THE CONDUCTIVITY TENSOR

NOTES BY L.G.MOLINARI

1. VECTOR POTENTIAL AND CURRENTS

The Hamiltonian of IV identical particles with charge ¢ minimally coupled to an
assigned vector potential A(x,t) is:
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f(x) = vazl 6(x—%;) =3, 1&2 ()b, (x) is the number density (in first and second

quantization) andj is the current density of the particle number:
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o Continuity equation in absence of A. The meaning of j as a current for the density
is defined by the operator identity

(4) (%), H] = —ihdivi(x)

‘y:x

where H is the Hamiltonian in absence of vector potential. It implies a continuity
equation for the density, with the Heisenberg evolving operators:

0 N
(5) ang(x t) = —divjg(x,t)
The evaluation of [A(x), H] is the actual procedure to obtain the current.
The commutator only involves the kinetic part of H and operators of a single
particle: [0(y — X),p?] = [6(y — X),DP] - P+ D [0(y — X),p]. In the position
representation [0(y — X),p] = ihVxd(y — x) = —ihVyd(y — x). Then, for each

particle: [6(y — &), P?] = —ihVy[0(y — X)P + P(y — X)]. The sum on all particles
divided by 2m gives j. O
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e Continuity equation in presence of A. Eq.(5) is a continuity equation for the
number density with the Hamiltonian H. With a vector potential the continuity
equation defines a new current.

Since Ha may depend on time, the Heisenberg time-evolution of the charge den-
sity p(x) = qn(x) is p(x,t) = U(t,0)" p(x)U(t,0). With ihd,U(t,0) = HaU(t,0),
the equation of motion is:

iy 1) = 0(6,0)'[p(y), Ha (1) (2,0

In the space of a single particle, v = %( ) are the velocity operators.

b 1A
[6(y — %),9%] = L[0(y — %),p] - ¥V + %\7 [0(y — %),p]. With the results of the
previous evaluation we get: [§(y — %), ¥?] = —2V [§(y — %)V + ¥5(y — %)]
with a charged current!

&

52 Yy = %)V +9;0(y — %))
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With the Heisenberg time-evolution of operators being ruled by H A, We obtain the
continuity equation:

(8) GatpH(X t) = —div Iy (x,t)

Exercise 1.1. Show that [v;, v;] is gauge-invariant. For a uniform and static mag-
netic field along the z—axis, show that the spectrum of the kinetic Hamiltonian
H = 2 (v2 +v7) is discrete (Landau levels).

e Gauge symmetry. Consider the unitary operator (written in first and second
quantization) with a function A:

The action on the Hamiltonian is:
HYy =UlHAUr = Ha_va
Tt is also UL jUA = j+ -LVA and U} JU, = F + L VA.

The action of the umtary operator is compensated by the gauge transformation
A’ = A + VA of the vector field. Then: H, = Ha and J), = J4.

LThe two terms in the current are named ‘paramagnetic’ and ‘diamagnetic’.



THE CONDUCTIVITY TENSOR 3

2. LINEAR RESPONSE

Hereafter we set ¢ = —e (electrons). According to the theory of linear response,
once the vector field is turned on at time ¢ = 0, a current starts to flow (at equilib-
rium there is no current, (j)eq = 0):

(Jo(x,t)) =(Jo(x,t))eq + = /dxfdtfe(t — ") {([—eje(x,t), (X, )]) eqAm (X', ')

o2
=—-—n n(2)eqAr(x ~ /dx Dyt (z, ") A ()
with retarded correlator i2;¢ (x, = 00t — t") {[je(z), jm(2")]) (repeated space
indices are summed). In frequency space.
o2 o2 y
Jo(x,w) = —%n( JeqAe(x,w) — ﬂ /dx Dt (x, %' w) A (X, w)
Let A describe an electric field: E = —22& Then E(x,w) = “A(x,w) and
(9) Jo(x,w) = /dx’agm(x,x';w)Em(x’,w)
with conductivity tensor
(x,x";w) = — ¢ n(x)d(x — x')dgm — < ret(x, x!, w)
Orm\X, X ] - i Im ihw m \ X Xy
For a homogeneous system the linear relation is
(10) [ Jo(k,w) = 04 (k, @) B (k w)|
62 ret
Ugm(k;w) = —imwnéem — - @ ( )

A cancellation of imaginary terms must occur, to give the conductivity tensor that
appears in Ohm’s law. Then

(11) oum(k;w) = —Im —.@Tat( w)

For a uniform and constant electric field the limits ¥ — 0 and w — 0 are taken.
The singularity in w = 0 must be compensated by the numerator.

3. THE CURRENT-CURRENT CORRELATOR

An interesting model for a microscopic deduction of the conductivity tensor
consists of free electrons that scatter on fixed random impurities, with short range
potential.

The conductivity tensor results from the analytic continuation of the imaginary
time-ordered correlator

(12) = Do (x, 75X, 7") = (T 050(%,7) G (X', 7)) eq
ih\? o 9 0 0
= [ — - = _ T T ’
(5m) T \ows ~ o) (5, ~ 2] Tkt
where, in the end, y = x and 3’ = 2, and only the connected parts are taken.

For electrons that only interact with the impurities, Wick’s theorem applies, and
the connected correlator factors into a pair of propagators. After the derivatives,
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and setting = y and 2’ = 3/, one pair gives two disconnected bubble diagrams
and is discarded. The other pair gives a single diagram, whose expression depends
on the positions of the scatterers.
To avoid such unmanageable dependence, one considers the problem at a scale much
larger than the average distance of the scatterers, where it is meaningful to average
the correlator in the random positions of the scatterers. In doing so, it is not true
that the average of the correlator is the product of two averaged Green functions.
There are correlations among the two particles, as they may interact with the same
impurities. These correlations appear as vertex corrections?.

If we neglect such correlations, we are in a Hartree Fock approximation:

(Toh @)l @) W) = =Gy, )Gy )
where the Green functions are averaged. The average makes them translation-
invariant. We assume that ¢, = 0,,,%:

ih\> [ 0 B B B
n—9 ? v v _ / /
Dem (@, 7") <2m> (8;3@ c'?yg) (am;n 8y§n) Y0y, 2N, ) w=y,z' =y’

_op (I 2/dkdq(k + ) (gm + k)9 (k, 7 = 7)F (q, 7 — 7)€l DG
om (2m)6 T 4e)\dm T ~m ) )

2
Fentho ) =2 (1) i 3 [ 5 2000 20000 i+ 00901

Let us insert the spectral representation of the averaged propagator:
Ak, w’
4 (k,iw) = /do./M

w —w'
The Matsubara sum is done and gives:
n(w’) = n(w"”)

v — (W —w")

. h? d
Tl iv) = ~51 [ el d (e +201) s+ 22,) Ak + 0.) A0, )

This expression has the form of a Lehmann representation of the correlator. The
retarded function is obtained by the replacement iv — v + in.

re 1 dq
@hnt(kv V) = 2m2 / W(kl + 2ql)(km + 2(]m)
g I " n(w/) — n(w”)
/dw dw" Ak + q,w")A(q,w )1/ S PR

The imaginary part is obtained via the Plemelj-Sokhotski formula. The delta func-
tion is used to perform the integral in w’:

X wh? d
ImZ;5 (k,v) =9z / ﬁ(/ﬂz +2q¢) (km + 2¢m)

/de(k +q,w+v)A(q,w)[n(w+ v) — n(w)]
The ‘static’ and uniform limit of conductivity exists:

2 2 2
Tom(0) = — = lim lIm@ret(o, e Amh / dq / o A2(q,w)dn(w)

v—0 U tm Cho2m? ) (2n)3 qedm dw

2see Ch.8 in Mahan, Many particle physics, 3rd Edition, Kluwer Academics, 2000.
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If the system is isotropic, the integral is proportional to dg,,, then:

dmre? dq h%q* [*°° 9 dn(w)
= 3hm ) (@r) 2m dwA(g,w) (_ dw )

This is eq. 8.49 in Mahan’s book (3rd ed.). For T'— 0 it is n(w) = 0(§ — w), then
4me? dq I dme? [ I
14 0 — ey A2 — ) = d A2 —
o) =g [ aomadeh) = g [ dno )

Let us use the following form of spectral function, which is explained by the theory
of electrons in the random environment
1 1

T 277 (w— 232+ —(zi)g

(13) a(0)

—00

(15) Alg,w)

The integral can be extended to —oo as the function is evaluated at fuw = p and is
peaked around this value. The density, having slow variation near € = p, is factored
out. The integral becomes:

1 /+°°d € hr
e e—— =
4m272 | [(uh )2+ﬁ]2 T
3

With pp(p) = 4n, a Drude-like formula for the d.c. (direct current) conductivity
is obtained:

6277,

(16) 04.c.(0) = el

Here 7 is the life-time provided by the 1-particle Green function, and it is evaluated
in the next section. The omitted vertex corrections provide a different relaxation
life-time.

4. A MODEL WITH RANDOM SCATTERERS

A box of volume V contains N; impurities randomly distributed, with uniform
probability, at positions R;. The potential energy felt by a particle is the sum of
the impurity potentials:

Ny N
Vx) = Z v(x—Rj) = % Z f}(k)eik‘x Z o~ ikR;
j=1 k j=1

The range of the potential v is assumed to be much shorter than the mean separation

of the scatterers nl_l/3, where ny = N;/V.
The one-particle thermal Green function is expanded in Born series

9(01,2) = °(1,2)+ 10" LAV G,2) + 150 (L3V ) (1L OV (0°(4,2) +..

On a scale much larger than the separation of the scatterers, the particle loses
memory of the positions of the scatterers, and one may replace g with an average
on the random positions of the impurities. This requires the evaluation of averages

V(x1)...V(xk) :/WV(XQ.NV(X@
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In the limit of large V' with finite density n;:
V(x) = nso(0);

n ~ ~ 7 X1 —X2 7
VOV (xa) = T S 8()5(-)e™ s3] [ngi(0)]?
K
n ~ ~ ~ ik -(x1—x3)+iks (x2—x3
V(x1)V(x2)V(x3) = ‘712 B(k1)0(ka)(—ky — ka)e™ ¢ e )
kiko

+ (Vex)V(x2) + V(x2)V(xs) + V(x1)V(xs) ) [05(0)] + [ns0(0)]°

The factors n;9(0) may be removed by a Hartree resummation that only shifts the

energy:
1

iw — +(ex — p+nro(0))

We continue to use the symbol ¢ for the Hartree function. The averaged Born
series becomes: ¥(1,2) = g (1,2) + gu(1,3)[;=V(3)gu(1,4)V(4)|gu(4,2) +
Each term is now translation invariant. In k = (k, iw, ) space the first terms of the
Born expansion are:

(k) = g(k) + g(k)S@ (k)g(k) + g(k)X® (k)g(k) + g(k)S™ (k)g(k)
+9(k)S® (k)g (k)2 (k)g (k) + g(k)S4) (k) g(k) + ...

gH(k7 ZW)

L] e o L ]

k k k k k k k k

The self-energy terms X (k, iw, ), 24 (k, iw,), 3@ (k, iw,)
are order ny. The crossed term is order n? and is neglected.

Let’s compute the first crossed diagram to show that it is of order n?:

2(4’”)(X1,X4,iwn) = % // dxadxsV (x1)g(1,2)V (x3)g(2,3)V(x2)9(3,4)V (x4)

Z\u )2 |5(K') |2/ dxgdxge™ (1 7%3) ik (x2=xa) (1 9)0(2 3)¢(3,4)

2772
T h V .,
2
= s3rm D [P g(a+ K iwn)g(d, iwn)g(a + K i el THHD) o),
Kk'.q
2&er) (piw,) = Z |9(k)|?15(K)|?g9(p — Kk, iw,)g(p — k — K, iw,)g(p — K, iw,)

k,k’

1) A non-trivial partial resummation valid for low density n; of scatterers, is done
with the self-energy ¥()(1,2) = 72V (1)g(1,2)V(2). In momentum space:

TR @ iw— e —n)
The retarded function is obtained with iw, — w + in. We are interested in the
imaginary part (lifetime). The energy is measured with respect to the chemical
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potential. We take w = 0.

1 TNy dq 9
— = —ImXB(k,0) = — | —=|0(q — k)[*(e, —
QTk m ( ’ ) h (271_)3 |U(q )l (eq ,U,)
In this approximation, the retarded Green function has the form
1
gf(k,w) = — -
Gk

with a new dispersion law €(k). The retarded function gives the spectral function:

1 1

2Ty (w— gk;U)Q + Fl;f

A(k,w) = —iIm g7 (k,w)
™

2) With the following self-energy, the averages of order n; are summed (nested
diagrams are not included):

1 1
h2 h3
+ %V(l)g(l, 3V (B)g(3, )V (4)g(4,2)V(2) + ...
In momentum space it is:
=) = 5Li00) + 1 [ siladatic aviv)i(—a)
% d&ﬁ? o(a1)g(k + dy,iw)i(qz2)g(k + a;+dy, iw)o(—aq1 — qz) + ...

The sum can be done by introducing an auxiliary function where momentum con-
servation is violated:

Ik X, iw) = %ﬂ(k’ —k) + % / (;7:1)317(q)g(k +q,iw)o(k' —k —q)

¥7(1,2) =%@(0)5(172) + 5 V(9(1L,2)V(2) + 5V (1)g(1,3)V(3)9(3,2)V(2)

1 dqidqs . R i) D
3 (217r)62v(<3h)9(k +dy,iw)0(d2)g(k + a4+, w)o(k' —k — a1 —gz) + ...

It is ¥*(k,iw) = n;T(k, k, iw).
The function I' solves a Dyson equation (see figure):

Ik, K, iw) = %ﬁ(k’ —K)+ %/ (;ggl—‘(k,q, iw)g(q, iw)i(k — q)

o> +
k K koK
The Dyson equation for I'(k, k', iw,,).

The Dyson equation of the T-matrix is: T(E) = o + T(E)mf} Take the

matrix elements with (k|o|k’) = [ dxv(x)e® 9/ (27)3 = 5(k' — k)/(27)3:
1

R (T =50 10 + [ dakIT(E)la) pr—r il )
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with iw = £ the two equations identify with A" (k, k', 1 E) = (27)%(k|T(E)[K').
Then we obtain eq. 4.114 in Mahan’s book:

Im 7 (k, £) :%(27r)31m<k|T(E)|k>
n . —h2%k

:%(2@3 1673m°
(17) =— Ingv(k)o(k)

(E)

v(E) = hk/m is the velocity, o (k) is the total cross section for scattering on a single
impurity at momentum k. It follows that the life-time is the mean time between
two scattering events:
1
(k)
The inclusion of vertex corrections in the evaluation of (Tj;(z)jm(y)) modifies
the characteristic time by an angular term in the integral that accounts for the fact

that scattering at small angles affects transport less than scattering at large angles.
See eq.(22).

(18) = nyv(k)o(k)

5. THE BOLTZMANN EQUATION (1872)

Let f(x,p,t)dxdp be the number of particles at time ¢ in the volume dxdp of
phase space, centred in (x,p). The number and the current densities are

[ v s, [dprexpn

A kinetic equation describes the time evolution of the phase-space density of par-
ticles: there is a time variation due to the Hamiltonian flow, and a variation, on a
short time scale, due to collisions (see K. Huang, Statistical Mechanics, J. Wiley):

of of p  Oof . (Of
19) o Tax m T opt <at)

F is the local external force acting on particles, the collision term involves joint two-
particle distributions before and after a two-body collision, and a scattering prob-
ability. In the Boltzmann equation fo(x1,p1;X2,p2;t) = f(x1,p1;t)f(X2, P2;t)
(hypothesis of molecular chaos). As such, it is a truncation of the BBGKY (Bogoli-
ubov, Born, Green, Kirkwood and Yvonne, around 1940) hierarchy of equations for
the distribution functions of many particles.

of

(%) = [ dantea—s pa)loep e ) - fxp.07x.a.0)
coll

At (x,t) an elastic collision takes place, with p,q +» p’,q. Then p+q=p’+d

and p? + g% = p'% + ¢2.

5.1. The H theorem. For a gas of particles, Boltzmann showed that f tends
to the Maxwell-Boltzmann thermal distribution, and proved the H-theorem. The
theorem states that H(t) = [dxdpf(x,p,t)log f(x,p,t) decreases in time.

dH s, 0
e dxdpa—{[l +log f] = /dxdp <5{>cou [1+ log f]

= /dxdpdqﬂ(p, qa—p ., d)f(xp,t)f(x,q,t) = f(x,p,t)f(x,q,t)][1 + log f(x,p, 1)]
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The Hamiltonian flow contains gradients, which give boundary terms that vanish.
Now interchange particles with momenta p and q and sum:

i _ / dxdpdq 7(p,q — P/, ) f (.0 1) (., 1) — F(x, . ) f(x, 0, 1))

dt
[1+ §1og f(x,p, 1) f(x,q,1)]

Finally add the expression with initial and final states exchanged, and use dpdq =
dp’dq’. The rate 7 is unchanged:

dH 1 / / ! li

¢ = 1 | xdpdam(p,a = p,d)lf(x, P\ 1) f(x.d 1) — f(x,p, 1) f(x,q,1)]

0 fx,p.t)f(x,q,1)
[P ) f(x,dst)

By the inequality (y — 2)(logz — logy) < 0 we conclude that:

dH (t)
20 <0
(20) T
The entropy is defined as S = —kpH. The function H decreases and becomes

stationary at equilibrium if, everywhere: log f(p’) +log f(q’) = log f(p) +1og f(q).
For a homogeneous system, since momentum and kinetic energy are conserved, it
must be:

log f(p) =a+b-p+cp?
This gives the Maxwell-Boltzmann distribution.
Chapman and Enskog (1917), by exploiting the symmetries of the scattering
term, gave a microscopic derivation of the hydrodynamical description of matter.

5.2. Conductivity. For the problem of transport, in presence of a uniform and
static electric field, we seek a stationary and homogeneous solution, in the relaxation-
time approximation:

10f(k) f(k) — fo(k)
h Ok 7(k)
where we replaced p with ik and it is fo(k) = 2[e®(%«=#) £ 1]~ (the factor 2 is due

to spin). 7; is a relaxation time related to transport.
To linear order:

(21) (~eB) = —

et (k) Ofo h?

f(k) = fo(k) + 3 Eﬁk‘E

With v = fik/m, the charged current density is

J:—e/ dk f(k)v:—ez/ dk Tt(k)%V(V-E)

(2m)? (2m)?
If the system is isotropic, we replace v;v; with %026”- and v? = %e. We read
J = oF with
262 dk 6f0 E 8f0

—(~ €Tt

=3 7(27r)3 5‘7%6197}( ) = 3m ep(e) De ()

In the limit of low T, fo = 20(er — €). The formula by Drude is obtained (with
pler)er = 2n):

4e? e’nti(er)

o= %P(GF)EFT#F) =
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Note: the relaxation time 7; is for electrons at the Fermi surface, but the density
is that of all conduction electrons (not only those near the Fermi surface). The
relaxation time is not the same as the time interval among scattering events (as
obtained from the self-energy).

The transport relaxation time is evaluated (Mahan, eq.8.25) by writing the collision
term explicitly. In the collision with an impurity, momentum is changed from k to
k’ and back, of same modulus. The number of scatterings k — k' per unit time
and unit volume is

oons [ (j}j)'g&ek — ) Tiae P OO1 — £()]

the opposite process has rate 2mny [ %6(6]( — ex)| Tkl f(K)[1 — f(k)]. The
difference gives the collisional variation (T-matrix is Hermitian):

()., =21 | Gyettes  win56) — 10

ehry(k) dfo / K’
m?  Oe J (2m)3
The T matrix depends on the angle 6§’ between the vectors k and k’. In polar coordi-
nates, with k along z-axis and E in the zz-plane, it is: k’ = k(sin 6’ cos ¢’, sin ' sin ¢’, cos §’)
and E = E(sin 6,0, cos #). Therefore:
(k' = k) - E = kE(sin 6’ cos ¢ sin @ + cos ' cos § — cos )
The angular integral in ¢’ cancels the first term, then:
df ehry(k) dfo / dk’ , ,
i =—92 —_ 1) — e )| Ty 1-— k- -E
()., =2 e [ ot — ) B —cos?)
dk’
-2 K) — fo(k)] | =
mn£0) - fo(0)] [ s

A cancellation occurs with the left-hand side and what remains is:
!

@) =2 [ e el IR (1 e )

The relaxation time with the self-energy is the same integral, without the angular
factor. The latter takes into account the geometry of scattering.

:27m1 5(61( — Ek/)|Tk/k|2(k/ — k) -E

5(61( — Ek/)|Tk/k|2(1 — COS 9/)
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