hB:O’

RAB(t, 1) =

(1.55)

where A(t) is obtained by evolving A with the time-dependent perturbed Hamiltonian
Hy,(t) = H — hp(t)B. The Kubo formula [10], which holds in and out of equilibrium,
relates the linear response function R45(,#') to the antisymmetric correlation CAB(t, ')
defined in Eq. (1.54)

RRAB (¢,) = 2i0(t — t')CAB(t, 1)), (1.56)

where 6(t—t") enforces causality: if the perturbation is switched on at time ¢’ the system
will react to it only at later times ¢t > t/. If we consider Hermitian operators, O = O,
the complex conjugate of the correlations function is [CAB(¢,#)]* = (B(#')A(t)) and the
symmetric and antisymmetric correlators Cj__‘B can be respectively expressed in terms
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of C4B alone, defined in Eq. (1.52), as
CB(t,t') =Re CAB(t,t')  and  CAB(t,t') =ilm CAB(¢,t), (1.57)
so that Eq. (1.56) yields
RRAB(t, ') = —20(t — t') Im CAB(¢,t"). (1.58)

In equilibrium, the dynamics is invariant under time translations and therefore correla-
tion and response functions are stationary, i.e., C{B(t,t') = C4B(t — t'), whereas out
of equilibrium this is not necessarily the case. In the stationary case, we can consider
Fourier transform of the correlation function, defining the Fourier transform (and its
inverse) of a function as

Flw) = / dt &< f(1) and  f(1) = / ;L‘; it £ (). (1.59)

In Gibbs equilibrium the stationary correlation function between any two observables is
linked to the linear response of one of these observables to a linear perturbation applied
to the other in a model-independent way. Indeed, while the functional forms of the
correlation and linear response may depend on the pair of observables considered and of
course by the model studied, the relation between then remains unaltered and it is just
determined by the temperature of the environment. This remarkably universal relation
is the statement of the fluctuation-dissipation theorem (FDT) that in time domain can
be expressed as

o0

' d - hw

RAB(t) = 29(t) / B it ann (019 4B (), (1.60)

h s 2
—00

where ( is the inverse temperature of the system at equilibrium. Taking the limit 7z — 0

of (1.60), one can find the classical fluctuation-dissipation theorem

RAB(1) = —/39@)% CAB(p). (1.61)

The quantum FDT can be cast in a compact form in the frequency domain by Fourier
transforming Eq. (1.60)

hIm RAP(w) = tanh (%‘“) CAB(w). (1.62)

At equilibrium, the relation between RAP and CAP is determined only by the inverse
temperature § and it is independent of the model and the pair of observables A, B
considered. Accordingly, the knowledge of R4Z and C’j_‘B for a pair observables A and
B allows the determination of the inverse temperature 8 of the system in equilibrium
via Egs. (1.60) and (1.62), whatever the observable A and B are. FDT provides a way
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to 'measure’ the temperature of a system, through the measurements of correlation and
response functions.

The idea of the novel approach we pursue in the following Section (see also Refs. [38,
39]) is to test the relaxation to a thermal state determining the correlation and linear
response of a chosen pair of observables and verifying whether FDT is satisfied. Out of
equilibrium, we define an inverse effective temperature ﬂ:ﬁ(w) by enforcing the quantum
fluctuation dissipation relations (FDR), i.e., via

AB
hIm RAB(w) = tanh (W) C4B(w), (1.63)

where we consider C4'7(¢) and RAB(t) within the stationary regime in order to perform
Fourier transform (1.59). In complete generality ﬁéf}(w) defined from Eq. (1.63) depends
both on the choice of the observables A and B and on the frequency w. Indeed, as

CAB and response RAP functions are, in principle, unrelated out of

the correlation
equilibrium it is necessary to allow such dependence of 5 of f( w) in Eq. (1.63). The study
of the effective temperatures 54 of f( w) obtained from Eq. (1.63) can provide important
information on the eventual thermalization of the system after the quench; if the system
thermalizes, in fact, the effective temperatures Be 7 f( w) must become almost constant in

the frequency domain and also independent of the quantities used to define them, i.e.,

6eff( ) Ba (164)

in such a way that FDR (1.63) reduces to FDT (1.62) proving that the system is really
in thermal equilibrium at inverse temperature 5. We emphasize that the idea of using
FDR in order to investigate thermalization properties in non-equilibrium systems is
completely general. In Sec. 2.4 we report the results obtained by using this approach
for the quench dynamics of a quantum Ising chain [38], for which it was originally
argued that some one-time observable could equilibrate. Then in Chapter 4 we compute
the correlation and response functions for a quantum Ising chain perturbed by a time-
dependent delta correlated noise in the transverse direction and driven out of equilibrium
also by a sudden quench of the static component of the transverse field and extract an
effective temperature in order to better understand its relaxation dynamics.



CHAPTER 2

QUANTUM ISING CHAIN

In this Chapter we introduce and provide the necessary background about the one-
dimensional quantum Ising chain (QIC), which the noisy quantum Ising chain we study
in this thesis is based on. In Sec. 2.1 we introduce the Hamiltonian of QIC, describing its
properties and the presence of a quantum phase transition. Then, in Sec. 2.2, we show
in detail how it is possible, through Jordan-Wigner transformation and Bogolyubov
rotation, to map the QIC onto non-interacting fermionic system. The quantum Ising
chain is an example of integrable model and so it provides the opportunity to test the
GGE hypothesis, discussed in Sec. 1.3, for the relaxation dynamics of the system. In
Sec. 2.3, we review the results found in Refs. [16, 17] for the non-equilibrium dynamics
of a quantum Ising chain following a quantum quench of the transverse field. Finally, in
Sec. 2.4, we confirm the lack of thermalization of the QIC from a qualitative different
approach, based on the computation of the correlation and linear response functions
and the consequent failure of the fluctuation-dissipation theorem [38].

2.1 The model

We discuss the one-dimensional quantum Ising chain in a transverse field (QIC). This
model is described by the Hamiltonian

H(g):—J‘

J

07107 + 9071 (2.1)

L
=1

where o are the Pauli matrices at site j which commute at different sites. We assume
a positive exchange constant J > 0, the length L of the chain to be even and we impose

22
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periodic boundary conditions o, ; = of'. In an explicit representation:

(o1 0 —i (1 0 , N R
’ :<1 0)’ Uyz(@' 0)’ 0 :<0 —1> with - [of' o] = 2085707

(2.2)
where €*?7 is totally anti-symmetric symbol, such that €*¥* = 1, and ;i is the Kro-
necker’s delta. In Eq. (2.1) the term 07,105 does not commute with o7, highlighting
the quantum nature of the system. The Hamiltonian Eq. (2.1) displays a global Zo
symmetry being invariant for a global rotation around the z-axis in spin space by an
angle of 7, i.e,
oj = —o7, U;-J — —ij, o = 0j (2.3)
The quantum Ising chain is of fundamental importance because it is the paradigmatic
example of a model which undergoes an equilibrium quantum phase transition by tuning
the coupling g [11]: at zero temperature and in the thermodynamic limit it is character-
ized by two phases, a paramagnetic for g > 1 and ferromagnetic one for g < 1, separated
by a quantum critical point at g = 1. In the paramagnetic phase we have a vanishing
order parameter (o), while in the ferromagnetic one we have spontanecous Zg-symmetry
breaking (oF) # 0 and long-range order along the = direction appears in the system,
limy oo CFF = limrﬁoo(afazﬂﬁ # 0. However the long-range order disappears as soon
as the temperature T takes non-vanishing values. We want to emphasize that this phase
transition, occurring at T' = 0, is only due to the quantum fluctuations in the system.
Phase transitions in classical models are driven by thermal fluctuations which weaken
and cease as T' — 0; in contrast, quantum fluctuations are controlled by the coupling ¢
and they persist up to T = 0 eventually triggering this phase transition. Accordingly
the quantum nature of the system is crucial.

The model Eq. (2.1) is realized in solids [12] and in Ref. [13] a degenerate Bose gas of
rubidium atoms confined in an optical lattice has been used to simulate the Hamilto-
nian Eq. (2.1) with a negative exchange constant J < 0; in the latter case the system
is isolated from the environment and its parameters are controlled with high accuracy
making possible to investigate non-equilibrium dynamics of spin chains experimentally.

2.2 Diagonalization of the quantum Ising chain

Now we want to show that it is possible to map the Hamiltonian of the QIC Eq. (2.1) into
one of non-interacting fermions. We introduce the raising and lowering spin operators
Uji at the site j
o¥ +io?
+ _ 7 J
o; = 5 (2.4)

For 1/2-spin operators we can use the explicit representation Eq. (2.2) and prove that

{O’;_,Uj_} =1. (2.5)
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So anticommutation relations Eq. (2.5) suggest an analogy between the operators o

and canonical creation and annihilation fermionic operators cf, ¢, i.e.,

0';- e, 0 C}L- (2.6)

with {Cj,cz} =, and {cj,ck} = {C}L,CL} =0 (2.7)

But this analogy fails for spins at different sites given that truly fermionic operators
would anticommute, {cj,cz} = 0 if j # k, while instead ¢& commute, [aj,ak_] =0if
j # k. However it is possible to modify the identification suggested above and express
1/2-spin operators in terms of fermions in order to reproduce the commutation relations
Eq. (2.2). In general we have to introduce a phase factor

of =U(j)e; o =cUi(j) (2.8)
where U(j) is a non-local function of ¢, ¢! which eventually takes the form of a ”string”
of operators.

For one-dimensional systems Jordan and Wigner [44] established the phase factor

j—1

H exp 27rcl ) H [1 — 2cchl] . (2.9)

The last equality in Eq. (2.9) follows from the fact that the only eigenvalues of the
fermionic number operator n; = c;cj are 0 or 1 and so exp(iwcjcl) =1- QC;CZ; in this
way the phase factor U(j) can also be interpreted as a ”string” of operators.

+ expressed in terms of canonical creation and annihilation fermionic

The spin operators o
operators c', ¢ trough the Eq. (2.8) with the phase factor U(j) given by Eq. (2.9) now

satisfy the correct commutation rules, i.e.,

if {cj,c,t;}: ik then { ;r, ]}—1 and {a}“,a,ﬂ =0 for j+#k. (2.10)

Accordingly, using Eqgs. (2.4), (2.8) and (2.9) the original spin operators o§ are given by

j—1
0‘]3." = Uj+ + o'; = [1 — QC;CI} [Cj + Cﬂ ) (2.11)
=1
j—1
ot = (i) |of =7 | = (=) [T [1 - 2dfea] e = ]] . (2.12)
=1
UJZ- = [o;-r,af] =1- 2c;rcj, (2.13)

where in Eq. (2.13) we use [cj,c;rncm] =0if j#m and [1 — 2c}cj]2 =1.
It follows from Egs. (2.8), (2.9) and (2.13) that the inverse Jordan-Wigner transforma-
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tion is
j—1
cj = HO‘ZZO';-F, (2.14)
=1
j—1
c;- = Halzaj_, (2.15)
=1

and it is possible to prove that if the spin operators ¢ satisfy the commutation rules
Eq. (2.2) then the operators c', ¢ are fermionic, that is they fulfill the anticommutation
relations Eq. (2.7).

Trough Eq. (2.11), we can write the nearest-neighbor interaction term in Eq. (2.1) as

Jj—1 J
07071 = H [1 — 2¢ cl} [cj +ec } H [1 — 2! cm} |:Cj+1 + c;ﬂ}
=1 m=1 (2.16)

= [cj + CH [1 - QC}C]‘] [Cj_:,_l + c;r.H} = H - c]} {cjurl + c}L.H} ,

where we use the anticommutation relations Eq. (2.7) and [1 — 2c}cj]2 = 1. One im-
portant point to note concerns boundary conditions. We assume periodic boundary
conditions for spin operators, o7 ; = of', however boundary conditions of the Jordan-
Wigner operators {c;, cj} are affected by the fermion parity (—1)V*, where the number
of fermions Np in the chain is defined as

L
Np =Y cle;. (2.17)
j=1

Indeed, let us look at the boundary term o707 ;:

L-1
ofot  =ofol = H [1 - 20}01} [CE + CL} [cl + CJ{:|
=1

— 2.18
H exp( zwcchl) [CTL + CL} {01 + ci] — T el [CT + CL} [01 + cﬂ ( )
=1

=(-)e it i ol [CTL — cL] {cl + c{] = (—1)NFJrl [CTL — CL:| {01 + c{] ,

where we use Eqgs. (2.7), (2.9), (2.11) and (2.17) and we note that if we consider the
creation operator cTL we certainly have ny = 1, while considering the annihilation op-
erator c¢;, we have n;, = 0. By comparing Eq. (2.16) and Eq. (2.18), we define the
Jordan-Wigner operators cp41 as

cre1 = (—D)NFte (2.19)

which amounts to assuming periodic boundary conditions for the chain if Ng is odd and
antiperiodic ones if Np is even.
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Therefore we use Egs. (2.13), (2.16) and (2.18) to write Eq. (2.1) as

L-1

10 =5[] [+ 903 e~ [ =] e o]

= (2.20)

Looking at the structure of the Hamiltonian (2.20) we note that it is quadratic in the
fermionic operators ¢, ¢’ and so quasi-particles are either created/destroyed in pairs
or they hop to the nearest neighboring site; this implies that the Hamiltonian (2.20)
conserves the parity of the number of fermions (—1)V*. In mathematical terms the
operators H and (—1)F commute, [H,(—1)"*] = 0, and we can diagonalize them
simultaneously. Accordingly the Hamiltonian is block diagonal, H(g) = H.(g) ® H,(g),
where H,, acts on the subspace of the Fock space with an even/odd number of fermions.

2.2.1 Even sector

Focusing on the sector with an even number Np of fermions (—1)V7 = 1, according to
Eq. (2.19) fermions acquire antiperiodic boundary conditions on the fermions

CL4+1 = —C1. (2.21)

In this way the Hamiltonian Eq. (2.20) can be written as

— _JXL: [cj - c]} [cﬁl + C]_H} - ZL: [c]c —c; c]} . (2.22)

Jj=1
Being quadratic, it can be conveniently diagonalized via a Fourier transform

m(2n+1)

.—72 with k=4+——~ and =0,... - 1.
C] \/» (& Ci 1 L n ) )

L
2

(2.23)
The quantization of k is due to the antiperiodic boundary conditions Eq. (2.21) and this
sector is generally referred to as Neveu-Schwarz sector (NS). In Fourier space Eq. (2.20)
assume the form

H.(g9) = QJZ [cos k:(c,ch_k — czck) + i sin k(chT_k — c,kck)] +2Jg Z [cick — c,ch_k
k>0 k>0

=27 W H,V,, (2.24)
k>0

where we have introduced the Nambu spinor ¥, and the 2 x 2 matrix Hj according to

Ccosk  isink
Uy, = ch and H, = g . C_OS Lot ,  respectively.  (2.25)
cly —isink cosk—g
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This Hamiltonian is eventually diagonalized via a Bogolyubov rotation (see Appendix

A)
c ul  —iv
<cfk> B <—Z’Zi uik> <$%f€> =R(0}) <$;k‘r> (2.26)

where u = cos 6 and v] = sin 6. (2.27)

The operators ’Y}Z T, 'yk represents fermionic quasi-particles that satisfy the canonical an-

)

ticommutation relation {'yk e} = Ok and {v],77,} = 0; the Bogolyubov angle 67
fulfills the relation

sin k

tan(267) = (2.28)

g—cosk’

For k > 0 this relation has to be inverted with 267 € [0, 7], whereas the values of ¢ for
k < 0 are obtained by using the property 67, = —67. As we use in the following, we
anticipate that the Bogolyubov angle fulfills the following relations

2(g — k 2sink
cos(267) = (gegcos) and sin(267) = S;;l : (2.29)
k k

In terms of Bogolyubov quasi-particles T,’yk the Hamiltonian H.(g) Eq. (2.22) is
diagonal and reads

1
He(g) =) ¢ [WZ% 2] Set [+t -1, (2:30)
k k>0

with a dispersion relation

¢/ =2J\/1+ g2 — 2gcosk. (2.31)

In Fig. 2.1 we plot the dispersion relation ¢} in Eq. (2.31) as a function of k € [—m, 7]
in the case J = 1 and g = 1.3 (paramagnetic phase), g = 0.7 (ferromagnetic phase) and
g =1 (critical point). We note that the dispersion relation ei is a function of £ bounded
both from above and from below

2Jlg —1] < el <2J(1+g). (2.32)
A basis for the Fock space in the even sector is then given by
2m
k1, - kom; 9) vg = H’y,z;r 10,9) g where k;j € NS, m €N, (2.33)
j=1

and |0, g) y¢ is the vacuum state annihilated by all v{: 77 |0, g) yg = 0 if k € NS.
The ground state of the system with an even number of fermions Ng is the vacuum
state where no quasi-particle has been created

|GS>NS = |079>NS ) (2.34)
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Figure 2.1: Dispersion relation €] for J = 1 [see Eq. (2.31)] as a function of k € [—, 7]
and three different values of the transverse field, indicated in the legend, chosen to

correspond to the paramagnetic phase (g > 1), ferromagnetic phase (g < 1) and to the
critical point g = 1.

from the Hamiltonian H.(g) (2.30) and the property +{ |0, g) yg = 0, the corresponding
energy is

1
Bl ns =75 > e (2.35)
k

It’s possible to link the ground state with different transverse field through the relation
[16]

1 .
0. 90) s = 7 oxp | i > Kyt 10,9) vs (2.36)
pENS

where Mg is a normalization constant and the function K(p) is given by
K(p) = tan (A6y) , (2.37)
and we defined the difference between Bogolyubov angles Af;

AGy = 09 — 6% (2.38)
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The time evolution governed by the Hamiltonian H(g) of the ground state |0, go) 5 g is

[16]

efitHe(g) ‘0’90>N _ |B(t)>NS (239)
Ns(B|B)ns
where
—itEjy : —2ite
|B(t))ys =€ tFo.ns exp |i Z Qt”K( )Y p%gT 10,9) vs (2.40)
0<peNS
2.2.2 0Odd sector
For an odd number Np of fermions we have (—1)V* = —1 and therefore, according to

Eq. (2.19), we have to impose periodic boundary conditions on the fermions

CL+1 = C1. (2.41)

The Hamiltonian then takes the form

L

H,(g) = —JZ [c;r - cj} [cﬁ_l + J+1i| - zL: [c]c —c! c]} (2.42)

J=1

and it can be diagonalized as in the NS case discussed above, i.e., doing a Fourier trans-
form and then expressing the Hamiltonian in terms of suitable Bogolyubov fermions.
The allowed quantized momenta are now

-1

p=— with n=-——,..., , (2.43)

2mn . L L
L 2’ 2

because of the periodic boundary conditions on the fermions. The periodic sector is
known as Ramond sector (R). By applying the Fourier transform, isolating the p = 0
term and then using the Bogolyubov rotation the Hamiltonian in the R sector becomes

1 1
Ho(9) =) ¢ [vﬁ*vp 2} —2J(1—g) [78% ~ 2] : (2.44)
p#0
and a basis of the subspace of the Fock space with odd fermion numbers is

2m—+1
D1y -y D2mt15 9 H ’ypT 10,9) 5 where pj €R, meN (2.45)

and |0, g) ; is the vacuum state annihilated by all v5: 44 |0,9)p = 0 if p € R. In the R
sector, the state |0, g) p is not allowed by the condition that this sector must contain an
odd number of fermions and therefore the lowest energy state fulfilling this condition is

1GS)r =13110,9)5 (2.46)
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with associated energy
(g1 10,00 = —3 | S e +2700—g)| 28T 10.00p = B 0.0 (247)
p#0

where we used Eq. (2.44) and the anticommutation relations {3, fyZT} = Opk-
Similarly to the NS sector, it’s possible to show that [16]

» Bt
o~ itHo(g) 10, 90) p = B (2.48)
rR(B|B)r

where

B(t))p=e Porexp |i Y e K(p)y?In8T| 10,9)p (2.49)

0<peR
2.2.3 Paramagnetic and ferromagnetic phase
Noting that
e =2J1-g|>0, (2.50)

we can write the ground state energy EJ  (2.47) in the R sector in the paramagnetic
phase (¢ > 1) and in the ferromagnetic phase (g < 1), respectively, as

1
1
Egj% =3 eg + eg, (2.51)
p
1
EJS = -5 (2.52)
p

As long as L is finite one can verify numerically [see Fig. 2.2] that Ej y o < EJ , for any
g and therefore |0, g) 5 ¢ is the ground state in both phases.
However, in the thermodynamic limit L — oo, from Egs. (2.35) and (2.52)

dk
ONS = — Zek Fvdinry / gek, (2.53a)
-7
1 L d
g<l _ p
PP IL ‘2/277 b (2.53b)
P _

and therefore Eo NS = Eg <.

From Egs. (2.35), (2.50), (2 51) and (2.53), we conclude that, in the paramagnetic phase
(g > 1) and in the thermodynamic limit L — o0, E& N < Eg;l and therefore the non
degenerate ground state is always

|GS>par = |GS>NS = |07g>NS (254)
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and P(IT‘<GS|O-]J':|GS>par = <U;'E>par =0.
Instead from Eqs. (2.35), (2.52) and (2.53) we can assert that, in the ferromagnetic
phase (¢ < 1) and in the thermodynamic limit L — +o0, Ej yg = ng_-il resulting in

two degenerate ground states related by the Zo symmetry Eq. (2.3)
1 1
V2 V2

By spontaneous symmetry breaking the system selects a unique ground state in which

1GS) jor = —= [IGS) s £ [GS)R] = —= |10, 9) s £ 78" |o,g>R] . (2.55)

spins align along the z-direction (07) er # 0.
Moreover, it is possible to see that the gap A of the quantum Ising chain, defined as the
difference between the energy of the ground state and the first excited state, is

A=E/—Ef=2Jg—1], (2.56)

and it vanishes at the critical point g = 1.

In the end we have seen that the quantum Ising chain in transverse field can be mapped
into a system of non-interacting fermions and at zero temperature and in the thermo-
dynamic limit it exhibits a quantum phase transition at the critical point g = 1.

2.3 Quantum quench in the quantum lIsing chain

While in the previous Section we have briefly reviewed the equilibrium properties of the
quantum Ising chain, here we focus on its dynamics following a global quantum quench
of the transverse field. The quench protocol consists in preparing the system in the
ground state |G\S)g, of the Hamiltonian H(go) and in suddenly switching at time ¢t = 0
the transverse field to a different value g such that the subsequent unitary time evolution
of the system is determined by the new Hamiltonian H(g). The time evolution of the
initial state is then

(1)) = e GS), . (2.57)

Upon quenching the transverse field one injects an extensive amount of energy into the
system and all excited states populates; this can be seen by looking immediately after
the quench at the populations

0 (GSI 121G S) gy = sin?(A6y),

(2.58)
0 (GSIN? A LIGS) gy = cos?(AGy),

and the coherences

w(GSITIGS) gy = — 5 sin(226,),
i (2.59)
90 (GS|7€/{Y;€|GS>90 - 5 Sln(2A0k),
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Figure 2.2: The quantity — €7, related to the ground-state energy FEj (see

Egs. (2.35), (2.51) and (2.52)), is plotted for even/odd number of fermions (¢ € NS/R)
as a function of the chain length L for the paramagnetic (upper panel) and ferromag-
netic (lower panel) phase. The insets show the behavior of —3° € with ¢ € NS/R
for large and finite values of the chain length L (5000 < L < 6000) in the two phases.
It can be seen that the values corresponding to the NS sector are always smaller than
those of the R sector for finite L. A quantum phase transition occurs only in the
thermodynamics limit.
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where Ay is given by Eq. (2.38). Equations (2.58) and (2.59) can be obtained by ex-
pressing the fermionic operators {~;,~v? k} in terms of {~;° ,VQOT} through a Bogolyubov
rotation R(67)RT(6]°) = R(Ab) (see Eq. (2.26)) and then using the property of the
initial state 7{°|GS)y, = 0. It is natural to ask oneself if the energy pumped into the
chain upon quenching will redistribute over the degrees of freedom and the system even-
tually reaches a thermal state.
This question has been addressed in 2012 by Calabrese et al. in Refs. [16, 17] with
the conclusion that the presence of an extensive number of local conserved quantities
ng = fy,g T’yi ! constrains the dynamics in such a way that the reduced density matrix
pA, defined in Eq. (1.22), after a sudden quench of the transverse field in the quantum
Ising chain does not attain a Gibbs density matrix but in the stationary state it is rather

equivalent to that of the generalized Gibbs ensemble (see Sec. 1.3):

pa(t = 00) = pcaE, (2.60)

where the GGE density matrix for the Ising chain is

exp ( Zﬂkek'yk ’yk> (2.61)

with the Lagrange multipliers 5 fixed by the initial state through Eq. (1.30)

PGGE = Z

00(GSITIGS) gy = Trlpaae] ). (2.62)

For a quench in the Ising chain these conditions amount at
Brel = 2 arctanh[cos(2A6y)], (2.63)

where €] and Ay, are given by Egs. (2.31) and (2.38), respectively. In this way arbitrary
local multi-point spin correlation functions can be evaluated as averages within the
GGE. In the following, we distinguish between local and non-local operators in terms
of Jordan-Wigner fermions {c,c'}. From Eq. (2.13), it is evident that the transverse
magnetization o7 is a local operator, because it involves only Jordan-Wigner operators
at the site j; the order parameter o7,
from Eq. (2.11) which includes a string of Jordan-Wigner operators at the sites | # j.

instead, is a non-local operator as can be seen

Although o7 is a non-local operator we stress that correlation functions involving the
order parameter can nevertheless be evaluated from GGE.

We focus on the correlation functions of the transverse spins o7 and of the order param-
eter o7. First we consider the transverse spins because they are local in the fermionic
representatlon and so their correlation functions and expectation values can be calcu-
lated rather easily. The expectation value of the on-site transverse magnetization in the

Lthe integrals of motion n, = ’ygT’yz are non-local, but for the quantum Ising model is possible to
show that local integrals of motion can be expressed as linear combinations of ng [45]
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thermodynamics limit L — 400 is

™

(07) = ((t)|oF (D)) = / iﬁ [cos(zeg) cos(2AA0)) + sin(207) sin(2A6;) cos(zegt)] ,

0
(2.64)

where 67, ¢} and Afj, are given in Egs. (2.28), (2.31) and (2.38), respectively. Equa-
tion (2.64) displays a first constant term, which is the value in the stationary state
and it agrees with the GGE prediction, and an oscillating term, describing the coherent
evolution due to pairs of quasiparticles propagating after the quench from the initial
state and decaying to zero for Jt > 1 as a power law 1/(Jt)3/2. This behavior can be
determined by a stationary phase approximation around the saddle points at £k = 0 and
k = m. The power law decay of (o) towards the value prescribed by the GGE occurs
through inhomogeneous dephasing, i.e., it results from the sum of many oscillating term
with slightly different frequencies, and this picture agrees with the argument given in
Ref. [16] for the relaxation dynamics of observables in integrable models.

The connected transverse two-point correlator in the thermodynamic limit and in the

infinite time limit ¢ — oo at fixed, finite separation between spins [ is expressed as

C*(l,00) = lim _[(y(1)|ofy05 (1) — (b (B)|of](1)?]

t——+o0
Fdk Fdp o (2.65)
:/e”kewZ COS(QAek)/pGlee_w’g’ cos(2A0,).
27 27

The connected two-point function in an equilibrium Gibbs ensemble at temperature 3!
is

™ m

g g
({ofo5)) — <<U§>>2 = /;lieilkewz tanh (ﬁ;k) / g—ieil”e—wg tanh (5;;;) . (2.66)
- “x

where ((O)) denotes the thermal equilibrium expectation value at temperature 1/5. In
this way Eq. (2.65) resembles the finite temperature result in Eq. (2.66) provided that
the temperature 8 is replaced by a mode-dependent inverse temperature (i given in
Eq. (2.63). Accordingly, C#*(l,00) agrees with the GGE value given by Egs. (2.61)
and (2.63) and the GGE can be thought of as a system with mode-dependent tempera-
tures. The reason for the appearance of mode-dependent temperatures is the integrability
of the system; in this case the degrees of freedom do not interact among them and so
each k-mode will ”thermalize” at its own temperature (i, determined by the energy
injected into it upon quenching [Eq. (2.58)].

The order parameter o7 is a non-local observable in the Jordan-Wigner representation
and so its correlation functions are more difficult to compute. In order to obtain re-
sults for these quantity a determinant and form factor approach has been developed in

Refs. [16, 17]. For quenches within the ferromagnetic phase the expectation value of the
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T

order parameter (o} (t)) turns out to relax to zero exponentially [16]

Tdk
() = WO lw(D) o exp [t e log<cos2Aek>} Y0
0
where ez/ = %ei; the two-point function C**(l,t) decays exponentially in time and

space [10]

C* (1, t) = ((t)|0] 07 [1(t)) o< exp [l/ %9(26i/t —1)log | cos 2A9k|] X
o T

™ dk rg
X exp [21&/ —0(1 — 2¢] t)e] log | cos 2A9k|] :
o T
(2.68)

where the step function 6(x) is defined as 6(z < 0) = 0 and f(x > 0) = 1. The
exponential correlation length £ of C** can be extracted from the first factor above
which encodes the spatial dependence and it is equal to

™

dk
= —/ — log | cos 2A0|. (2.69)

g 2T

As expected, the same expression for £~! can be obtained from the GGE density matrix,
i.e., by computing the thermal correlation length and then make the substitution in
Eq. (2.63)). We can write the two-point correlation functions also as [16]

where we have defined mode dependent correlations lengths (k) and decay times 7(k)
by
k) = —In| cos 2A6,| 7' = —€] In|cos2A0|. (2.71)

The step function in Eq. (2.70) means that a given k-mode contributes to the relaxation
dynamics only if the distance [ lies within its forward light cone, indicating that the
quasiparticles emitted after the quench propagate ballistically.

2.4 Effective temperatures for quantum lIsing chain

The first picture which emerged about the non-equilibrium dynamics of isolated quan-
tum many-body systems was that non-integrable systems reach a thermal stationary
state described by a Gibbs distribution with a single temperature (see Sec. 1.2); inte-
grable systems, instead, are not expected to thermalize and the asymptotic properties of
local observables are described by the so-called generalized Gibbs ensemble, discussed in
Sec. 1.3, in which each conserved quantity is characterized by a different effective tem-
perature. But this scenario seems to be richer; indeed it was suggested in Refs. [36, 37]
that for small quenches in a quantum Ising chain observables that are non-local in terms
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of Jordan-Wigner fermions display an effective thermal behavior. On the other hand,
local quantities do not show thermal behavior, with the exception of quenches to the
critical point for which all mode dependent temperatures become equal [17]. In fact,
the critical point shows some noteworthy properties that can be attributed to the gap-
less spectrum (see Eq. (2.56)) and to the linearity of the dispersion relation €= (sce
Eq. (2.31)) at low momenta. So it is desirable to develop a set of tools which allows one
to test thermalization (or its lack) in isolated quantum systems beyond the one based
on the analysis of stationary expectation values. One proposal is discussed in Sec. 1.6
which suggest to use the fluctuation-dissipation theorem in order to extract a time or
frequency-dependent parameter that we call ”effective temperature”. The analysis of the
effective temperatures can definitely inform us about the possible thermal character of

the dynamics.

In this Section we study the effective temperatures for a quantum quench of the trans-
verse field Ising chain [38] in order to demonstrate that equilibration never occurs in this
model, in spite of some early evidence for the contrary, as mentioned above. In particu-
lar the attention is focused on quenches to the critical point and the observables taken
in account are the transverse magnetization o%, local in the Jordan-Wigner fermions as
it can be seen from Eq. (2.13), the global transverse magnetization M and the order
parameter 0%, which, instead, is non-local as it should be clear from Eq. (2.11). It is
legitimate to restrict to the even sector because we consider expectation values of oper-
ators which are defined in terms of products of an even number of fermions operators
and therefore they do not alter the parity of the state. The dynamic observables one is
typically interested in can be expressed in terms of the operators {c¢} and via Jordan-
Wigner transformation in terms of the fermions {cy, cZ} or alternatively of {'Yk,'y,i}. A
practical way to compute the post-quench correlation functions is to express the time
dependent operators {ck(t),c};(t)} in terms of the operators {7{°}; the benefit of this
approach is that the operators {7{°} annihilate the state |GS) g in which the system
has been initially prepared. On the other hand, the dynamics after the quench takes
a simple form if the operators one is interested in are expressed in terms of the quasi
particles {’yg,*ygT} which diagonalize the post-quench Hamiltonian H(g); in fact their
time evolution is trivially given by

g e—iegt 0 g g
() (3 ) (3)wen() e

where we use Eq. (2.30), the Heisenberg equation of motion and we define the evolution
operator U(ej,t) with dispersion relation €] given in Eq. (2.31). It is evident that
the number operator nj = 'ygT'y,Z of each k-level, which appears in the GGE density
matrix, is a constant of motion. In order to solve the dynamics, one first expresses
the quasi particles {'yg,ngk} in terms of {vgo,ygolj } through a Bogolyubov rotation
R(O9)RT(07°) = R(AGy) (see Eq. (2.26)). Then we apply the time evolution operator
U(el,t) to the quasi particles {yz,fy{rk} to obtain {’yg(t),'y%(t)} and finally the time-

dependent operators {c} (t), ¢ Tk (t)} are expressed in terms of the latter via a Bogolyubov
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rotation RT(#7). In summary, the total transformation is

ck(t) o A0\ (ugo) —le )
(CT_k(t)> RUODU(ef, ) R(Ab) (’Y@J) = (vgsm(t) [uzg()(t)]* ) (73()2) (2.73)

where

ul?(t) = e cos 07 cos A6y, + e’ sin 07 sin Aby, (2.74a)

PP (t) =i e’t! cos 0} sin AGy, — i e~ sin 6 cos Aby, (2.74b)

and 07, €] and Ay, are given by Egs. (2.28), (2.31) and (2.38), respectively. In this way
we can express the average

(8) = 40 (GS| #|GS)yg (2.75)
in terms of the functions uf?°(t) and v (t).

According to the philosophy of Sec. 1.6, we want to extract from various observable a
set of effective temperatures in order to test an eventual effective thermal behavior. We
start by analyzing the expectation value of o*(¢) in the long-time stationary state after
the quench Eq. (2.64)

s
(0%)star = lim (0*(t)) = / dk cos(267) cos 2A0y,. (2.76)
t—o0 o T

As stated in the previous Section, this value differs from the one predicted by a Gibbs
thermal ensemble at a unique temperature 7', while it agrees with the GGE prediction
with a suitable set of effective temperatures. However, at the critical point g = 1, it
turns out that the effective temperature off associated to the transverse magnetiza-
tion, calculated from Eq. (1.49) with O = 07, is equal to the energy based effective
temperature Te]“;f, defined by Eq. (1.48):

Therefore Eq. (2.77) would suggest an effective thermalization within a Gibbs ensemble
at temperature 75 e f- In order to assess this apparent thermalization, according to the
strategy discussed in Sec. 1.6, we now focus on the fluctuation and response functions
of the system and extract from them a set of effective temperatures. The two-time sym-
metric, connected correlation and linear response functions C%* and R**, respectively,
for generic g and gy are given by (see Egs. (1.52), (1.54), (1.55), (1.57) and (1.58)) [38]

CZ(t +to, to) = {0 (t+t0), 05 (to) }) — (o5 (t + t0)) (07 (t0)) (2.78)
_y / % / %Re [t + t0)0r (o)t + to)ul (t0)] (2.79)

R¥(t 4 to, to) = i0(t)([0F (t + t0), 07 (to)]) (2.80)
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—=s0() [ [ Lt +topittoule + o)), (281)

s
0 0

with ug(t) = wl?(t) and vg(?)

= v} (t). For critical quenches, g = 1 and in the
stationary regime ¢ty — oo, Eqgs. (2.79) and (2.81) become [3§]

CE(t) = lim CF(t+1o.t0) = J§(41) — E*(41) + JP(4t) [E'(41))?, (2.82)
R¥(1) = lim R¥(t+to,to) = 40(¢) [Jo(4) E(4t) — Ji(40)E'(41)] , (2.83)

where J,(t) is the Bessel function of the first kind and of order «, while the function
E(7) is defined as

™

E(1)= / %sin(em/él) cos(2A6y), (2.84)
) 7
with
e, =€/~ =4sin(k/2)  and A =697 — 6P, (2.85)

The initial condition enters these expressions only via cos(2A6). Remarkably, at the
critical point g = 1, this quantity turns out to depend on the pre-quench value of the
transverse field gy only through the ratio [3§]

T = <1+go>2 > 1. (2.86)

1—go

We note that T and consequently the stationary part of the correlation and response
functions C'%* and R** are invariant under the transformation go — go L and therefore
in the stationary regime we can restrict to initial conditions in the ferromagnetic phase
go < 1.

In Fig. 2.3 we report the stationary correlation and linear response functions C%* and
R?*, respectively, as a function of time for quenches from g = 0,0.5,1 to the critical
point ¢ = 1. In both panels the inset highlights on a double logarithmic scale the
long-time algebraic decay of these functions. If the system is initially prepared deeply
in the ferromagnetic phase go = 0 (or in the highly paramagnetic one with gy = o0),
E(1) = Ji(7) and so Egs. (2.82) and (2.83) become

CF (1) = J(4t) —  Lo(dt) — J(46)] (2.87)
R¥(t) = 260(8)J1(41) [Jo(4) + Jo(41)] , (2.88)

where we used the relation Ji(7) = [Jo(T) — J2(7)] /2. For go # 0, 00 the function E(7)
cannot be expressed in terms of Bessel functions, but its asymptotic behavior in the
long-time limit ¢ > 1 can be determined analytically [38]

CF(E> 1) = —877% cos(8t) + O(t™?), (2.89)
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Figure 2.3: Time dependence of the correlation C57(t) (left panel) and linear response
functions R**(¢) (right panel) of the local transverse magnetization o7 in the stationary
regime after a quench to the critical point I' = 1. The insets highlight the algebraic
decay of the functions; if I'y # I' = 1 (blue and red lines) the decay is ~ t=2 while
in the case of equilibrium at zero temperature I' = Ty = 1 (green line) we have a
different power-law ~ t~3/2. In the figures of this Section, the transverse magnetic field

is indicated with T" and not g. [Figure taken from Ref [38]]

1—go\’
<1+g0> sin(8t)

We recall that at equilibrium (g = go = 1) the leading algebraic decay of C'¥* and R** is

1
47t?

R#(t>1)= +O@t™3). (2.90)

qualitatively different from the ones after the quench reported above, as it turns out to
be ~ t3/2 at zero temperature and ~ ¢! at finite temperature. This different algebraic
decay is shown in the inset of Fig. 2.3.

Considering the Fourier transform of the functions Eqgs. (2.82) and (2.83) (see Eq. (1.59))
it is possible to define a frequency-dependent effective temperature Tezf ¥ (w) through the
fluctuation-dissipation relation (1.63) for C3?(w) and R**(w). Being 0® quadratic in
the fermions, the Fourier transform functions C3*(w) and R**(w) receive contributions
only from real values of the frequency w which coincide either with the sum ¢ + ¢ or
with the difference €;, — ¢ of the energies €, ; ot two quasi-particles. This results in a
finite cut-off Wimer = 2€x—r; moreover, due to the symmetry under time-reversal in the
stationary state C7*(t) = C7*(—t), the following symmetry properties holds

Ci(w) = CF*(—w) and Im R**(w) = — Im R**(—w). (2.91)

In Fig. 2.4 we show the functions C3*(w), R**(w) (left panel) and T7; ;(w) (right panel)
as obtained by numerical integration of Eqgs. (2.82) and (2.83) and via Eq. (1.63). We
note that 77 ;(w) vanishes both for w — wimaz (With Wmes = 2€4=r(g = 1) = 8) and
for w — 0. We emphasize that there is no obvious relationship between Te’? 12 defined
in Eq. (1.48), and esz(w) in the right panel of Fig. 2.4. A genuine thermal behavior,
instead, would require T (w) to be independent of w and =T 5 o T he vanishing
of the temperature Tesz(w — 0) can be explained by the fact that for w — 0 the
correlation and response functions are not only determined by the low k-modes, but
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Figure 2.4: Left panel: dependence of the correlation function C5*(w) and the imag-
inary part of the linear response function Im R**(w) of ¢ on the frequency w, for
I’y = 0.3 (solid lines) and 0.8 (dashed lines) at the critical point I = 1. Right panel:
effective temperatures 77, ;(w) defined on the basis of Eq. (1.63), for I' = 1 and various
values of I'g. The corresponding dashed horizontal lines indicate the values of the effec-
tive temperature T‘f} ¢ determined on the basis of the expectation value of the energy
from Eq. (1.48). The comparison shows that there is no special relationship between
these two possible effective temperatures, even though a thermal behavior was appar-
ently observed when studying one-time quantities. In the figures of this Section, the
transverse magnetic field is indicated with T" and not g. [Figure taken from Ref [38]]

—~

they also receive a contribution from the energy difference ¢; — ¢; between high-energy
modes with k,! ~ 7, which are characterized by Ty~, ~ 0, where the mode-dependent
temperature T}, is given in Eq. (2.63).

We conclude that, although (0%)4, takes a thermal value, the dynamics of ¢ is not
compatible with a thermal behavior that would require ij f(w) to be independent of w
and Tesz = Tgcf.

We now focus on the global transverse magnetization M
]' 4
M==-) o (2.92)

The generic two-time connected correlation and response function of M(t) are, from
Egs. (1.52), (1.54), (1.55), (1.57) and (1.58), [38]

CM(t +to, to) = L B({M(t +t0), M(to)}) — (M(t + o)) (M (to)) (2.93)
—3 /ﬂ %’“Re [t + t0)07 (b0 )un (¢ + t0) . (to)] (2.94)
RM(t 4 to,t9) = ZI? O(t)([M(t + to), M(t)]) (2.95)
— —16 Q(t)/ﬂiklm [or (t + to)vi (to )k (t + to)ui(to)] - (2.96)

0
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Figure 2.5: Time deptendence of the correlation C¥ (t) (left panel) anc% linear response
functions RM (t) (right panel) of the global transverse magnetization M (see Eq. (2.92))
in the stationary regime after the quench to the critical point I' = 1. The insets shows
the algebraic decay of the functions ~ t~3/2 for initial conditions I'y # I' = 1; in the
case of equilibrium at zero temperature I'g = I' = 1 (green solid lines), |C (¢)| still
decays as t=3/% whereas |RM (t)| decays more slowly, as indicated by the uppermost
thin dashed line ~ ¢! in the inset of the right panel. In the figures of this Section, the
transverse magnetic field is indicated with I" and not g. [Figure taken from Ref [38]]

For critical quenches and in the stationary regime ny and RM become

Jo(8t) + J2(8t)

cMt) = Jim oM =C+ 5 + F(8t) + F"(8t). (2.97)
RM(t) = Jim RM(t +to,t0) = 40(t) [E(8t) + E"(8t)] , (2.98)

where we introduced the function F' and the constant C'

™

F(r)= /(Z{ cos(exT/4) cos?(2A8},) and C= (17490)2. (2.99)
0

In Fig. 2.5 we plot these stationary correlation and response functions of the global
magnetization M for a critical quench g = 1 from various initial conditions gg = 0, 0.5, 1.
In the case of initial conditions deep in the ferromagnetic or paramagnetic phase (i.e.,
go = 0 or gy = 00) the functions C¥(¢) and RM(¢) can be expressed completely in terms
of Bessel functions [3§]

CM (1) = 3 4 gJo(St) + %J2(8t) - éJ4(8t), (2.100)
RM(t) = 0(t) [J1(8t) + J5(8t)]. (2.101)

For generic quenches, instead, it is only possible to determine the long-time behavior of
the stationary correlation and response functions:

cMit>1) = sin(8t — m/4) + O(t7°/?), (2.102)

1
C -
* 8/mt3/2
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Figure 2.6: Left panel: correlation function C/(w) and the imagoinnary part of the
linear response function Im RM (w) of M as functions of the frequency w, for Ty = 0.3
(solid lines) and 0.8 (dashed lines) at the critical point I' = 1. The dot-dashed black line
shows the limiting value of C¥ (w) and Im RM (w) for I'y — 1. Right panel: effective
temperatures T.¢ f( w) for I' = 1 and various values of T'y. The corresponding dashed
horizontal lines indicate the values of the effective temperature T, £"f determined on
the basis of the expectation value of the energy from Eq. (1.48). As in Fig. 2.4 the
comparison between solid and dashed lines in the right panel shows that there is no
special relationship between these two possible effective temperatures. Contrary to
171 (W) [see Fig. 2.4], the effective temperature Té\ff(w) takes a finite value at low
frequencies w — 07. In the figures of this Section, the transverse magnetic field is
indicated with T and not g. [Figure taken from Ref [38]]

R¥(t>1)=— cos(8t — m/4) + O(t°/?). (2.103)

1
4y/Tt3/2

We note that the algebraic decay common to Egs. (2.102) and (2.103) is slower than the
one of the corresponding quantities for the local transverse magnetization in Egs. (2.89)
and (2.90); in addition, this leading-order decay ~ t=3/2 of both CM and RM for
go # g = 1 is observed also at equilibrium at finite temperature [17].

Proceeding in the same way as we did for the local transverse magnetization we calculate
the Fourier transforms of C(¢) and RM(¢) and then we extract the effective tempera-
3). The Fourier transform C(w) and RM (w) receive

a contribution only from frequencies w = 4-2¢, contrarily to C7*(w) and R**(w). The

tures Te]\ff (w) according to Eq. (1.6:
results are reported in Fig. 2.6. We note that for a certain frequency w the effective
temperature T ff( w) is equal to the mode dependent temperature T} characterizing
the GGE (see Eq. (2.63)), T = Tff(w = 2¢;). We emphasize that there is no obvi-
ous relationship between the effective temperature Tgc f and the frequency-dependent
T e]\ff( w). The effective temperature T e]\ff( w) vanishes at w = wyq, and it takes a finite
value at low frequencies, contrary to what happens to the effective temperature Tezf f(w).
is that TEJ‘J/cIf (w — 0) is solely
determined by the low-energy modes which are characterized by a finite effective temper-

The reason for this distinct low-frequency behavior of Tej\}[ 7

ature Ty, given in Eq. (‘? 63). The difference between the various effective temperatures

T (w) # Tp(w) # T,

the asymptotlc long-time state.

f 7 provides additional evidence of the lack of thermalization in
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The last observable we consider here is the order parameter o”. Its expectation value
(o®(t)) decays to zero at long times for any g # go; this is similar to the equilibrium
thermal behavior at finite temperature T° > 0 which is characterized by the absence
of long-range order along the z-axis in spin space. In order to investigate the possible
emergence of an effective thermal behavior we study the stationary two-time correlation
function C**, defined as

O™ (t +to,t) = lim (oF(t + to)o(t0)), (2.104)

- to—o0

which provides the symmetric correlation function C7* and the linear response function
R*™ using Eqs. (1.57) and (1.58). The order parameter correlation function can be
written in terms of the determinant of a 2L x 2L matrix, where L is the chain length,
and it is evaluated numerically in Ref. [38].

The dynamics of the operator o% shows a very different behavior compared to those
of the previous observables considered, as we can see in Fig. 2.7. Both C%*(t) and
R™(t) decay exponentially, rather than algebraically, in the long-time limit, with the
characteristic time 7 defined by

[ dk ded
CTe(t) ~ et where =~ —% In cos(2A6y). (2.105)
™
0

We note that this time coincide with the one calculated in Ref. [16] (see Eq. (2.68)).

It is very interesting to analyze the time dependence of the space-dependent stationary
correlation C7*(r,t) and response R*(r,t) functions of two spins o% separated by a
distance r, calculated from C**(r,t +19,t) = (07,,.(t +t0)07 (to))ty=cc using Eqs. (1.57)
and (1.58). We observe from Fig. 2.8 that the correlation and the response functions
remain almost constant up to times t,, ~ r/2; then the correlation function oscillates
and decays towards its asymptotic vanishing value whereas the response function first
abruptly increases and takes non-negligible values and then decays as well. At short
times, t < t,,, C**(r,t) and R*®(r,t) are constant because the quasi-particles emitted
after the quench move ballistically with a finite maximum speed v, ~ 2. Accordingly,
the correlation function will be constant until the point located at (r,t + ty) does not
belong to the light cone of the point (r = 0,%y). This light-cone effect was already
reported in Refs. [16, 17]. The long-time exponential decay of C**(r,t) and R*(r,t)
is illustrated in Fig. 2.9, we observe that it is independent of r and it occurs with the
rate 7 given by Eq. (2.105). Finally, in Ref. [35] a set of effective temperatures T},
is extracted numerically from Eq. (1.63) and these temperatures turn out to have no
relationship with the previous one, providing further evidence for the lack of thermal
behavior.

In summary, we have seen that the quantum Ising chain does not thermalize as it
is clearly shown not only by discrepancies in expectation values of one-time quanti-
ties, but also as revealed by the time-dependence of two-time correlation and response
functions which do not satisfy the fluctuation-dissipation theorem proper to the Gibbs
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ensemble. In fact, to assert the emergence of a thermal behavior solely on the basis
of one-time quantities might be misleading and the effective temperatures extracted
from fluctuation-dissipation relations result to be an extremely powerful tool to deeply
understand the nature of the stationary state reached after the quench.
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Figure 2.7: Time de{)endence of the correlation C%*(t) (left panel) and linear response
R**(t) (right panel) functions of the order parameter, in the stationary state after a
quench to the critical point I' = 1 and for various values of I'g. The insets highlight the
short-time behavior of these functions and the dashed curves correspond to the analytic
expressions [38] 1 — 2(I't)? (left panel) and 4(0?) 4 I't (right panel). In the figures of
this Section, the transverse magnetic field is indicated with I' and not g. [Figure taken
from Ref [38]]
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Figure 2.8: Time dtependence of the stationary correlation (left p;nel) and linear
response function (right panel) of two o spins separated by a distance r = 10 in units
of the lattice spacing, after a quench to the critical point I' = 1. Both C{*(r = 10,1)
and R**(r = 10,t) display clear light-cone effects, as discussed in the main text. In
the figures of this Section, the transverse magnetic field is indicated with I" and not g.
[Figure taken from Ref [38]]
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Figure 2.9: Time dependence of the correlation and response functior}s C7*(r,t) and
R*®(r,t) for various values of r and Ty after a quench to the critical point I' = 1. The
behavior of both functions at short times is compatible with a light-cone effect with
characteristic time r/v,, = r/2 for the present case I' = 1. Before this characteris-
tic time, the correlation function is almost constant whereas the response function is
negligible. The eventual exponential decay (highlighted by the logarithmic scale) is
independent of r and the dashed lines correspond to a decay rate given by equation
Eq. (2.105). The dependence on r of the correlation function at small times is compat-
ible with a spatial exponential decay C7*(r) ~ e~ "/¢ with correlation length & ~ 2.3
equal to the one predicted by Eq. (2.69). In the figures of this Section, the transverse
magnetic field is indicated with I" and not g. [Figure taken from Ref [38]]



CHAPTER 3

NOISY QUANTUM ISING CHAIN

It is interesting and important to know the asymptotic state reached by a quantum
system driven out of equilibrium by a quantum quench [2, 13, 16, 20]. In addition
to understanding which asymptotic state is attained by a quantum many-body system
after a quantum quench, it is important to know how this develop in time, i.e., what
are the time scales for thermalization, whether the process of thermalization occurs
uniformly or it is composed by many stages and, eventually, which are the mechanisms
behind thermalization. In this Chapter we answer these questions by studying the
non-equilibrium dynamics of a quantum Ising chain perturbed by a time-dependent
uncorrelated noise in the transverse field and driven out of equilibrium by a sudden
quench of the mean value of this transverse field; we refer to this model as noisy quantum
Ising chain. This model has been introduced in Ref.[34] in order to investigate the effect
of integrability breaking on the non-equilibrium dynamics of a quantum Ising chain.

In Sec. 3.1 we introduce the model and the non-equilibrium protocol, illustrating the
motivation which led to its formulation. In Sec. 3.2 we briefly review the Keldysh contour
technique which allows us to treat conveniently quantum many-body systems governed
by a time-dependent Hamiltonian. Finally, in Sec. 3.3 we show that it is possible to
write down and solve analytically a master equation for the noisy quantum Ising chain
using the Keldysh formalism; then we report the expressions of the time evolution of
various and physically relevant observables obtained by employing the solution of the
master equation. Remarkably, it turns out that the non-equilibrium dynamics of the
system resulting from the interplay of a quantum quench and a time-dependent noise is
characterized by three temporal stages. First, the system relaxes towards the asymptotic
steady state of the quantum Ising chain after a sudden quench without noise; this
phenomena is prethermalization discussed in Sec. 1.5. Later, a noise-induced dephasing
occurs, suppressing exponentially the coherences on the time scale of the inverse noise
strength. In the last stage, the noise heats up the system, driving it towards a thermal
state but at infinite temperature. In addition, the correlation function of the transverse
magnetization at equal times shows an interesting crossover from ballistic to diffusive

46
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behavior as time goes by.

3.1 The model, the motivation and the out of equilibrium pro-
tocol

In Sec. 1.3 we discuss the peculiarity of the non-equilibrium dynamics of integrable
systems. Generically, actual many-body systems are non-integrable and therefore the
study of these systems is of fundamental importance in order to reach a complete and
deep understanding of the non-equilibrium dynamics of quantum many-body systems.
Unfortunately non-integrable systems are hard to treat analytically and their dynamics
is almost never known beyond numerical simulations which, however, are still restricted
to rather small systems and short times, especially in higher spatial dimensions. We
now show heuristically that studying a quantum Ising chain perturbed by a Gaussian
noise in the strength of the transverse field, which can be solved analytically as we see
in the next Sections, can help us to understand the properties of a non-integrable Ising
chain. Consider, in fact, the Hamiltonian

H(g,B) =) (0o} +907)+BY ojoi, (3.1)
i i

where the first term is the integrable quantum Ising chain described in Chapter 2 while
the second term, with coupling B, breaks the integrability of the model [24]. As in the
Hubbard-Stratonovich transform, we consider the infinitesimal time evolution

e ieH _ e—iezi[afaf+l+gaf] o~ i€B doi0ioh, +O(62), (32)
where we employ the Baker-Campbell-Hausdorff formula

e =¥ with Z:X+Y+%[X,Y]+%([X,[X,Y]] — [V, [X,Y]]) +....

(3.3)

We now introduce an auxiliary field dg and write the second term in Eq. (3.2) as a
Gaussian integral

e Xmn BIRTE / T d(8gm) e 2mn 09m BOGm =i 2m o 9m, (3.4)
m

where we considered generic indexes m and n. For nearest-neighbor interaction this
representation requires the auxiliary field d¢g to be position dependent. Neglecting this
fact and inserting Eq. (3.4) in Eq. (3.2), one can now interpreter the integration over the
auxiliary field dg as taking the expectation value on a random field which depends on
time; in other words Eq. (3.4) can be read as an average over a time-dependent Gaussian
white noise dg(t). Accordingly, we end up with a quantum Ising chain perturbed by a
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0g(t)
g /\/\/\M/\
ARV

t >0

|GS>90

go

Figure 3.1: Out of equilibrium protocol studied for the quantum Ising chain: the
system is prepared in the ground state of the unperturbed Ising chain (see Eq. (2.1))
with go > 1, |GS)g,, and is evolved according to the noisy Ising Hamiltonian (3.5) with
a different value of the transverse field g > 1, plus a Gaussian delta-correlated noise on
top of it. [34]

time-dependent Gaussian white noise dg(t) along the transverse direction

L
H(g,t)=—=J> |00}, + g0 +d9(t)o7] , (3.5)

=1

where the Gaussian noise dg(t) has zero average and delta temporal correlations, with
an amplitude I, i.e.,

<5g(t)>noise - 07

3.6
(39(1)39(¢ noise = 50t — ). (30

We consider the dynamics of the system according to the following protocol: at time
t < 0 the chain is prepared in the ground state of the unperturbed Hamiltonian as in
Eq. (2.1)], with a certain value go of the transverse magnetic field, |GS),, and ég(t) = 0.
At a later time ¢ > 0, the chain is evolved according to the full Hamiltonian (3.5) with
both a different value g of the transverse field and the noise dg(t), as portrayed in
Fig. 3.1. For simplicity, both g9 and ¢ are chosen within the paramagnetic phase. In
the following we focus on the interplay between the effect of the sudden quench go — g¢
of the transverse field and the time-dependent noise d¢g(t) driving the dynamics of the
system.

3.2 Keldysh formalism

In this Section we review the Keldysh contour technique which we will use in Sec. 3.3
to solve the time-dependent Hamiltonian (3.5). For additional details and applications
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the reader is referred to Refs. [48-51].

3.2.1 Closed time contour
Consider a quantum many-body system governed by a time-dependent Hamiltonian
H(t) = Hy+ V(t), (3.7)

where H describes a system of non-interacting particles and V' (¢) is a time-dependent
perturbation or interaction term between these particles. We assume that in the distant
past ¢ = —oo the system is in a state specified by a density matrix p(—oo) and that
the particles are non-interacting, i.e., V(—oo) = 0. The density matrix p(t) evolves
according to the von Neumann equation of motion

duplt) = —i [H(t), p(1)] (3.8)

where we set i = 1. Equation (3.8) is formally solved with the help of the unitary
evolution operator U(¢,t') as

p(t) = Z/{(t, —OO)p(—OO)UT(t, _OO) = Z/{(t, —OO)p(—OO)U(—OO, t)? (39)

where the evolution operator U(t,t') obeys the differential equation

{atu(t,t') = —iHOU(L, 1), (3.10)

Ut,t) =1,

and in the last equality of Eq. (3.9) we use the property UT(t,t') = U(t',t). Due to
the time-dependence of the perturbation V' (t), we note that the Hamiltonian operators
taken at different times, in general, do not commute with each other. Accordingly, the
solution of Eq. (3.10) is

+oo an o pt t t
Uty =>" (=0) / dty... | dt,T[H(t))...H(ty)] = T exp [—z’ dtH(f)] ,
t t

=0 n! t
(3.11)
where the time-ordered product of operators, denoted by the symbol 7T, is defined as
T [01 (tl)OQ(tQ) ... On(tn)] = Oil (til)Oig (ti2) O, (tln) (3.12)
where i1,149,...,i, € {1,2,...,n} are such that t;; > t;, > -+ > t; . One is usually

interested in the expectation value of some observable O at a time ¢ given by
(O()) = Tr [p(+)0] = T [p(—o0)U(—00, H)OU(t, —0) (3.13)

where we use Eq. (3.9) and the cyclic property of the trace to move the evolution operator
U(t, —o0) to the right of O. The last equality in Eq. (3.13) describes the evolution from
the time ¢ = —oo, at which the initial density matrix p(—oo) is specified, towards ¢,
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when the observable O is evaluated, and then back to the time t = —oo. Accordingly,

in order to calculate the expectation value of an observable O we have to evolve the

initial state both forward and backward in time. At equilibrium, this forward-backward

evolution can be avoided using the adiabatic theorem (see below) and in fact it can be
=4

reduced only to the forward one [50, 52, 53]. By considering systems at equilibrium at
zero temperature, the expectation values have the form

(GS|0|GS), (3.14)

where |GS) is the ground state of the interacting many-body system described by the
Hamiltonian H = Hy + V. We assume to adiabatically switch the interactions on and
off in the distant past and distant future, respectively, i.e.,

H(t) = Hy+e v, (3.15)

where € is a positive infinitesimal real number. Under the adiabatic assumption, the
interacting ground state |GS) is obtained from the ground state |0) of the corresponding
non-interacting system as

IGS) = U(0, —00)|0). (3.16)

Moreover, one expects that
U(+00, —00)[0) = e |0), (3.17)

i.e., the time evolution of the non-interacting ground state upon adiabatic switching
first on and then off the interactions brings the system back into the state |0) , up to
a phase factor €', The idea behind Eqgs. (3.16) and (3.17) is that the slow adiabatic
perturbation keeps the system in its evolving ground state at all times. From Eq. (3.17)
and the normalization of non-interacting ground state (0|0) = 1, we can write the phase
factor as

e’ = (0|U (400, —0)|0). (3.18)

Accordingly, Eq. (3.14) becomes

(GS|0|GS) = (0]U(—00,0)0U(0, —00)|0) = e~ ?(0] ™ U(—00,0)OU(0, —0)|0)
_ {0U (400, —00)U (=00, 0)OU(0, =0)[0) _ (0U(++00,0)OU(0, —o0)0)
(0]24 (400, —00)|0) (0fd (+00, —0)[0)
(3.19)

where we used Egs. (3.16) and (3.18) and the group property for the evolution operator
U(t1,t2)U(ta,t3) = U(t1,t3). The result of this procedure is that one needs to consider
only the forward evolution U(—o00, +00) from the distant past to the distant future, as
it is evident from the expression of the numerator in the last equality of Eq. (3.19): the
evolution is from ¢ = —oo towards t = 0, where the observable O is evaluated, and then
it continues to the distant future t = 4o00.

In non-equilibrium situation the procedure which take to Eq. (3.19) does not work. If the
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Hamiltonian H(t) contains non-adiabatic time-dependent external fields the evolution
drives the system away from the instantaneous ground state. Even if all such fields
are eventually switched off in the distant future, there is no guarantee that the system
returns to its initial ground state: acting with the operator U(400, —00) on the initial
ground state results in an unknown superposition of excited states. As a result, the
backward evolution U(—o0,t) cannot be eliminated and therefore, as it can be seen
from Eq. (3.13), the evolution is along the closed time contour C; depicted in Fig. 3.2,
which stretches from the distant past ¢t = —oo to the time ¢, where the observable O is
evaluated, and then back to t = —oc0.

U(t, —o0)

p(—00)

O
— /t >

U(—00,t)

Figure 3.2: The closed time contour C; is illustrated. We consider the system to be
driven out of equilibrium by a time-dependent perturbation V (¢); in order to evaluate
the expectation value of an observable O we need to evolve the initial state, specified
by the density matrix p(—o0), along the forward branch from ¢ = —co toward ¢, where
the observable O is evaluated, and then back to the time ¢ = —oo (see Eq. (3.13)). In
equilibrium situation, it is possible to reduce the evolution along the contour to real-
time axis one using the adiabatic theorem (see Egs. (3.16), (3.17) and (3.19)). On the
other hand, in non-equilibrium situation the adiabatic does not hold and the contour
evolution is necessary.

Y
Y

3.2.2 Green's function and non-equilibrium diagrammatics

As in the case of systems in equilibrium [52, 53], we define the Green’s function from
which we can obtain the physically relevant observables of the many-body system. How-
ever, as it is clear from the discussion above, we need to work on the closed time contour
and we are thus led to study the contour-ordered Green’s function G¢, also called prop-
agator, defined as

G*(1,2) = =i (Te(n(DY};(2))) = =i Tr | Te(@u (e @)p(—00)],  (320)

where ¢H,¢L are the annihilation/creation field operators evolved in the Heisenberg
representation according to the Hamiltonian (3.7), while we introduced the condensed
notation ¢ = (z;,7;) and promoted the temporal variable 7 to belong to the contour.
In the following we refer by 7; to a time variable on the contour and by ¢; to the
corresponding real time variable (see Fig. 3.3). A contour ordering operator 7¢ has
been introduced, which orders operators according to the position of their contour-time
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argument on the closed contour; for example, for the case of two contour times,

C

()t (12), T > Ty,

Te(b(n)¢!(r2)) = c
T ()9 (71), T > T,

(3.21)

C
where the upper (lower) sign is for bosons (fermions) respectively. The notation = for

C
ordering along the contour has been introduced; for example, 71 > 7o means that 7q is
further along the contour C than 7 irrespective of their corresponding numerical values

C
on the real axis and the symbol < is defined analogously. We also introduce lesser G&<
and greater G~ quantities for the contour ordered Green’s function

Go<(1,2) = G°(1 £ 2), (3.22)
Go>(1,2) = G°(1 £ 2). (3.23)

It is possible to prove [48] that the Heisenberg evolution O (t) of an operator O can be
expressed on closed contour form as

On(t) = Te, [ s ™00 0y, (1)] (3.24)
where C; is the contour depicted in Fig. 3.2 stretching from ¢ = —oo to t and back again
tot = —oo and Vp, (t) denotes the perturbation evolved in the Heisenberg representation

according to the non-interacting Hamiltonian Hy. Using Eq. (3.24) we can write the
contour-ordered Green’s function in Eq. (3.20) as [48]

G4(1,2) = =i Tr [Te (e Vi) gy (1), (2)) p(—00)] (3.25)

and the contour C, depicted in Fig. 3.3, stretches from t = —oo to ¢t = min(ty,t2)
and back to t = —oo and then forward to max(t1,ts) before finally returning back to
t = —oo. The contributions from the hatched parts in Fig. 3.3 cancel because for this
part the field operators are not involved and a closed contour appears which gives the
unit operator, or equivalently U (t;, —oo)U(—o0,t1) = 1. By the same argument, it is
possible to extend the backward and forward branches of the contour to the infinite
future ¢ = 400 obtaining the so-called Schwinger-Keldysh or real-time contour, which
we illustrate in Fig. 3.4. We now assume that in the distant past ¢ = —oo the system
was in thermal equilibrium with a density matrix

eiﬂHO

Z

p(—00) = pn = (3.26)
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Figure 3.3: Contour C stretches from ¢t = —oco to min(t1,t2) and back to ¢ = —oco and
then forward to max(t1,t2) before finally returning back to ¢ = —oo. The contributions
from the hatched parts cancel because the field operators are not involved in this part
of the contour and so it gives the unit operator. We denote by 7; the time variable
belonging to the contour (blue dot) and by ¢; the associated variable on the real-axis(red
dot).

—00 +00
>

12

Figure 3.4: The Keldysh contour stretches from the far past ¢ = —oo to the distant
future t = 400 and back.

The contour-ordered Green’s function takes the final form

Ge(1,2) = =i Tr [Te (7o 47V gy, (5], (2)) pun]

4 () 0 2)) .
<7?1 (e—ifc Vo (7) oy (1) ¢HO >>
= —i
<7-Ce szdTVHO( )>
where in the last equality we introduced the trivial factor
(TeetedVn(m) 1, (3.28)

in order to make Eq. (3.27) structurally equivalent to the equilibrium case [52, 53]. We
have eliminated the complicated time evolution governed by the full Hamiltonian H ()
replacing it with simpler evolution determined by the non-interacting Hamiltonian Hj.
We take advantage of this procedure because we can now apply Wick’s theorem [48, 54],
which applies only to quadratic Hamiltonians as Hy. Wick’s theorem states that the
expectation value of a contour-ordered string of operators «, evolving with quadratic
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Hamiltonian, can be obtained as

(Te [y (Tan) vy (T2n—1) - - - amg (T2)arty (10)]) = D [ [ () (T [ovm (72 evary (7))
a.p.p iZj
(3.29)
where the sum is over all possible pairs (a.p.p) of indices {1,2,...,2n}, a can be either

a creation or an annihilation operator and the quantum statistical factor (£)? counts
the number of transpositions relating the orderings on the two sides (upper sign for
bosonic operators and lower sign for fermionic ones). By applying repeatedly Wick’s
theorem, we can construct the perturbative expansion of the contour ordered Green’s
function. Writing down the n-th order contribution from the expansion of the expo-
nential in Eq. (3.27) containing the interaction, and employing Eq. (3.29), we obtain
an expression for the full contour propagator G¢(1,2) involving only the free contour
propagator G§(1,2) = —i(Tc(¥u,(1)YH,(2))) and the interaction vertices. Accordingly,
non-equilibrium and equilibrium formalism are structurally equivalent, the only differ-
ence being the replacement of time integrals running on the real axis with contour ones.
As in the equilibrium case, we can express the perturbative expansion of G¢(1,2) dia-
grammatically through Feynman diagrams' and obtain the Dyson equation for the full
contour propagator [418-51]:

G°(1,2) = G5(1,2) /d$3/d¢3/d$4/dr4(}c (1,3)55(3, 4)G°(4, 2)

= G§(1,2) + G§(1,3) @ ¥°(3,4) ® G°(4,2)
=G§(1,2) + G°(1,3) ® £°(3,4) ® G§(4, 2),

(3.30)

where the symbol ® is understood as a convolution product, the subscript ”0” indicates
that the corresponding quantity refers to the non-interacting theory and all the quan-
tities are evaluated along the contour. The function X is called (contour) self-energy
and its expression depends on the interaction V(¢) chosen. In Fig. 3.5 Dyson equation
(3.30) is represented diagrammatically.

3.2.3 Langreth theorem

We now present a technique, based on the Langreth theorem, which allows us to con-
vert the integrals along the contour into integrals on the real-time axis. In a generic
perturbative expansion, one encounters, e.g., contour integrals of the form

D(r1,1m2) = /Cd’l' A(r,7)B(1,72) = A(T1,7) @ B(T, T2), (3.31)

where the contour C can be the one depicted in Fig. 3.3 or Fig. 3.4. On this specific
example, we illustrate the procedure for the associated lesser quantity D<(1,72) in

C
which, according to Eq. (3.22), we have 71 < 7o. First of all it is convenient to deform

!As in equilibrium formalism, the disconnected Feynman diagrams originating in the numerator of
G¢ are canceled by the vacuum diagrams from the denominator (see Eq. (3.27)).
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C

G° Go

j::++

Go G° Go
= —<—+

Figure 3.5: Diagrammatic representation of Dyson equation for the contour ordered
Green’s function G°. The double arrow represents the full contour Green’s function
G°, the single arrow the non-interacting Green’s function G§ and the red circle the
self-energy ¢,

= 4 25
Cy
Cy ‘C )7_1

Figure 3.6: We write the contour C, illustrated in Fig. 3.3 or Fig. 3.4, as C = C; + Co,
where C;, with ¢ = 1,2, is the path going from ¢t = —oco to ¢ = t; and back. Each

—
contour C; is then split into the forward branch C;, from ¢t = —oo to t = t;, and the
—
backward branch C;, from t =t; tot = —

the contour C into the equivalent contour C; 4+ Cs as depicted in Fig. 3.6.
C
Equation (3.31), with 7 < 72, becomes

D<(r1,m) = /Cl dr A(1,7)B(T,72) + /C'z dr A(m, 7)B(7,72) (3.32)

:/ dr A(Tl,T)B<(7’,T2)—|—/ dr A<(1,7)B(1,72),
C1 CQ

C1
because on the contour C; one has 7 < 7, and, analogously, 7| < T on the contour Cs.

By splitting the contours into the forward and backward parts C and Cz, respectively,
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and by using the contour ordering on them, one has

D= (71, 72) :/ﬁ dTA>(T1,T)B<(T,TQ)+ﬂ dr A<(11,7)B<(7,72)
C1 Cl

(3.33)
+ /_> dr A< (11, 7)B=(1,72) + /_ dr A (11, 7)B” (1,72).
CQ CQ
Parameterizing the forward and backward contours as (i = 1, 2)
—
Ci=t with t e [—OO,ti], (334)
<;
Ci=t with te [t@', —OO], (3.35)

and noting that the contour variables 7; can now be identified by their corresponding
values t; on the real-time axis, Eq. (3.33) becomes

t1 to
D<(t1,t) = / dt [A” (t1,t) — AS(t1,t)] BS(t,t2) + / dtA<(t1,t) [B=(t1,t) — B (t1,t)]
_jooo o
- / dt 0(t1 —t) [A7 (t1,t) — AS(t1,1)] BS(¢, t2)
_m+w
+ / dt 0(to — t)A<(t1,t) [B<(t1,t) — B”(t1,1)] .
- (3.36)
Introducing the retarded function
AR(ty,t2) = 0(t1 — to) [A7 (t1, t2) — A% (t1,t2)] , (3.37)
and the advanced function
Ay, t2) = O(ta — t1) [A=(t1, t2) — A” (t1,t2)] (3.38)
one eventually finds the rule to express the lesser quantity D< in Eq. (3.31) as
D= = AR (t1,t) o B<(t,ta) + A<(t1,t) o BA(t,12), (3.39)

where o symbolizes convolution product in real time, i.e., integration over the internal
real-time variable ¢ from minus infinity to plus infinity. We report in table 3.1 other
useful rules which can be proved analogously to Eq. (3.39). These equivalent expressions
- known as Langreth theorem- allow one to turn any contour ordered quantity, such as
the contour ordered Green’s function we are interested in, into products of real-time
quantities.
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Contour Real axis
D=A®B D2 = AR o B2 + A2 0 BA
DFE = AR, BR
DA = A4 0o BA
D=AB®C D2 =ARoBRoC2 + AR B2 o CA+ A2 0 BAcCA

Table 3.1: List of rules based on Langreth theorem in order to express contour integrals
in ones along real-time axis. On the left column we report quantities evaluated along
the contour and on the right column the corresponding quantities on the real-axis. The
symbol ® (o) indicates contour (real-axis) convolution integral [418, 49].

3.2.4 Kinetic equations

Applying the last relation reported in table 3.1 to the Dyson equation (3.30), we can
rewrite it for the real-time Green’s function as
G= :G§—I—GOROEROG%—G—G(})%oEzoGA—G—G(?oEAoGA

3.40
:G§+GROEROG§+GR0220G64+G202A0G0A. ( )

We now express this equation in integro-differential form; the equation of motion for the

Green’s function are

(10, — ho) GE/A(t,4) = 5(t — t'), (3.41a)
(i0; — ho) Gy~ (t, ') = 0, (3.41b)
GEIA(t,1) (—idy — ho) = 6(t — ), (3.41¢)
G5 (t,1) (—=idy — ho) =0, (3.41d)

where hg denotes the single-particle Hamiltonian, i.e., Hp = ), hotpt (i) (i). By acting
with the operator (i0; — hg) from the left of the first equality in Eq. (3.40) and from
the right of the second equality with (—idy — hg), we obtain the Dyson equation for the
real-time Green function in integro-differential form

+oo
i0,G=(t, 1) = hoG=(t,t') + / at" [Z2(t, )G, ) + SR, NG, )],
e (3.42)
—i0pGZ(t, ') = GZ(t,t')ho + / at" [GR(t, " S2 (", ') + G2(t, ") 24", )] .

Equation (3.42) is the starting point in order to obtain, in the next Section, a mas-
ter equation for the noisy quantum Ising chain from which all the relevant physical
properties of the system then follow.
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3.3 Prethermalization in a noisy quantum Ising chain

In this Section we briefly review the results of Ref. [34] about the kinetics of local
observables and their correlation functions after a quench of the noisy quantum Ising
chain discussed in Sec. 3.1. In order to evaluate these observables, in Sec. 3.3.1 a kinetic
equation for the equal time non-equilibrium Green’s function is obtained for the quench
protocol discussed in Sec. 3.1 and illustrated in Fig. 3.1. This is achieved by deriving
within the Keldysh contour technique a master equation, the solution of which eventually
provides an analytic expression for the two-time functions of Bogolyubov fermions at
equal time. These equations will then be used in order to calculate all the observables
of interest and their the non-equilibrium dynamics, as discussed in Sec. 3.3.2. In the
following we assume J = 1 and we restore it in the calculations only when it is necessary.

3.3.1 Master equation

Based on the solution of the quantum Ising chain discussed in Sec. 2.2, one can introduce
the noise in the transverse field and write the noisy quantum Ising chain Hamiltonian
(3.5) as
H(g,t) =2 Wl H,()U =2 U} (H + Vi(t)) Uy, (3.43)
k>0 k>0
where Wy is the Nambu spinor (2.25) while, from Eq. (2.24),

HY = (g — cosk)o® — (sink)o? and Vie(t) = dg(t)o”. (3.44)

As explained in Sec. 3.2, we can set up a perturbative expansion for the contour ordered
Green’s function G°(7,7’) as

6(r.7) = [6Er )] = =i (00 (65 [Te (Wast0}070) [ 65), )

noise  (3.45)
= (T (B, ),

where |GS) 4, is the ground state of the unperturbed Ising Hamiltonian (2.1) with g = go,
the index [ = 0,1 indicates the I-th component of the Nambu spinor ¥ and we take the
expectation value over the initial pure state |GS)4, and then we perform the average
over the noise (3.6). The contour Green’s function (3.45) satisfies the Dyson equation
(3.30) diagrammatically illustrated in Fig. 3.7. In the following we will neglect noise
crossed diagrams, computing the self-energy within the so called self-consistent Born

approzimation [19], controlled by the small parameter ~y

r
=—-x1 , 3.46
T=x < (3.46)
as illustrated in Fig. 3.7, with A = |g — 1| half of the gap of the noiseless chain (2.56).
This dimensionless parameter is, in a sense, the analogue of krpl > 1 in disordered
electron systems, where the typical length scale associated to electron wavefunctions,
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< =—¢—+ A +%—+——@-—+---=
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M ——+ —<

Figure 3.7: Diagrammatic representation of the Dyson equation (3.30) satisfied by
the contour ordered Green’s function (3.45) of the noisy quantum Ising chain. Crossed
diagrams are neglected according to the self-consistent Born approximation Eq. (3.49).

[34]

Ar ~ 1/kp (kp is the Fermi wave vector), is much smaller than the typical length
associated to disorder, [ (the average mean path), and correlations induced by the latter
can be disregarded at leading order in krl > 1. This physical analogy is at the origin
of the approximation I'/A < 1, since I' and A play a role analogous to [~! and kp,
respectively.

The physically relevant information about the system are encoded in the real-time lesser
Green’s function G<(t,t), defined as

G<(t.t) = [GF(t.1)],,, =i <W27m(t’)wk’l(t)> . (3.47)

The Dyson equation for the real-time Green’s function can be written as in Eq. (3.42),

ie.,

i G(t, ) = HIG=(t, 1) + /dt”[2<(t,t”)GA(t”,t’) + 2B, G=<(t", )],
(3.48)
—i0yG=(t,t') = G=(t,t)H} + /dt”[GR(t, IS ) + G (" SAW, 1)),

where HY is given by Eq. (3.44).

Within the self-consistent Born approximation, the self energies are obtained by con-

sidering the lowest order self-energy diagram, i.e., the sunset diagram, and replacing

in it the non-interacting propagator Gg with the full one G, as it is diagrammatically

illustrated in Fig. 3.7:
5

7tl -

§(t —t')o*Gro”

o]

(3.49)

r
s = 00t - o Gyolo™ = Fio(t — 1)L

The last equality in Eq. (3.49) follows from the fact that Gf” t/ A4 Fi/2, as a consequence
of the definitions (3.37) and (3.38), of the following convention for the step function 0,
ie.,
0, x <0,
O(x) = 1/2, x =0, (3.50)
1, x>0,
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and of the fundamental identity

G=(t,) = G7 (t,1) = iV} () Wi (®) + i (Wi ()W, (8)) =i ({0 ,(0), Wem(®)})
= 00y = il.

(3.51)

In the last line we used the anticommutation relation for Nambu spinors, i.e., {\I/ ks \I/L, m}
Ok k' O1.m- In order to solve Eq. (3.48) we substitute Eq. (3.49) into it, subtract the two
resulting equations and take the limit ¢ — t’; defining the density matrix

pi(t) = —iGE (1,1) (3.52)

we finally obtain the master equation [34]

. r.. .
Opr = —i[Hy, p] + (@ Pro™ = i), (3.53)

where [HY, pi] on the right hand side is responsible for the free dynamics while the
second one contains information about the dissipation due to the noise. We now apply to
Eq. (3.53) a Bogolyubov rotation R(67) (see Eqgs. (2.26) and (2.28)), which diagonalizes
the Ising model in the basis of the Bogolyubov fermions +7, finding

o r
Orpr = —ilHY, pi] + 5(0/%0/ — Pk)s (3.54)

where
HY = R0 HR(6) = €lo”, (3.55)
o' = RI(07)0"R(0]) = cos(20])o* + sin(26])0". (3.56)

The density matrix p is consequently expressed in the basis of the Bogolyubov fermions,

oul®) = (wz*(t)vz((t» <wz*<t>vgz<t>>) | (357)

where (V;ZT’y;Z) are the populations of the energy levels of the noisy Hamiltonian with

momentum & while (v} Ty ;2} represent the coherences.
Before solving Eq. (3.54), let us comment on the properties of the noise. In the base

diagonalizing the final Hamiltonian, H(t) appears as

Hi(t) = €]o” 4+ dg(t)(c” cos 2607 + ¥ sin 26)

(3.58)
=€lo” + dgi(t)o” + dg;(t)o”,
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where 0g;(t) and dg} (t) satisfy

(597 (1007 (1)) = 5 (con 2806t — 1),
E (3.59)
(6g7(t)ogi(t')) = i(sin 29%)25@ —t),

where it should be easy to see that our model is equivalent to the QIC perturbed by
two k-dependent delta correlated noises, one along the z direction and the other one
along y. Moreover the noise along the y direction is correlated to the noise along the z
direction r

(6gi(t)ogil(t')) = 5 sin 20 cos 2076(t — t'). (3.60)

The usual way to solve a master equation like (3.54) is to decompose the density matrix
pr. in the basis of the Pauli matrices, i.e.,

1
pk:§+5fk o” + g, Ux-i-yk Uy, (3.61)
where 0 fi, represents the population of the k-mode while xx, yr the coherences. These
coefficients are real, being the density matrix py in Eq. (3.57) Hermitian. Upon inserting
this decomposition in the master equation (3.54) we end up with a system of differential
equations for the coefficients d f, xr, yi of the density matrix (3.61):

. r.
9 (8 ) = —T'sin®(207)6 fr + Sk sin(467),
8t.ka = —ka - QEiyk, (3.62)

r
Oryr = 9 sin(467)0 fr. + 2€]xp — T 0052(202)%,

where 6] and €] are given in Eqgs. (2.28) and (2.31), respectively. In the following we
solve this system of equations in the limit v = I'/A < 1, which allows us to neglect
y-z correlations; this approximation is checked numerically for different values of &k in
the Brillouin zone. Taking into account the various initial conditions in Egs. (2.58)
and (2.59), corresponding to an extensive amount of energy injected in the system by
the quench of the transverse field, we immediately obtain [34]

Sfr(t) = {sm%Aek) - ;] e~ Ttsin®(267) (3.63)

where A0 is given in Eq. (2.38). For the coherences it is convenient to introduce the
variable zp = x — iy for which we obtain [34]

2, — 2,
9 ;

Bz = (—2ie) — D)z + T [1 — cos?(26)] (3.64)
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Figure 3.8: Populations n(t) = <’)/ZT(t)fy,€(t)> of the energy levels of the noisy Hamil-
tonian (3.5) with momentum % as a function of wave vector k € [0, 7] at various times
after the quench: from bottom to top, I't = 0.1,1,10,102,10% and 10*. The quench
occurs from go = 2 to g = 4. [Figure taken from Ref. [34]]

from this equation we see that the coherences decay exponentially fast as I't > 1, as
one can see close to k>~ 0 or k ~ m:

939t
2 =~ 20e " Hiekte Tt (3.65)

On the other hand, we see from equation (3.63) that while the populations ¢ f; of
most of the modes relax quickly to the thermal occupation ny ~ 1/2 corresponding to
infinite temperature on time scales of the order of 1/I', this relaxation rate vanishes
upon approaching the band edges k = 0 and k = 47 as illustrated in Fig. 3.8.

We report the expression for §f; and zp for k ~ 0, as they will be useful later on in
the calculation of the leading behavior of physical observables during thermalization

dynamics discussed in the next Section:

2 "2 \2a2”

f.9T\ ik —at—ift
<’7z ’ng> —ﬂp_e “ 1'87

1 1/ K CIR2/A2
<7ZH;Z>=—+—( 2—1>e””/A7
(3.66)
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where p_ =1 — A/Ap with Ag = |go — 1| and

a=I|1- (k/zA)Q] ,
(k/A)2 (3.67)
B=2A |1+ T

3.3.2 Thermalization dynamics of observables

Based on the expressions reported in the previous Section, we are now in the position to
investigate the interplay between quench and noise in the time evolution of observables
of interest: in particular we focus their dynamics from the initial state towards the
asymptotic steady state, which is the infinite temperature state, where all fermion modes
are equally occupied with ng = 1/2, for all £ in the Brillouin zone. We shall start the
analysis by computing the energy absorbed by the system. We will then be concerned
with the possible thermalization of the transverse magnetization correlator and, finally,
we are going to look for signatures of the noise in the time evolution of the order
parameter correlations.

Energy absorbed by the quantum Ising chain

The energy E(t) absorbed by the system during the noisy time-dependent protocol can
be expressed as

E(t) = ()| H (g, 1)[¥(#)) (3.68)

and this expression is for a certain realization of the noise dg and then it will have to be
averaged over the distribution of the noise. The state of the chain at time ¢, |1 (1)), is

V(1) = Un(g,)(t,0)|GS) gy, (3.69)

where Up (44 (t,0) is given by Eq. (3.11) and we remind that |G'S), is the ground state
of the unperturbed Ising Hamiltonian (2.1) with g = go in which the chain is initially
prepared. Substituting into Eq. (3.68) the expression for the Hamiltonian Eq. (3.5), we
get

B(t) = ((t)| (Holg) + 89(t) 3 o7 ) [w (1))

7

L (3.70)
= (Y(t)[Ho(g)[¥(t)) + dg(t)((2)] Zaf\w(t)%

where Hy(g) is given in Eq. (2.1). Let us now assume that at time 7 and onwards the
noise is turned off. Accordingly, in the thermodynamic limit L — oo, the total energy
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acquired at time 7 by the system is

B(r) =1 [ gret (2 (ndr) = 0Zurn ko) (3.71)

We can now use the expectation values for the two-point functions of the Bogolyubov
fermions derived in the previous Section (see Egs. (3.61) and (3.63)) in order to evaluate
this expression as a function of 7. By using Eqs. (3.61) and (3.63), Eq. (3.71) can be
written as

E(r)=1L / l 2e05 fr = — L / & ¢ cos(2A6y)e TS 20D), (3.72)
0 2 0 2w

At short times 7 < I'"1, the energy E(7) is equal to the one Eq injected in an ordinary
quench plus small corrections [34]

" di
E(r)= Eq+ L / el cos(200,) s (26D (3.73)
0 m

as one can readily verify by expanding the exponential in Eq. (3.72) and where

Eq = L dk €] cos(2A6%) (3.74)
2 Jy
is the energy injected in the system by a sudden quench gy — ¢ with no noise on the
transverse field.
For 7 > I'"!, Eq. (3.72) is actually dominated by the modes with smallest relaxation
rate, i.e., k ~ 0 and k = 7, with the final result [34]

L ¢*>+1
E(T)FT_>>1_ 2007 VIt

Accordingly, the energy approaches its asymptotic value with an asymptotic algebraic

(3.75)

behavior (I'7)~1/2, which is the signature of the slow relaxation of the k ~ 0 and k = 7
modes.

Evolution of the spatial density of kinks

An interesting quantity for highlighting the dynamics of thermalization is the spatial
density of kinks ng;,k, defined as
1L
Nhink = 57 2;«1 —afofi1)). (3.76)
1=
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Figure 3.9: Density of kinks ny;,x as a function of the time ¢ elapsed after the quench
from gy = 1.1 to g = 4 in the presence of a noise of strength I' = 0.01. While the
red line shows the value attained by nyi, without noise and predicted by the GGE,
the full time evolution (blue line) shows first a saturation towards the GGE value for
J™! <t < ! and then a runaway towards the infinite temperature state. [Figure
taken from Ref. [341]]

Simple algebraic manipulations yield [34]
1
ink(t) = 57 > (1 + 207 )=o) =
F (3.77)
L dfi(t 2A 2y (t) sin(2A
=57 Ek: (2 + 20 f1(t) cos(2Aay,) + 2y (t) sin ozk)>.

This result has been obtained by expressing the Bogolyubov fermions at g = 0 in terms
of fermions diagonalizing the Hamiltonian with g # 0, consequently Aqy, = 0;3:0 — 67
is the difference between the two corresponding Bogolyubov angles. It is clear from
this expression that the number of kinks ng;,. can be written as the sum of two terms,
Nkink(t) = naripe(t) + An(t), where ng.ip; due to populations 0 f (plus the constant
term) and describing the heating of the system towards the asymptotic steady state at
infinite temperature; An(t), instead, is responsible for dephasing, it is exclusively due
to coherences, and it is at the origin of an intermediate stage of the dynamics of ngink,
which we shall relate to prethermalization [28-30)].

It turns out that the dynamics of ny,k(t) towards the asymptotic state can be divided
into three stages as summarized in Fig. 3.9:

1. first of all, the system relaxes towards the asymptotic steady state of the QIC
after a quench of the transverse field without noise, which is the GGE of the QIC
and which accounts for the conserved quantities of the model, i.e., the occupation
number of the fermions n; = VgT’yg . This happens through inhomogeneous de-
phasing, arising from the overlap of a continuum of frequencies in Eq. (3.77) and

leading to a (Jt)~3/2 decay in the J¢ > 1 limit. This result can be easily derived
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by applying a stationary phase approximation to Eq. (3.77) for Jt > 1 but in the
temporal range I't < 1 where the noise is not effective. Though the term prether-
malization has been introduced for closed quantum many-body systems driven out
of equilibrium by a quench, the appearance in the dynamics of an intermediate
stage described by a suitable chosen GGE observed here is very similar to what
has been found in closed systems [29, 30], justifying the use of this term also in
this context.

2. The second stage of the dynamics consists in a noise-induced dephasing, where
coherences are suppressed by the noise exponentially in time for I't > 1, as the
leading e~ '* behavior discussed before indicates.

3. The third stage corresponds to the heating up of the model and an equidistribution
of the populations. This drives, e.g., the number of kinks towards the final stage
of the dynamics corresponding to an infinite temperature state. This happens
following the same (I't)~'/2 behavior as the energy, and it is due again to the
presence of slow relaxing modes dominating the dynamics towards thermalization.

As a last remark, it should be noticed that the appearance of a prethermalization stage
strictly depends on the different behaviors of populations and coherences during the
dynamics. This implies that whether an observable will show prethermalization or not
will depend crucially on its expression in the Bogolyubov basis. This is the reason
behind the absence of a prethermal stage in the dynamics of E(t).

On-site transverse magnetization

A prethermal plateau is also observed in the dynamics of the on-site transverse mag-
netization (o7 (t)), which possess a similar expression to Eq. (3.77) in the Bogolyubov

basis
T dk

m* = (%) = — /0 45 k(1) cos(26) — sin(6Dui(r)] (3.78)

where J f and yi(t) are given in Egs. (3.63) and (3.64), respectively. The prethermal
plateau is in correspondence of the expectation value of o7 evaluated in the GGE of the
QIC without noise (see Eq. (2.64))

™

- /0 ;Lk 2 cos(2A0y) cos(267), (3.79)

with A@), given in Eq. (2.38), and it is approached algebraically as (Jt)~%/2, in the
limit Jt > 1, as in a quenched QIC [16]. On the other hand, the on-site transverse
magnetization will approach its equilibrium expectation value (07)r—~ = 0 at infinite
temperature as a power law, i.e., as (Ft)*l/2 for t > T'"!, when quantum coherent
effects have been already exponentially suppressed by the noise. Accordingly, the non-
equilibrium dynamics of this observable is exactly the same as the one observed for the
number of kinks. In the next Section we are going to consider two-points correlation
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function of the transverse magnetization in order to unveil novel behaviors behind the
interplay of noise and quench.

Correlator of the transverse magnetization

We now investigate the equal-time correlation function of the transverse magnetization,
computed at different spin sites

C*(r,t) = (o7, ()0} () — (07 (1)) (3.80)

Due to translational invariance, for future convenience we can set ¢ = 0. The expression
for C**(r,t) can be written as a sum of three terms [34]

C=(r,t) = {or()a0(t))pop. + {or()a0(t))con. + {or(t)0(t)) miz. (3.81)

where

(0r(t)o0(t))pop. = 4 / / dk i {sin(zeg)sin(zeg,)a Fr ()8 frr (1)
(3.82)
+ |:; + COS(20Z/)(5fk/ (t):| |:; — COS(29Z)5fk(t):| },

(or(£)o0(t)) con. = 4 / / dr { — sin(267) sin(207, )yk )y (t)

o [ (8) + iye(t) cos(260)] x [y (t) — i (1) cos(26,)] }.
(3.83)

(or(t)ao(t))miz. = 4 /_ / (k= W i6 fk( ) sin(209) [y (t) — iy (t) cos(269,)]
— 6 fir () sin(26, ) [z (¢) + iyx(t) cos(20))]

+ sin(207)0 fir (£)yi (t) cos(2607,) + sin(267,)6 fi(t)yw (t) cos(29k)}.
(3.84)

Looking the expression of the coherences in Eq. (3.64), it should be clear that we can
extract from the integrals in Eqs. (3.83) and (3.84) a prefactor with a purely time
dependent exponential decay in time, which allows us to neglect these terms for ¢ > I’
as

<UT (t)UO(t)>coh. 8 ei2rt7

3.85
(00 ()00 (1)) mia. < e (3.85)

The behavior of the equal-time correlation function of the transverse magnetization is
analyzed in great detail in Ref.[34], where one can find all the necessary details of the
calculation. The final result, illustrated in Fig. 3.10, is that the dynamics is character-
ized by the propagation of two “wave” fronts: at earlier times, ¢t < I'"!, a first front
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appears at r ~ Jt, controlled by the velocity of the quasi-particles emitted after a quench
(v ~ J), which separates unconnected space-time regions, r > Jt, where o} correlations
behave as in the QIC without quench, from a region of space-time connected points
r < Jt, where the stationary correlation function is the same as in a quenched QIC
[16]. This is consistent with the Lieb-Robinson bound [55], as already found for other
systems [56] and by various authors for the sudden quench of the QIC [16, 38]. The
effects of the noise are hardly relevant at early times, as observed for the evolution of
Nkink-

At longer times t > I'"!, instead, we find a diffusive spreading of correlations for
Ar < T't, as the square of distance r scales as the time ¢, while for unconnected space-
time points with Ar > I't the stationary correlation function crosses over to the asymp-
totic expression of the correlation function in a quenched QIC without noise [16]. This
scenario can be summarized in the following expressions for the correlation function [34]:

1
52 exp[—2Apr], > vt,
C#(r,t <7 ~ (3.86)
1
ey exp[—71/&.], r < vt,

where £, is the correlation length associated with a simple quantum quench of the
transverse field and o an exponent, calculated in Ref. [16]. At long times ¢ > 'L, the
noise becomes relevant and the second crossover, between the quenched QIC correlation
function and a diffusive behavior emerges

1
ey exp|—71/&;], vt K r <K vt,
C#(r,t >T71) ~ (3.87)
1A2%1 (Ar)? <t
—_—— - T
41" ot |’ T

where v = I'/A is the small parameter introduced in Eq. (3.46), which controls the
accuracy of the self-consistent Born approximation (3.19).

Correlator of the order parameter

The last observable analyzed in Ref. [34] is the order parameter correlation function
C*(r,t) at equal-times, defined as

O (r,t) = (of,,(t)of (1)) — (o (1)), (3.88)

in order to see if the diffusive behavior observed for correlation of the transverse magne-
tization is a general signature of the effect of the noise in correlation functions. The way
to compute this function is to express it in the form of a Toeplitz determinant and to
evaluate it for spins at a separation  — oo by using the Fisher-Hartwig conjecture (see
Ref. [34] for details). For a quench without external noise the stationary correlation
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r

Figure 3.10: Spreading of quantum and thermal correlations in the noisy quantum
Ising chain (J = 1) of Eq. (3.5): the correlator of the transverse magnetization(see
Eq. (3.80)) has a first crossover when ballistic quasi-particles, carrying quantum corre-
lations, propagate at the distance . Thermal correlations propagate at a second stage,
leading to a crossover towards a diffusive form. [Figure taken from Ref. [34]]

function has in general an exponential form C**(r,t) ~ exp(—r/{qg), with a correlation
length &g predicted by the generalized Gibbs ensemble [16]. Turning on the noise, the
correlation function takes the form [34]

C*(r,t) - P2 e/ (3.89)
where
1 1 1 1 I't
= + with —_— = . 3.90
§(t) gquench. g(t)noise g(t)noise 292 ( )

In this way the equal-time correlation function of the transverse magnetization and of
the order parameter show very different behavior (compare Eq. (3.87) with Eq. (3.89)),
similarly to what happens for quenches in the QIC [36, 37]; indeed, the correlation
function of the order parameter displays the same exponential form as in the absence
of the noise and the spreading of quantum and thermal correlations does not result in a
diffusive form, but rather it modifies the value of the correlation length which, at later
times, decreases as 1/T't as time increases.



CHAPTER 4

\_DYNAMIC CORRELATIONS OF THE NOISY QUANTUM
ISING CHAIN AND EFFECTIVE TEMPERATURES

In the published studies of the noisy quantum Ising chain (NQIC) only equal-time quan-
tities were considered [34]; in this Chapter we extend the calculation to two-time quan-
tities and, in particular, we determine the correlation and linear response functions,
which are needed in order to define effective temperatures. First of all, in Sec. 4.1 we
analyze a simplified model consisting of a two-level system driven out of equilibrium by
a time-dependent noise which heats it up. Based on the fluctuation-dissipation relations
we are able to extract a parameter, which we call effective temperature, indicating that
the two-level system is always out of equilibrium during the evolution, while the system
approaches an infinite-temperature thermal state only at infinitely long times. Then in
Sec. 4.2 we focus on the analysis of two-time quantities of the NQIC. Using Keldysh
diagrammatic technique, we are able to solve analytically the Dyson equations for the
Greens functions within the self-consistent Born approximation which is valid for suf-
ficiently weak noise. From these solutions, in Sec. 4.3 we determine the expression of
the correlator of the transverse magnetization. Finally, in Sec. 4.4 we obtain the corre-
lation and linear response functions of the transverse spins in the long-time limit and
we analyze these expression in order to understand how the equal-time correlator of the
transverse magnetization changes at different times.

4.1 A toy model: two-level system

4.1.1 The model and Green's function

Motivated by Egs. (3.58) and (3.59), from which we see that the noisy quantum Ising
chain is equivalent to the quantum Ising chain perturbed by two k-dependent delta
correlated noises, one along the z direction and the other one along y, we introduce a
simplified model, consisting of a two-level system subject to a time-dependent noise [57].

70
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The Hamiltonian of the model is
H= Y c[Hy+ V)0 (4.1)
'7]:]‘72

where the operators ¢;, c obey standard anticommutation relations,

Hy = gaz (4.2)

Z &i(t)o'. (4.3)

1=T,Y,2

is time-independent and

is a stochastic noise. By imposing the constrain

> clei=1, (4.4)

i=1,2

the Hamiltonian in Eq. (4.1) is equivalent to a 1/2 spin subject to a fluctuating magnetic
field. We assume that the noise terms are uncorrelated, i.e., (§(t)&;(t)) = 0 for ¢ # j,
with zero average (£;(t)) = 0 and the correlations of the noise in the same direction are

(EE() = 2ot — 1), (4.5)
(Ea(t)Ea(t)) = %6@ —t), (4.6)
(€006, (¢)) = 6t~ ). (@7)

We can treat this problem in the Keldysh formalism and set up a perturbation theory
as explained in Sec. 3.2. We solve the Dyson equations (3.42) for the lesser and greater
Green’s functions G=(t,t') averaged over the noise

G(t.t) =ilcl(t)es(t))  and  GS(,t) = —ifes(t)cl (), (4.8)
using the self-consistent Born approximation (see Sec. 3.3):
2 / / FZ z 2 A1 FT T2 I\ T 2 /
Y2(t,t) =6(t—t)) 5 GZ(t,t')o* + T (6"G=(t, U)o + VG (¢, t)Y) |,
r r (4.9)
SEAG Y = Fis(t —t') (; + 4’”> 1.

The solution of the Green’s functions (4.8) in the approximation (4.9) is (see Appendix
B for details)

G<(t,t) :m(t)[e—(%“)lt—w;Jre—rr(t“) (50 5

o) ()4 %\t—t’\(200++z;;g—)]7ﬂ(t’), (4.10)
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Gt t) — G (1) = ie” (FTI= Iyt @), (4.11)

where we introduce the matrices 0* and the time-dependent unitary matrix H(t) defined
respectively as

_ihy
ot = T H(t):<e : gt>. (4.12)
2

We emphasize that the equal-time Green’s function G< of this model is similar to the
one discussed in Chapter 3. The coefficients ¢ fy, 2o are fixed by the initial conditions
of the evolution, depending on the initial state of the system assumed. We note that
Egs. (4.10) and (4.11) are not time-translation invariant, in contrast to what happens
at equilibrium, because the system is driven out of equilibrium by the noise.

4.1.2 Equilibrium and fluctuation-dissipation theorem

In order to compare with the case discussed above, here we consider the same two-
level system but in absence of the noise (i.e., with V' =0 in Eq. (4.1) and then given by
Eq. (4.2)) and evolving from an equilibrium initial state at temperature 5y. We find that
the corresponding Green’s functions are related by the fluctuation-dissipation theorem
(see Eq. (1.62)) which involve the temperature fy. The time-independent Hamiltonian

1S

h
Hy= Y Zcofe;, (4.13)

and we impose the constrain in Eq. (4.4). A suitable basis of the Hilbert space is given
by
|n1 =1,n9 =0) and In1 =0,n9 = 1), (4.14)

where n; = c;fci is the number operator of the i-th level. The time evolution of the

fermionic operators c¢; are easily obtained from the Heisenberg equations of motion
(h=1)
dci(t)
dt

—ilHy )] =—i Y gafmcm(t), (4.15)

which can be solved:

(4.16)
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Due to the equilibrium nature of the initial state the Green’s functions of the two-level
system follow from Eqs. (4.14) and (4.16):

i i (e 0
G=(t,¢) = - Tr [ cl(¢)ei(t)] = ( o ) :

0 Zo 0 et 5T (1)
417
>(q 4l i —BoHo Ty i G@_%(t_t/) 0 ( )
G (1,) = 5 Tr [e cilt)el(t )} = ; gt )

where the partition function is Zy = 2cosh (%) Using Eq. (4.17), we can find the

expressions of the Keldysh function G¥(t,#'), defined as the sum of the lesser G< and
greater G~ Green’s function:

P o - . Boh\ - o~ (=t 0
G" (t,t") =G~ (t,t') + G=(t,t') = itanh | — g | (418)
2 0 e?(t_t)

while the difference between the retarded G and advanced G4 Green’s functions (see
Eqgs. (3.37) and (3.38)) turns out to be:

0 e%(t_tl)

—thg_¢)
GEt,t) — GAt, ) = GZ(t, ) — G=(t, ') = —i (e ’ L0 ) . (419)

A simple relation between GX and GF—G4 exists taking, in fact, their Fourier transform
GX(w) and G (w) —GA(w), respectively, defined by Eq. (1.59), of Egs. (4.18) and (4.19).

One finds
Koo\ Boh\ [—d0(w —1) 0
G (w) — Ztanh (2) ( 2 (5((/.) + g)> )

! 4.20
R A . (S(W—ﬁ) 0 ( )
G*(w) — GHw) = —1 2 ;

0 S(w+ )
and therefore they satisfy the fluctuation-dissipation theorem in frequency-space (1.62)
GE (w) = tanh (Bow) [GR(w) - GA(w)] . (4.21)

Analogously to what was done in Sec. 2.4 we would like to use a relationship analogous
to Eq. (4.21) in order to define a sort of non-equilibrium effective temperature, the
properties of which will eventually indicate whether the system reaches an equilibrium
state or not. This attempt is described below.

4.1.3 Effective temperatures

In order to understand the role played by the noise in the dynamics of the two-level
system discussed above and how it affects the effective temperature possibly associated
with it, we consider the case in which the system is initially at equilibrium with inverse
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temperature By and follows its heating up due to the noise. The dynamics for times ¢ > 0
is governed by the Hamiltonian (4.1) and the Green’s functions are given by Eqs. (4.10)
and (4.11) with the initial thermal condition (4.18, 4.19), which yield

I',+4+T" /
—%‘t—t

GR(t, ") — GA(t, ) = —ie " HEH (), (4.22)

t+t’

GE(t,) = —i tanh <th> oI (55) (71 g ot (1), (4.23)

with the matrix H defined in Eq. (4.12). Following the line of argument presented in
Sec. 1.6 we want to define an effective temperature through the fluctuation-dissipation
relation (4.21). However, we cannot do a Fourier transform because the Green’s function
(4.22) and (4.23) are not time translation invariant. We note that Eqgs. (41.22) and (4.23)
can be expressed in terms of Wigner variable 7" and 7

ot
2

T

and  T=t—1 (4.24)

instead of doing a Fourier transform, we then perform a Wigner transform, defined as

2T

flw,7) = / dr eiWTf(T, T). (4.25)

—2T

In order to simplify the notation we use the same symbol for the function and its
transform, as the difference is made clear by their argument. In other words we are
keeping T fixed and then Fourier transform with respect to the variable 7. To compute
the Wigner transform of Eqs. (4.22) and (4.23), we need the following result

o1
/ dr eilwta)T=blr| _ 20— e_QbT{Qb cosl2( —2|_ o= 2(;} *ojsinHe ¥ a)T]}v (4.26)
b2+ (w+a)
ot

and, accordingly,

h
GE (w,T) = F8itanh <5;> X
22

(T, -TI,)e T —e%T{(Fz —T') cos[(2w F h)T]| — 2(2w F h) sin[(2w F h)T|}
(T, —T,)2 4+ 42w F h)? ’

(GF — GA)(W,T)ég =

R e 3 T, +T,) cos|(2w F h)T] — 2(2w F h) sin[(2w F h)T]}
(T, +T)2 +4(2w F h)? ’

(4.27)

= -8

where G and (GF — G4)11 indicate, respectively, the diagonal elements of the matrix
22 22

GK and GF — G4. The off-diagonal elements vanishes because of the initial thermal
condition (4.18, 4.19). We define an effective temperature f.s¢, in general dependent
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Figure 4.1: Effective temperatures ,Bfff(w,T) (see Eq. (4.29)) as a function of w for
fixed T for By = 10, h =2, I', = 5, [, = 0.01. T ranges from 10 to 150 at step of
5 units moving from the topmost (lowermost) to the lowermost (topmost) curves for
B >0 (8 < 0). This qualitative behavior is observed independently of the choice of .

on the frequency w and on the time 7', such that
G¥ (w,T) = tanh [@f(w, T)w] [GR(w, T) - GA(w,T)] . (4.28)

Clearly a lack of dependence on w and T (at least within some range) provides a strong
evidence in favor of the fact that the system has reached equilibrium. As peculiarity of
this model, we note that we have to define two different effective temperatures 52} > one
for each level, otherwise Eq. (4.28) can never be satisfied. From Egs. (4.27) and (4.28)
we obtain the two effective temperatures

1 Boh\ [(T, +T,)% +4(2wFh)?] o
(w,T) = ic_u arctanh {tanh <T> [(1—‘2 T A(0w T h)Q] Pror, (w,T)} ,
(4.29)

+
eff
and we have defined

(T, —T,)e T —e%T{(FZ —T,)cos[(2w F h)T) — 2(2w F h) sin[(2w F h)T]}
T, +T, —e 2 “T{(I, +T,)cos[(2w F h)T] — 2(2w F h) sin[(2w F h)g}go '

P, (. T)

The effective temperature ﬁeif f(w,T) is illustrated in Fig. 4.1 as a function of w for
various fixed values of T": we note that Bff f (w, T') never displays a plateau upon changing
w, which means that the system can never be thought of as being at thermal equilibrium.
Actually this conclusion is independent of the value of T. The two-level system is
always driven out of equilibrium by the noise and only in the infinite-time limit it
reaches a thermal equilibrium state with infinite temperature, signaled by the fact that
Besf(T = o0) = 0. The presence of a negative temperature f.s¢ is not worrying being
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the system out of equilibrium. Clearly, this model is very simple and the lack of an even
apparent thermalization is not really surprising. It is interesting then to test if in the
noisy quantum Ising chain, the quantum many-body effects and the presence of many
levels in interaction can lead a different scenario.

4.2 Green’s functions of noisy quantum Ising chain

In Chapter 3, we presented a discussion of one-time quantities for a noisy quantum
Ising chain; in this Section we extend the calculation to two-time quantities and find
the correlation and linear response functions of the transverse spins. The model is
characterized by the Hamiltonian (3.5) with Gaussian noise in the transverse field dg(t)
with amplitude T' (see Eq. (3.6)) and the quench protocol considered is illustrated in
Fig. 3.1. In order to calculate the two-time correlation functions of the transverse spins
of the chain we need to determine first the lesser Green’s function G<(t,t’) at different
real times expressed in terms of the post-quench Bogolyubov fermions {'y;z , 'ygT}, ie.,

A GICTAC wzm]
SN OCLRC O (431

Analogously to what was done in Chapter 3, the analysis starts from the Dyson equations
(3.48): within the self-consistent Born approximation (3.49), valid for sufficiently weak
noise I' < A, we obtain (see Appendix C for the details of the analysis)

G5 (1,7) = ieﬂFiegT [; e—gm + (sinQ(Aek) — ;) e—FTsinz(QGg)—gT|cos(40g):| :
22 (4.32)
GS (r,T) = —iPl;tQ (7, T) eq:iei\7'|+£|7'| cos? (267 —gT[l—l—cosQ(QGZ)}’

21 )

where €, 07 and A6, are given in Egs. (2.28), (2.31) and (2.38), while
Q Q 7]

b Z(r-1 .
(r-5)) v (5 (- 5))]

(4.33)

Po(rT) = SIH(QAQk){ ism < ( _

2
, [T
:I:% [Qsm 29g sm<

In this expression = \/]F2 sin?(267) — 16(€?)?|. The greater Green’s function G~ (¢,t')
can be obtained from the lesser one G<(¢,t') (4.32) through Eq. (C.6) reported in Ap-
pendix C:

Gt ) — G (4, ) = iealt= e i) 0 4.34
(7 )_ (a ) e 0 eiei(t*tl) . ( )

As in Sec. 4.1 7 and T in the previous expressions are the Wigner variables (4.241).
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4.3 Correlator of the transverse magnetization

In the previous Section we obtained the Green’s function of the Bogolyubov fermions
{7Z ,’y,ZT}; starting from this quantity we can calculate the correlation function of the
transverse magnetization at different times for two transverse spins at a distance r

C=(r, 1, 1) = {07 (1)a5 (1)) — (o7 () (o5 (1) (4.35)

In order to do this, we first apply the Jordan-Wigner transformation (2.13-2.23) to the
spin operators o5 and then, by using the Bogolyubov rotation (2.26), we express the

correlator in terms of the fermionic operators {~{,~; Bt

C% (11,0 = 4 [(ef ()er (el (¢ )eo ")) — (e} B)er(t) (ch(¥)eo()]

4
-5 07 [(el, (B)ews (E)el, (#)ex, (1)) — {e, ek (1) (el (Vew, ()]
k1,k2,k3,k4
_ 4 g 9 gt
=5 ([uf A @) + g7, O] [, = iwg, 77 L, (0)] %
kl,kzyks,lm

X “kg 7 f(t ) +iv Y ks(t/)} [Uiﬂi(t)—wkﬂgh( )] >_

_ < [“iﬂgj( )+ ivd 47, (t)] [uiﬂgQ( ) — i, 77, (¢ )} >X

x { [l 1)+ ivfr? o ()] [u A2, () = infr? L, ()] >}
(4.36)

where L is the number of site in the chain (see Eq. (3.5)), r is the distance between
the transverse spins o7, the wave vectors k; belong to the NS sector (see Sec. 2.2.1)
while uf and v} are given in Eq. (2.27). With an abuse of notation, we indicate with
the same symbol both the fermions ¢, in real space and their spatial Fourier transform
ck. According to Eq. (4.30), the transverse correlator C** is the Fourier transform of
the difference between a 4-points Green’s function of the fermions at different times and
the product of 2-point Green functions at equal times. As we already know the 2-point
function at equal times, we focus here on the 4-point Green function, which can be
evaluated by using the following approximation:

(o O O, e @)) = (A, O (0)) (3, ()0 ()
= (o, O, ) (ma (O ()
+ (3 O ®) (el 1) (@37
Equation (4.37) is exact in the case of non-interacting theory, as it follows clearly from

Wick theorem in Eq. (3.29). For interacting theory, as the one we are interested in, we
instead should add correction terms, known as correlations, to Eq. (4.37); however in
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the limit of sufficiently weak noise I' << A which we are considering these terms can
be neglected. To improve this approximation one should consider also the correlations
terms, known as Cooperons contribution. By using Eq. (4.37) for all 4-points terms in
Eq. (1.36), defining

P (t,1) = —iG5 (¢, 1) (4.38)

and using the definition of v and v{ in Eq. (2.27) we obtain
c* (Ta t, t/) - Cgizag sznfdiag + Cfni’xed? (4'39)
where we highlight the different contributions to the correlator given by

4 .
Citg = 7z Z oilka—k1)r { cos(07 +67,) [cos 07 cos 0£2p}£ (t’,t)ng(t’,t)
k1,k2

— sinf@] sin 6 pi? (t, t)p,g (t, t)}
+sin(6y, +6)) { cos 0y sinby pp (¢, )pps (t', 1)
+sin 6} cos 0] pif (t, t)pig (t, t)} } ,

(4.40a)

4 i (oo —
o diag = 7z Z elkz—ku)r { cos(@i1 + HZZ) [cos 9%1 cos ngp}g(t’,t)pz; (t',t)

k1,k2
—sin 6] sin 6] pi; (¢, t)pp (¢, t)}
+ sin(@i1 + «9Z2) [cos Hgl sin 9%2;}}5(#, t)p,lﬂz(t', t)
+sin @} cos 0 pi} (t, t)pii (t, t)} } ,
(4.40D)
2z 4i t(ko—k1)r g g
mized = T3 e cos.(@k1 + 9k2)><
k1,k2

[cos 69 sin 67 (p}g(t’, DR (E ) + Lt )2 (., t))

+sin @} cos 6 (pi?(t', toms (1) + ppt(t 1) e (¢, t))}

+sin(07 + 07 )x

[ sin 6, sin6F, (p2(, 0)pi2(¢' 1) + pE (¢, )phL(E' 1))

— cos8, cos, (A2, 0920, + PR, 0)] }
(4.40¢)

where L is the chain length (see Eq. (3.5)), r is the distance between the transverse spins
0%, the Bogolyubov angles 07 are given by Eq. (2.28), while Eqgs. (4.32) and (4.38) define
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the elements pg (t,t"). The subscripts " diag”, " non-diag” and ”mized” of C** indicate
that the expression of the corresponding contribution to C** involves only the diagonal,
the non-diagonal, or the mixed components, respectively, of the Green’s function Gy
investigated in Sec. 4.2.

4.4 Long-time behavior

441 Two-time correlation and linear response functions

In this Section we want to study the correlator of the transverse spins C'** within the
long-time limit defined by the condition

t,t'>17! with fixed 7=t — . (4.41)

We are interested in this time range because the noise has came into play and the equal-
time correlator of the transverse magnetization shows a diffusive behavior as highlighted
in Eq. (3.87) and discussed in Sec. 3.3; here we want to investigate how the correlator
C?# changes at different times. In the other time range, t,¢ < I'"!, we know from
Eq. (3.87) that the equal-time correlator of transverse magnetization agrees with the
GGE predictions for a quantum Ising chain following a quantum quench and we expect
that the different time behavior within this time range resembles the one found in Ref.
[38]. In this limit we can neglect the non-diagonal and mixed contributions (4.40b-
1.40¢) in Eq. (4.39) because they are exponentially suppressed for I'T' > 1; in fact; from
Egs. (1.32), (1.40b) and (4.40¢)
T

2z — 2z -I'T
out—diag xe and mized X © : (442)

Accordingly, in the following we will concentrate only on the diagonal term C37 . By

exchanging the indices kj <> ks, the correlator C** in Eq. (4.40a) can be expressed as

zZz 4
Cc* = 2 Z {cos(«9z1 +67,)x
k1,k2

[ei(kz’_kl)r cos 9%1 CoS 0%2 — e ika=k)r gipy Hzl sin 622} ,0,1& (t, t)pig (t',t)
+sin(@] + 607 ) cos 6] sin 6] x
[l gl (¢ 0)pf (1) + e R R0 20 )2t )] |
(4.43)

Now we write the diagonal term as (see Eq. (4.32))

%% N _ FiedT 1 —£\7'|
Pt t') = et 5¢ * +6hi(1,T) |, (4.44)
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where we defined

1 T
Shy(1,T) = [sin2(A9k) - 2] exp [—FT sin?(2607) — Z\T| cos(467) (4.45)

and Gi are the Bogolyubov angles (2.28), Af is given by Eq. (2.38) and 7 and T are
the Wigner variables (4.24). In particular, the expression in Eq. (4.45) for k ~ 0, which
is useful in order to calculate the leading behavior of the two-time correlator (analogous
to Eq. (3.60)), becomes:

1/ k? r 7|\ k2
Ohy(1,T) =5 <2A2p2_ - 1> exp [—4]7’| -r (T - |2|> N} , (4.46)

where A = |g — 1| is half of the gap (2.56) of the quantum Ising chain and p_ is
given in Eq. (3.66). By replacing Eq. (4.44) in Eq. (4.43) and by using the elementary
trigonometric addition formulas and Eq. (2.29), we obtain, in the thermodynamic limit

/LY, — [ dk/(2m), the real part of the correlator C'**

—T

ReC%(r, 7, T) = e~ {|A1(r,7) + As(r,7)” = 4 [Re By (r, 7))}

4 {\Cl(r, 7. T) — Cy(r, 7, T)|2 — 4[lm D (r, 7, T)]Q} o (447)
and its imaginary part
Im C*(r,7,T) = 4e~ 11" Tm {Cl(r, )45, 7) + A3(r,7)|

+C5(r,7,T) [Al(r, T) + As(r, 7)} -

= Di(r,m,T) [Bi(r,7) = Bi(=1.7)|

+ Di(=r,7,T) | By(r,7) = Bi(~1,7)| } (4.48)

The functions Ay, As, By, C1, Cy, D1 introduced above can be written as

™

dk (1 — k A
Ai(r,7) = / — < + I (;OS ) cos(kr) e 7T, (4.49)
™ \2 €L
0
[dk (1 g-—cosk |
As(r,T) = / — < - g(;OS) cos(kr) o7, (4.50)
™ \2 €
0
[ dk sink A
Bi(r,7)=—1 | — SH; sin(kr) e /7, (4.51)
T €

™

dk (1 — k
Cl(raTaT):/<2+‘9(;OS
0

) Shi(1,T) cos(kr) eI, (4.52)
€k

™
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Tdk (1 g—cosk .
Co(r,7,T) = / = < - g‘;’,‘)s) Shy,(7, T) cos(kr) e™i7, (4.53)
T \2 €L
0
T dk sink .
Dy(r,7,T)=—i | — SH; Shi (7, T) sin(kr) e 77, (4.54)
T Ek

where dhy, is given by Eq. (1.45), €] is the dispersion relation Eq. (2.31) 7 and T are
the Wigner variables (4.24). In order to make the integrals run only on half the original
Brillouin zone we used the fact that dh; = 0h_j. The fluctuations C%* and linear
response function R** for the system in the long-time limit (4.41) can be found from
Eqgs. (1.57) and (1.58) based on Egs. (4.47) and (4.48), i.e.,

Ci(r,7,T) = Re C*(r,7,T), (4.55)
R*#(r,7,T) = =20(7) Im C**(r, 7,T). (4.56)

In general, C'*# contains a stationary and a non-stationary part where the former depends
only on 7, while the latter also on T'.

4.4.2 Non-stationary two-time correlation function

We now focus on the non-stationary part of Eq. (41.55)

[CZ(r,7,T)] = —4{ICi(r,7. 1) = Colr 7, T)P = 4 [ Dy (r, 7. TP}, (457)

non—stat

in order to see how the diffusive behavior displayed by one-time quantities and discussed
in Sec. 3.3 changes at different times. The integrals (4.52), (4.53) and (4.54) can be
computed by approximating the integrands around £ ~ 0 and k£ ~ +x. Indeed, in
the time range I'T" > 1 we are interested (see Eq. (41.41)), they as well the function
dhj are dominated by the slowest modes &k ~ 0 and k ~ +m, as it can be seen from
Eq. (1.45). We focus only on the contribution from the mode k£ ~ 0 because the modes
k ~ +m are due only to the presence of the lattice and are generically responsible for
oscillating corrections to the leading behavior, which we neglect for the time being. For
concreteness we assume that the time ¢’ is smaller than ¢

i

t<t so that T— 5 = min(t, ) =t/ and r=t—t >0, (4.58)

by plugging in Eq. (4.57) the integrals (D.5 - D.6 - D.7), evaluated in Appendix D,
we find that the non-stationary part of the correlation function, within the space-time
range

Ar < /T272 4 A272 with ¢, ¢ >T7! (4.59)

is given by

1A2 e 2" Tt (Ar)?

/ —
[C-Z‘rz(r’t ’T)}nonfstat - _;T T2¢2 i A272 X exp _2 (I‘Qt/2 + A27-2) ’

(4.60)
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where we remind r is the distance between the transverse spins, I' the amplitude noise
given by Eq. (3.6) and A = g — 1 is half of the gap (2.56) of the quantum Ising chain.
At equal times, 7 = 0, Eq. (4.60) reduces to the diffusive correlator given by Eq. (3.87).
At short time differences, i.e., for

AT < T, (4.61)

the space-time part of Eq. (4.60) shows a diffusive behavior analogous to the one of the
equal-time correlator (3.87) and, in fact, the square of the distance r scales as the time
t/

r2~t. (4.62)

In other words, the behavior of this quantity at short time difference compared to the
time elapsed from the quench is not able to display a qualitative different scaling. On
the contrary, for much longer time differences, i.e, for

AT > T, (4.63)

the two-time correlator (4.60) changes completely its qualitative behavior and the space
r scale linearly, i.e., ballistically with the time 7

reT. (4.64)

The non-stationary correlation function (4.57) is illustrated in Fig. 4.2 as a function of
I't’ for various fixed values of A7. It is evident the presence of two regions; as long
as A1 < I't’ the non-stationary correlation function [CF Inon—stat is qualitative similar
to the equal-time one. Instead, for longer time differences, A7 > T't/, it crosses to
a different qualitative behavior and the ”propagation” from diffusive becomes ballistic.
Clearly, this crossover is totally new and it cannot be observed at equal times. Note that
this behavior is independent of some features of the quench, as it does not depend on the
pre-quench Hamiltonian. However, the very fact that this quantity shows a dependence
on t’ indicates that the very presence of an initial condition plays an essential role in
determining this genuinely non-equilibrium feature. We emphasize that this crossover
is different from the one observed in Eq. (3.87). Indeed, by looking at Eq. (3.87) we
see that the equal-time correlator C#*(r, t) in the long-time limit, ¢ > I'"!, crosses from
a diffusive form to the one predicted by the GGE, in which it retains memory of the
initial conditions. Instead, as mentioned above, in Eq. (4.60) there is no reference to the
initial state; in the time range considered the quench has no more effect on the system
and only the noise affects the dynamics, in this way the crossover observed at different
times is due entirely to the noise.

4.4.3 Effective temperature

Based on the expressions for Re C** and Im C** in Egs. (4.47) and (4.48), respec-
tively, we can calculate the corresponding response and correlation function according
to Egs. (4.55) and (4.56). In turn, they can be used in order to define an effective
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Long time differences: Short time differences:
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Figure 4.2: Non-stationary correlation function [C5%],on—star given by Eq. (4.57) as
a function of I't’ with fixed At for Ar = 5 and I'/A = 5 x 1074, I't' assumes values
in [10%,3 x 10°] (note z-axis is in log-scale). At ranges from 10% to 1.6 x 10* at step
of 103. It is evident the existence of two region where the correlation function shows
a qualitative different behavior. At short time differences AT <« T't' (right region),
the system is not able to distinguish two-time quantities from the corresponding at
one-time. Instead, for much longer time differences A7 > I't’ (left region) a new and
different behavior, peculiar of two-time correlator, emerges.

temperature for the noisy quantum Ising chain. In order to simplify the analysis of
Egs. (4.55) and (4.56)), we focus on the autocorrelation function C**(r = 0,t,t'), i.e.,
on the correlation between the values of the same spin at two different times. From the
discussion in Sec. 3.3, we know that in the long-time limit (4.41) the coherences are sup-
pressed by the noise, i.e., the quantum effects are negligible and it is therefore legitimate
to expect the emergence of a sort of classical dynamics which can be eventually char-
acterized by an effective temperature derived from the classical fluctuation-dissipation
theorem (1.61). First of all, we note that the integrals (4.51) and (4.54) vanishes for
r = 0. Accordingly, Egs. (4.55) and (4.56) can be written as

C#(r=0,7,T) = e 21|41 (0,7) + A(0,7)]> = 4|C1(0,7,T) — Co(0,7,T)[*, (4.65)

R*(r=0,7,T) = —80(7) e~ 1 m {[A1(0,7) + A2(0,7)] [C5(0,7,T) — C7(0,7,T)]},
(4.66)

From Egs. (D.5), (D.6), (D.10) and (D.11) reported in Appendix D , we find that for
7> 1, Egs. (4.65) and (4.66) are equal to

N}

A 1 A
4 _ / _ —5T |~ __
CF(r=0,t",7>1)= o © [T T 27_2] , (4.67)

A3/2e_gTI 1
T T m[\/ArJrth']'

R#*(r=0,t',7>1)=— (4.68)
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At short time differences, i.e., for A7 < T't/; we can expand Egs. (4.67) and (4.68) and
find at the lowest order

2z / / A eigT
C7 (r:O,t,1<<T<<(Ft)/A):E — (4.69)
A3/2 *ET 1
RZ(r=0t1<7< ([t)/A)~ =2 (4.70)

T 21 VTV

From the classical fluctuation-dissipation theorem (1.61), we can define a time-dependent
inverse effective temperature fes¢(t',7) as
R*=(t', T
Beprt', 1) = —d(i). (4.71)
/
SOE( )
Accordingly, from Eqgs. (4.69) to (4.71) we obtain that, in the long-time limit (4.41) and
for sufficiently short time differences A7 < I't’, the inverse effective temperature is

, [A
Bessrt',7) ~ P—; (4.72)

Equation (4.72) means that within the regime of short time differences investigated here
the temperature is large and it increases with no bound as a function of ¢ with fixed 7:
eventually the system ”thermalizes” at an infinite effective temperature. This picture
agrees with that of Sec. 4.4.2: at short time differences compared to the time elapsed
from the quench two-time quantities behave as they do at equal time, according to the
analysis of equal-time quantities presented in Sec. 3.3, the system is continually heated
up by the noise which drives it towards the infinite temperature state.

In the opposite limit of large time separations, At > I't’, Egs. (4.67) and (4.68) take,
instead, the form

_r 2
Ae 27 [TV
VA _ ! ! ~
CE(r =00/, (T)/A < 1) = = (AT) , (4.73)
r
Ae 27 [TV
2 (p = "(TYY)/A ~ — — . 4.74
R (r = 0./, (T¥) /A < 1) = 5 (AT) (4.74)

Also in this case, we can extract an inverse effective temperature from Eqs. (4.73)
and (4.74) through Eq. (4.72), which turns out to be

AT

Bepr(t', 1) ~ T (4.75)
The inverse effective temperatures in Eqgs. (4.72) and (4.75) depend on the same param-
eter A7t /T't’ via two different functional forms in the two different limiting cases of small
and large values. Within the regime of large time separations A7 > T't’ investigated
here, the effective temperature (4.75) is small. It seems that the system somehow re-
members the initial zero temperature, but currently the physical interpretation of this



4. DYNAMIC CORRELATIONS OF THE NOISY QUANTUM ISING CHAIN AND EFFECTIVE
TEMPERATURES 85

fact is unclear and perspective of this work is to investigate in detail the very nature of
the novel behaviors which emerge at different times and the possible crossovers between
the various regime. Moreover, we have to explore the limits of validity of Born approx-
imation used until now and to confirm its validity within the regime in which the new

behavior emerges.



CHAPTER b

CONCLUSIONS

Understanding the non-equilibrium dynamics of quantum many-body systems poses
fundamental challenges which are presently motivating a growing theoretical and exper-
imental activity in statistical physics and condensed matter, with recent and impressive
advances. Due to the lack of general principles to treat systems out of equilibrium,
insight coming from the study of specific models is still very valuable. In this thesis we
focus on the non-equilibrium dynamics of a noisy quantum Ising chain (NQIC), consist-
ing of a quantum Ising chain perturbed by a time-dependent delta correlated noise in
the transverse field and driven out of equilibrium also by a sudden quench of the static
component of the transverse field. We know from the investigation of various one-time
observables [34] that the system first attains an intermediate prethermal state and then
it is driven towards an infinite-temperature thermal state. Moreover, at longer times,
when the noise has came into play, the equal-time correlator of the transverse magnetiza-
tion shows a diffusive behavior. However, in the literature only one-time quantities were
considered; the aim of this thesis is to extend the calculation to two-time quantities
and, in particular, determine its correlation and linear response functions. Two-time
quantities are, in fact, very important because they carry additional information on
how the dynamics occurs and, moreover, they offer the possibility to study fluctuation-
dissipation relations out of equilibrium and introduce effective temperatures on their
basis [38].

After the general introduction to the topic of the non-equilibrium dynamics of quantum
many-body systems in Chapter 1, Chapter 2 presents the necessary background about
the quantum Ising chain (QIC) which the NQIC we are interested in is based on. The
latter model is then discussed in detail in Chapter 3. The core of the thesis is presented
in Chapter 4 where, first of all, we analyze a simplified model consisting of a two-level
system driven out of equilibrium by a time-dependent noise which heats the system.
From the fluctuation-dissipation relations we are able to extract a parameter, which we
call effective temperature and which signals that the two-level system is always out of
equilibrium during the evolution, while it reaches an infinite-temperature thermal state
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only in the infinite-time limit. Then we focus on the analysis of two-time quantities
of the NQIC. Using Keldysh diagrammatic technique, we are able to solve analytically
the Dyson equations for the Greens function in the self-consistent Born approximation,
valid for sufficiently weak noise. From the solution of the Greens function we can find
expressions of the correlation and linear response functions of transverse spins at differ-
ent times. These expressions results to be very rich as they show a variety of possible
regimes; therefore we focus on the long-time limit in which the noise has came in play
leaving the analysis of the other regimes to future studies. We find that at short time
differences compared to the time elapsed from the quench, the two-time correlator of
the transverse magnetization shows a diffusive behavior analogous to the one of the
equal-time correlator. On the contrary, for much longer time differences, the qualitative
behavior of the two-time correlator changes completely and the ” propagation” becomes
ballistic. Clearly, this crossover is totally new and cannot be detected in one-time quan-
tities. Finally, we extract from the classical fluctuation-dissipation relations an effective
temperature; in the case of short time differences compared to the time elapsed from
the quench we find a temperature which as time goes by grows towards infinity, as we
expect from the picture emerging from the analysis of the two-time correlator of the
transverse magnetization. Instead, in the opposite case of much longer time differences
we find an effective temperature that tends to zero: at the present we are not able to
rationalize this fact and therefore more studies are required. The investigation of the
non-equilibrium dynamics of a noisy quantum Ising chain is by no means concluded.
Indeed, future perspectives include a complete and detailed analysis of the dynamics
correlations calculated in this thesis within the various regions of the space-time dia-
gram, the computation of two-time quantities for other observables, the improvement of
the Born approximation used, for example including the Cooperons contributions in the
two-time correlations, and understanding how these corrections affect the results found
so far.



APPENDIX A

BOGOLIUBOV ROTATION

In this Appendix we provide some details about the Bogolyubov rotations which is
extensively used in this thesis. The operator Hy = (g—cos k)o*—(sin k)o¥ which appears
in Eq. (2.25) is self-adjoint and therefore its eigenvalues are real and the eigenvectors
form an orthonormal basis. The eigenvalue equation

ud ud
H, kol =¢ k Al
k (—ivi) k (—ivi) ( )

gives the Bogolyubov equations, where ui and UZ are real functions of k

Note that if (uj,—iv]) is an eigenvector of Hj with eigenvalue €] then (—ivy, u) is
eigenvector with eigenvalue —ei. This can be written in the compact form:

u  —ivy ud  —ivd\ [0
Hi| * Bl=1{ _k Bk — R(69) o Ad
* (—ivi uj, ) (—ivi uy, ) (0 —i) (OR)ero”, (A4)

where RT(Hg) is the Bogolyubov rotation operator. Moreover we assume the matrix
R(67) to be unitary; in order to satisfy this condition the coefficient u{, v{ have to fulfill

2 2
(ug)” + (vp)" =1 (A.5)
and therefore it is convenient to parametrize the coefficients as

uf = cos 6 and v] = sin6y, (A.6)
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where 9% is the so-called Bogolyubov angle. In terms of the rotations R written above,
the Hamiltonian Hj can be expressed as

uz —ivi ez 0 uZ ivz )
Hi = —ivd 0 —é wd Wl )’ (A7)
k k k k k

in order to diagonalize it, it is natural to define the Bogolyubov fermions {Vg,vg T}
in terms of the original Nambu spinor {Uy, \I/L} and fermions {ck,c};} introduced in

Sec. 2.2:
g g 9
y ul v Cr
(ngT> B (i“% “ik> (CT k) =R (48)
_k _

The Bogolyubov fermions satisfy the canonical anticommutation relations because we
assumed R(67) to be unitary.
The eigenvalue €] can be determined by looking for the roots of the characteristic poly-

nomial
det(Hy — A1) = X2 — (g — cosk)? —sin® k = 0, (A.9)
P T i\/(g — cos k)2 + sin? k. (A.10)
Now let us focus on the Bogolyubov Egs. (A.2) and (A.3) and multiply them by uj =
cos 07:
(g — cos k) cos? 6 + sin ksin 67 cos 07 = €] cos? 67, (A.11)
(cosk — g)sin? 0] + sin ksin 67 cos 8 = €] sin” 6. (A.12)

By subtracting the first from the second we obtain the relation

g —cosk
g )
€k

cos(267) = (A.13)

which determines the Bogolyubov angle as a function of k& and of the transverse field g.
By adding, instead, the two equations we have

ink
sin(209) = (A.14)
€k
and therefore the Bogolyubov angle 67 fulfills
in (267 ink
tan(267) = Sin(26,) = o (A.15)

cos(20]) g —cosk’

For k > 0 this relation has to be inverted with 267 € [0, 7], whereas the values of ¢ for
k < 0 are obtained by using the property 7, = —67.



APPENDIX B

GREEN’S FUNCTIONS OF TWO-LEVEL SYSTEM

In this Appendix we present the calculations to find the Green’s functions G=Z(t,t'),
reported in Eqs. (4.10) and (4.11), of the two-level system. The starting point is the
Dyson equations (3.42) for the Green’s functions (4.8) and, as we do in Chapter 3 and
we will do in the next Sections, we compute the self-energy within the self-consistent
Born approximation (4.9). By substituting Eq. (4.9) into Eq. (3.42), we obtain two

matrix differential equations

r.+r,

i0,GZ(t,t) = [ho i ( )] G=(t,1) +0(t' —t) %ozc?(t,t)a'%

+ % (6"GZ(t, t)o" + 0YG=(t,t)0Y) | [GZ(t,t') — G7(t,t)], (B.1la)

r.+r,
4

r r
?ZUZGz(t,t)JZ - ZT

—i0pGE(L, 1) = GZ(t,1) [ho I ( >] —0(t—t') [G=(t,t") — G~ (t,1)]

(c"G=(t,t)0" + aYG=(t,t)0Y) ] , (B.1b)

where hy = (h/2)o* is given in Eq. (4.2) and we used the definition of retarded and
advanced function (3.37 - 3.38). First of all, we need to calculate the equal-time Green’s
function. We define the density matrix p(t)

p(t) = —iG=<(t,t), (B.2)

then by subtracting the first equation in Eq. (B.1) from the second one and taking the
limit ¢ — t/, we obtain the master equation for the density matrix

. Fz 2z z FT x x
Op(t) = —ilho, p] + (0 po™ = p) + - (0%po® + 0¥ po¥ — 2p), (B.3)
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where we used Eqs. (3.50) and (3.51). Equation (B.3) is solved, as in Sec. 3.3, decom-
posing the density matrix on the Pauli basis

1
p(t) = F1+ Sf(t)o” + zot + 2*0, (B.4)
then by plugging this decomposition in Eq. (B.3) to finally find the easily solvable

equations

o f(t) = =T f (),

dya(t) = —ihz — <rz . 1;) ), (B.5)

The initial conditions depend on the assumed initial state of the system. From these
equations, we can observe that the two-level system considered has a dephasing rate I'y

given by
r
Iy=T,+ ? (B.6)

We now substitute Eq. (B.4) into Eq. (B.1) and using the o-matrix multiplication rules
otoiot = —0

O_aso_:i:o_:c — O_:t

+

z

(B.7)

oVo* oY = —oT

O_ZU:EO_Z — _O_:I:

we obtain the differential equations
h r,+7r, , r,+7T,
0G0 = |50~ (] HG%“’#)“H“”)F( )

+ (Fz 5 Fr) 3f(t)o* — %[zuw + z*(t)ﬂ} [G=(t.¢) = G~ (¢, 1)]

r.+r,

(B.8a)
—idpGR(t, 1) = G=(t, 1) Baz + i < )} —if(t —t) [G=(t,t)) — GZ(t,1)]

4
{ - (FZ * Fr) + (PZ - P") SF(t)o" — %[z(t’)a+ + z*(t/)a_]}.
(B.8b)

The next step is to subtract the equation for G< from the one for G-, such that to
find the differential equation ruling the evolution of G< — G~ and then substitute its
expression on the r.h.s of Eq. (C.1), where this difference naturally appears. Adopting
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this strategy, one finds:

3 [G(t,t) -G (t,1)] = [—ihaz - (Fz +F”) sgn(t — t’)] x [G=(t, 1) = G= (8, 1)]

2 4
(B.9a)
r.+r,
Oy [G=(t, ) — GZ(t, )] = [G=(t, ') — GZ(t,1)] x [zgaz - < Z >sgn(t t’)] ,
(B.9Db)
where sgn(t) indicates the sign function, i.e., sgn(¢) = 1 if ¢ > 0 and sgn(t) = —1 if
t < 0. The solution of Eq. (B.9) is
GS(tt) — G (t,t) = ie (BT )19yt — ¢y, (B.10)

where the matrix H is defined in Eq. (4.12). We are able to obtain from Egs. (B.8)
and (B.10) a set of differential equation for G< involving only G<, and so for G, i.e.,

HGE(t ) = [—igoz - <Fz ZD)} GR(t,t) +i0(¢ — t) e~ (FTH)l=v!

(B.11a)

OpG=(t,t') = G=(t,t) [iga <FZ ZFTﬂ +i0(t —t) o= (F=E ) [t=t'|

H(t — t’){ F (Fz IFT> + (Fz ; F’“) Sf(t)o” — %[z(t’)a+ + z*(t’)a—]},

(B.11b)

with the functions § f and z given in Eq. (3.5). To solve Eq. (3.11), we firstly consider
the case t > t'; in this way Eq. (B3.11a) can be easily solved to yield

FZZFT )t

Gt >t ) =e HEN(Y), (B.12)
where N(t') is a matrix which depend on the time t#'. By substituting this solution
in Eq. (B.11b), and by using the expressions for the functions §f(t') and z(t') (see
Eq. (B.5)), one finds an inhomogeneous differential equation for the matrix N(¢') which
can be solved via elementary method:

Cz+Ty Fz+Fr)t/ 1

N(t') = e (o) A?—[T(t’)+i[e( ) e

(FZ—SFT 3lz+Tp

) (Sfoaz—i-e_( 1 )t/(z00++20*0_)],
(B.13)

where A is a matrix of constant coefficients and 0 fy, zg are the initial conditions of

Eq. (B.5) depending on the assumed initial state. Combining Eqs. (B.12) and (B.13),
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the Green’s function turns out to be

Latle)g—y) 1

T / T / T / T / 2 (B14)
1 e (b=t =T (t43t) 5 foo® + o= S (t438) = T (¢4t )(z00+ 4 ZSU_)}HT(t’).

G<(t >t t)) = e (FT ) g ) AR () + iH(t) [e*(

For the remaining case t < t/, one can proceed as before, concluding that

ey 1

T / T / T / I ! 2 (B15)
1o (=)= (431 8 foo® + o (438 =T (t+t )(zoa+ + zéaf)]HT(t’)

G(t <t t)) = e (BT () BHI () + iH(2) {e_(

and B is a matrix of constant coefficients. In order to equal-time condition (B.4) holds,
we have to impose A = B = 0 and finally find the solution of the two-time Green’s
functions reported in Eqs. (4.10) and (4.11).



APPENDIX C

I_GREEN’S FUNCTION OF THE NOISY QUANTUM ISING
CHAIN

In this Appendix we report the details of the determination of the Green’s function
Egs. (4.32) and (4.34). We start from the Dyson equations (3.48) for the Green’s
function (3.47); one can show that the crossed diagrams are negligible [34] and there-
fore the self-energy can be computed within the self-consistent Born approximation
Eq. (3.49). By substituting Eq. (3.49) into Eq. (3.48) and by using the definition of
the retarded/advanced Green function Eqs. (3.37) and (3.38), we obtain two matrix
differential equations

i0:G=(t,t) = [H,S — zﬂ G=(t,t) + g@(t/ —t)0*G2(t,t)0” [G=(t,¥) — G~ (t,1)],
(C.1a)

—i0y G (t,t") = GZ(t, 1) [H,? + 21;] — g&(t —t) [G=(t,¥) = GZ(t,t)] "G (Y, t)o”,

(C.1b)

where H,g is given by Eq. (3.44). The next step is to subtract the equation for G<
from the one for G, such that to find the differential equation ruling the evolution
of G= — G~ and then substitute its expression on the r.h.s of Eq. (C.1), where this
difference naturally appears. Adopting this strategy, one finds:

O [G=(t,t) — G~ (t,¥)] = — |iH} + gsgn(t - t’)} x [GS(t,t') — G7(t,t)], (C.2a)
o [G=(t,t) = G=(t, )] = [G=(t,¥) = GZ(t,1)] x [z‘H,? + %sgn(t —t), (C.2b)

where sgn(t) indicates the sign function, i.e., sgn(t) = 1if ¢t > 0 and sgn(t) = —1if t < 0.
Now we apply a Bogolyubov rotation R(#7) (see Eq. (2.26)), in order to diagonalize H
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and express G= in terms of the Bogolyubov fermions {v7, fy;ZT}:
Hp — RU(O)HIR(0Y) = €0, (C.3)

with €] defined in Eq. (2.31) and

G=(t,t) — RNODG=(t,t)R(6]) = G (t,¥) = i [Wﬁ (W) T(t’)vfi%(t»

(VL) @) (@)

(C.4)

We denoted by G; the Green function in the Bogolyubov basis; in order to simplify the
notation in the following we omit the subscript 70" and we indicate it simply by G<.

After the rotation, Eq. (C.2) become
r
O [G=(t, 1)) — G (t,1)] = — |ie]o” + I sgn(t — t’)} x [G=(t,t") — G~ (t,t")], (C.pa)
oy [G=(t, ) — GZ(t, )] = [G=(t, ') — GZ(t,1)] x [z’egaz + gsgn(t - t’)] ,  (C.5Db)

which can be solved by imposing the fundamental condition G<(t,t) — G~ (¢t,t) = i1 (see
Eq. (3.51)), with the result:

< N> "N — ie—%|t—t’| exp[—iei(t—t/)] 0
G~ (t,t") — G~ (¢, 1) [ 0 exp[iei(t B t/)]] . (C.6)

By expressing Eq. (C.1) in the Bogolyubov basis and by substituting Eq. (C.6), we have

L
4

0G=(t,1) = - <iﬁiaz + 1;) G=(t,t) + ge(t’ —t)et= oG (1, t)g e w7 ),

(C.7a)
dpG=(t,t") = G<(t,1) (z’eiaz — Z) + ge(t — ) e 1) =i (1) s G<(¢! g,
(C.7h)

with the equal time condition given in Egs. (3.61), (3.63) and (3.64) while o is defined
in Eq. (3.56). In the following we focus only on the lesser function G<(¢,t') because the
greater one can be easily found by using Eq. (C.6). Moreover, we note that the Green

function appearing on the r.h.s of Eq. (C.7) is at equal times, for which we already have
a solution (Egs. (3.61), (3.63) and (3.64)). From Eq. (3.53), one therefore finds

gaG< (t,8)0 = iDhpp(t) — 2i€ (200Y — yoo®) + igpk(t) (C.8)
Il
= 15 3 + 0% cos(467)0 fr(t) — oz (t) — 0¥ cos(469)yx(t) | ,

where the functions 6§ f(t), zx(t) and yi (t) are respectively given by Egs. (3.63) and (3.64)
and 6] are the Bogolyubov angles (see Eq. (2.28)). By substituting into Eq. (C.7) we
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obtain two inhomogeneous differential equations
T T ,
QG (t, 1) = — [zeka - ] G=(t,1') +ig0(t' ~ t)er(t=t) x

X E + cos(407)0 fx(t)o* — wy(t)o" — COS(49Z)yk(t)ay] e—ieto™(i=t).
(C.9a)

x e~ (=) [2 + cos(4607)0 fr(t')o® — xp(t')o” — 005(49@%(5)01}} '
(C.9b)

In order to solve Eq. (C.9) let us assume first that ¢ > ¢': Eq. (C.9a) simplifies as

BG<(t >t/ ) = — [zeka + ] Gt t) = G<(t>t 1) =e (9o D) (),

(C.10)
where A(t') is a matrix which depend on the time ¢’ and the momentum k. Substituting

Eq. (C.10) into Eq. (C.9b) we find the following inhomogeneous differential equation for
A(t)):

T ' (.9 - /
At = A(t)) [z’eiaz — 4] +i olieto™+ )t

X [; + cos(467)0 fi.(t") o — i (t') o™ — COS(4ez)yk(t/)0y] .
(C.11)

By making explicit the matrix structure, we obtain for the diagonal elements A;; of the
matrix A:

) I L ied+ )t 1 —TI't’ sin
Bt/A%%(t’) = A%%(t’) [izez — 4} +z§ e(Fici )t [2 + cos(467)6 foe 229/2] , (C.12)

where we used Eq. (3.63), with the initial condition §fy = sin?(Af) — 1 Whlle Ay, is
given by Eq. (2.38). Equation (C.12) can be solved via elementary methods which yield

All(t/) -y e(:l:iez—%)t’ +£e(iieg+g)t/ 4 [SiHZ(A9k> 1:| [Fie]+5 cos(469)— 1]t/ 7
22 22 2 2
(C.13)

where C1y /99 are arbitrary k-dependent integration constants which can be fixed on the
basis of the initial conditions. Eventually, by using Eqgs. (C.10) and (C.13), the diagonal
elements of G<(t > t',t) are given by
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G1<1(t > t/,t/) - Cy eqiiei(t—t’)—%(t—&-t') +% e(:Fiez—%)(t—t’) (014)
22 22

+i [sinQ(AHk) - H oFien (t—t") = (t4+)+ 51’ cos(407)

For the non-diagonals elements (still under the assumption ¢ > t'), from Eq. (C.11) we

have

Oy Ara() = Apa () {$iei - F] s oD [ (1) £ d cos(469)yu(?)] . (C.15)
21 21

4 2
The solution of Eq. (3.64) with initial condition x;(0) = 0,yx(0) = %, coming
from Eq. (2.59), are
7 Q
x(t) = —2% sin(2A6y) sin <2t> o3 [lteos® 26Nt (C.16a)
in(2A0 Q T Q
yr(t) = Sm(Qk) [cos <2t> +5 sin”(26) sin <2t>} o~ Blreos? 001 (16D)

where we define

Q= /|r2sin’ (209) — 1662, (C.17)
From Egs. (C.15) and (C.16) we obtain

Apa(t)) =Crp TG0 _jsin(2A0),) (C.18)
21 21

g .
o (20 2 1 [T aeionain () 4 con (20
x{2951n(2t>:|:2[gs1n (207) sin 275 + cos 275

and therefore, by combining Egs. (C.10) and (C.18), the non-diagonal elements of the
lesser Green function G< are

Gt >t 1) =Co e Fk= D) _j gin(2A6,,) eFick (=)= (t+) =5 cos? (61"
21 21
g :
Ggin (L) + L L sn20269) sin (L4 Q,
X{QQsm(Qt):I:Q[Qsm (207) sin 2t + cos 2t ,
(C.19)

with arbitrary k-dependent integration constants Cig/5;. For the remaining case t < t,

one can proceed as before, concluding that
GS(t < t/,t) = Dy eFieklt=t) =5 (t+1) +3' o(Fiel + 5 (1)
22

£ [sin2(A9k) _ ;:| eqiiei(t—t’)—%(t+t')+gtcos(46z)’ (C.20a)

G5t <t,t') = Di o(Fie =)+ _; sin(2A0),) el (t—t)) =L (t+t) 5 cos®(20))t o,
21
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g .
g (£ L aggay o (6 L
{29811&(225):&2 [Q sin”(26;)) sin 2t + cos 2t , (C.20b)

where D;; are the elements of the k-dependent constant matrix D determined on the
basis of the initial conditions. Combining Egs. (C.14), (C.19) and (C.20) and requiring
that G<(¢,t') satisfies the equal-time condition given by Eqs. (3.61), (3.63) and (3.64),
we have to impose C' = D = 0 and finally find the solution anticipated in Eq. (4.32).



APPENDIX D

EVALUATION OF INTEGRALS

In this Appendix we present the details of the calculation via a saddle-point approxi-
mation of the integrals Cj, Co and D; defined in eqgs. (4.52), (4.53) and (4.54). The
strategy consists in approximating the integrand of these integrals around & ~ 0 and
k ~ 4+m. Indeed, in the time range I'T > 1 we are interested in, they and the function
dhy in Eq. (4.45) are dominated by the slowest modes k ~ 0 and k ~ =+, as it can
be seen from Eq. (1.45). We focus only on the contribution from the mode k ~ 0; the
modes k >~ +m are due to the presence of the lattice and typically give rise to oscillating
corrections which we neglect for the being. From Eq. (4.46) and the dispersion relation
(2.31) for slow mode k =~ 0, one has

€0 =2VEk2+ (g —1)? =2VEk% + A2, (D.1)

where A = g — 1 is half of the gap (2.56) of the quantum Ising chain. Accordingly, we
can write the integrals (4.52) as

Gl ) = eV / < k2A+ A2>

2
X exp [—F (T — |T’) L tkr — 21AV k2 + A%7

AQ

which, by performing the substitution k = Agq, takes the form

o
_r dq 1
Ci(r,7,T) ~ —e~ "l /A <1 + )
8T 2
kA Vet (D.3)
X exp [—F (T I |> —iArqg — 21AT\/¢% + 1]
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From Eq. (D.3) it is clear that the exponential decay induced by a non-vanishing noise
strength T # 0 gives a natural cutoff which enforces the convergence of the integral; in
particular the largest contribution to the integral comes from the modes with

1 B 1

\/F (T—%) B \/Fmin(t,t’);

q <K

(D.4)

recalling we have assumed in Eq. (4.41) that I'min(¢,¢') > 1, we can expand the inte-
grand for small ¢ and obtain, in the limit Ar < T'min(¢,t'),

d
Cy(r,7,T ——e_f‘T| / qA<2—>
2
X exp [—F <T - ;') @ — iArq — 2iAT <1 + g)]

__4A m
 Ax\| (T — |7]/2) +iAT

r , (Ar)? Ar \*?
x exp {_4|T| — 24T - AT (T — |7]/2) + iAT] } +0 <I‘min(t,t’)(> )’
D5

where we have performed the Gaussian integration and neglected higher-order terms
coming from the quadratic terms o ¢2. In the limit Ar < I'min(t,#') the integrals Cs
and D given by Eqgs. (4.53) and (4.54), respectively, can be neglected; indeed proceeding
as before one finds

A , 7 JAN
Co(r,7,T) ~ ——— e lTlH2iAT / dg ¢* xexp |-T' (T — m el ¢® —ilArq
167 2 T
Ar 8/2
= D
(F min(t,t’)> ’ (D-6)
Dl(T,T,T)E—ée - QZAT/dq q—q— x exp |—T T—m—i—m—T ¢* —ilArq
8T 2 2 Tr
Ar
= — . D.7
0 (Fmin(t,t’)) (D7)

Now we want to evaluate the integrals A; and As reported in Egs. (4.49) and (4.50)
for r = 0 in the limit 7 > 1. Since we are considering 7 > 1, these integrals are
dominated by the slowest modes k >~ 0 and k ~ +x. Therefore they can be computed
by approximating the corresponding integrands around k ~ 0 (analogously to what we
have done above, we neglect here the lattice corrections coming from the modes k ~ +7).
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Consider the integral A;(r =0,7) in Eq. (4.49):

Fdk (1 g—cosk\ _.o. [ dk (1 A y—
Ar=0r)= [ P(L 9mCOSRN —iggr [ AR (1 i ETF AT,
1(r ,T) /27r <2+ ei )e /27T <2+2 %kQ—i—A?)e ,

(D.8)

where €/ is the dispersion relation (2.31), A is half the gap (2.56) and we extend the do-
main of integration from the Brillouin zone to the entire real-axis. With the substitution
g = k/A, the integral (DD.8) can be written as

T dg A 1 N

o
~ 2 / dg (o, @\ —2incee2)
=2 ) o 2 ’

where in the last line we have expanded the integrand in power series around ¢ = 0.

(D.9)

The integral (D.9) is elementary and, after neglecting higher-order corrections coming
from the quadratic term o g2, we obtain

A )
Ai(r=0,7>1) >4/ y—m e HAT (D.10)

The integral Aa(r = 0,7 > 1) given by Eq. (4.50) can be evaluated along the same lines
with the result

e}

A [ dgq® s A i\,
Ay(r=0,7>1) ~ 1 / %%e AAT(140%/2) NG (N_) eHAT, (D.11)

— 00

note that it is negligible compared to Eq. (D.10) in the limit 7 > 1.
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