THE THERMAL FUNCTIONAL INTEGRAL
FOR BOSONS

LUCA GUIDO MOLINARI

e The generator of thermal correlators;

e Coherent states of the Bose oscillator;

e Functional representation of the thermal partition function;
e Non-interacting bosons with sources and Wick theorem,;

e Interacting bosons with sources, perturbation theory.

The thermal partition function of a system of bosons at temperature T, chemi-
cal potential x4, in motion with respect to the observer with velocity v is:

Z[T, u,v] = trexp[—ﬁ(f]—,ul\?—v-f’)}.

H is the Hamiltonian, N is the total number of bosons, P = Zk hk ny is the
total momentum. Derivatives in the parameters of the thermodinamic potential

Q[T, u,v] = —kpTlog Z give the thermal averages of conjugated quantities, such
as the number, the entropy, the momentum:
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Other parameters may be hidden in H, such as the volume, or external fields.
The partition function with external fields (named sources) coupled to operators
is the generator of thermal averages of products of such operators. If the sources are
linearly coupled to the field operators, it is the generator of Green functions. The
log of it (the analogue of the gran-canonical potential) is the generator of connected
Green functions.
After a presentation of the properties of the partition function with sources, we
give a functional-integral representation of it, based on the coherent states of the
Bose oscillators that provide the basis of second quantization.

1. THE GENERATOR OF THERMAL CORRELATORS

Consider a many-boson Hamiltonian, written in second quantization with CCR
operators b, b, where the index r = 1,2,... enumerates an arbitrary l-particle
orthonormal complete basis |r) :
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Time-ordered thermal averages can be evaluated with the help of auxiliary classical
sources’ ¢, (7) and ¢, (7):

(1) =K —hy_ [brér(r) +blon(7)]

1.1. Generator of thermal Green functions.
The T-evolution in presence of the sources is given by the operator % (7,0).
In the interaction picture: % (r,0) = eXp(—%KT)OZ/I (7,0) where

(2) Ui(7,0) = Texp [Z /OT dr'b, (7). () + bL ()b ()

with the evolution of b, and EI ruled by K.
The partition function with sources is

(3) | 216, 9] = % (1B,0)] = Zec (2 (1B, 0)) |

where Zy = tr(e %) and % (h3,0) = e PX%; (RS, 0).
The sources are encapsulated in %;(h3,0).

Sources are useful to perform functional derivatives that produce T-ordered av-
erages of the operators they are coupled with, creation and destruction operators,
in presence of the sources.

ZU1(hB3,0)) K

52[$, ¢] y 1
56, (1) S (T)
= Zi{ U (hB, 7)by(T) % (7,0))

= Zic (T (1B, 0)b, (7)) i
Divide by Z[¢, ¢] and obtain the average of b,.(7) in presence of the sources:
(T2 (hB,0)b (1)) 1 0Z[$, 9]
(1 (hB,0)) K Z1p, 9] 6¢,(1)

Next, let us consider the double derivative

0°Z[, 9] J

—:Z h7 /%7_/’
so o7 s A I O

=Zc(TUr(hB,0)b, (1)b], (7)) i

(4) {br(1))s =

1 22(9, 9]
Z(9, 9] 5%( )8 (17)

They become thermal T-ordered averages when, in the end, the sources are turned
off.

(5) (Thy(7)bL, (7)) =

IHere the sources couple to the field operators. Bilinears as ZT fTEIBT are also useful.
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1.2. Connected Green functions. In analogy with statistical mechanics, we in-
troduce the functional

(6)

|W6,0] = log Z[, 4]

It is the generator of connected Green functions. For example:

2Wipgl b ( L §Z[9, ¢]>
5¢(2)6p(1)  00(2) \ Z[6, 6] 6¢(1)
=(Th(1)b(2))s — (b(1)) s (b (2))s

99 _ (Tiq)it @t (1)) — (ThE) )5 (1))

3¢(1)06(2)6¢(3)
—(To(3)"(1))s (0" (2))s — (B(3))s (T (2)b7 (1)) s +2(b(3)) 5 (' (2)) 5 (6T (1))

As sources are turned off, unless a broken symmetry occurs (BEC), the terms that
do not conserve the number of particles vanish.

e The generator for non-interacting bosons. For non-interacting bosons eq.(4) for
Z|p, ¢] can be solved. The equation of motion for b, (1) is:

Ab, (1)
or

—h
= hypsbs(T) — b, (1) — oy (7)

Now take the average in presence of the sources:

[amh G b m} (ba(7)) s = iy ()

The equation is solved with the aid of the (thermal) Green function:

(7)

{&shaa + hps — /,L(STS:| GO(s7,8'7") = —hdpg (T — ')
T

1 520 / 1cg0

_ dr'G° (rr, v’ ") (1

Finally the solution:

(8)

= U(1,0) " [br. Ko = by ¢, (1)BL, + 60 (7)br/ ) (7, 0)

hpB _
Zo|b, ¢] = Zoexp l Z //0 dr dr' é.(T)G° (rr, 7' 7" (T/)]

With the choice of the position basis, = = (x,7), it is

26.0] = Zoesp |~ [ sty w0t
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e Wick’s theorem. The explicit expression (8) for non-interacting particles enables
to express high order Green functions in terms of the 2-point Green function:

5271 _
P - NG5, k) (k
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with ¢ = ¢ = 0 in the end. Each pair of functional derivatives —§2/3¢(k)dp(k’)
brings down a factor 4°(k,k’). The result of all derivatives is a product of n

propagators 4°(j1, j1)...9°(jn, j.) where ji...j, is a permutation of 1...n and ji...5/,
is a permutation of 1’...n/. This is the definition of a permanent:

(9) g°(1..n;1..0)) = Per[go(jvj/)]j/:ymn/

j=1l..n

For example: 9°(12;34) = 9°(1,3)9°(2,4) + 9°(1,4)9°(2, 3).

G'(1..n;1..0) = (=1)

2. THERMAL DENSITY CORRELATORS

Suppose that we are interested in thermal T-ordered correlators of the density,
(TR (z1) ... 7k (xn)) K, where x; stands for 7; and position x;. Such correlators
may be obtained from a generating functional. To this end, the Hamiltonian is
modified by a term that couples the density operator 7(x) to a fictitious external
field p(x,7) that depends on 7:

(10) V(r) = / dx A (x)(x, 7)

In presence of time-dependent sources, the 7-evolution is given by a two-parameter
propagator % (7,7'). In the interaction picture it factors into a source-free propa-
gator and a residual propagator:

U (7,0) = e 77K (7,0)

(11) WU (7,0) = Texp {}11 /OT dr’ /dxﬁK(XT')ga(XT’)

The system with sources is no longer in thermal equilibrium. However, it is useful
to introduce a source-dependent partition function:
Zlg) = tr % (hB,0) = tr[e K% (hB,0)] = Zr (% (hB,0)) x

This is the generating functional of the density correlators:

(12) Zlp] = ZK<T exp{ — ;/Ohﬁ dx dr g (x,7)p(x, T)}>K

The expansion in the source-field gives the thermal correlators (in absence of the
sources) i.e. Z[p] is the generating function of thermal density correlators:

ZZ[—;?] =1 +§:' (—;)T/dml...dxr<TﬁK(m1)...fLK(xT)>K<p(xr)...<p(x1)

here x = (x,7). Alternatively, functional derivatives of Z[p] in the source-field
give correlators in presence of sources (which may be put to zero in the end). For
example,

2 522[90}

Sotsen = 2 (T2 08,00@)a) ) = Z1elTal)i),

K
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In analogy with the equilibrium reduction formula we define the average in presence
of the sources:

(13) (Ti(ar)ilan)) = <T%<h<@2>(zgg))->-f<xn)>f<
—(— 1 5" Zy

h)"
Zlp] bp(x1)...00(2n)
With ¢ = 0 in the end, this evaluates the thermal correlator:

(14) (Titen)iteae = (0 e Z e

2.1. Connected correlators.
The average density in presence of the fields is

) _ 1 6Z[p] W]y
1 e = et~ aeta)
Another derivative with a factor (—h) gives:
o 1 8?Z[y] w2 Wlel SWle] ., Wy

Zlgl dp(w2)dp(xr) — dp(w2) dp(a1) dep(x2)dp(21)
The left-hand side is (T7(z2)n(z1)), — (A(z2)),(n(2z1)),; the right hand side is a
connected correlator (Tn(zq1)n(z2))ec,,.

Other derivatives give the 3 and 4-point correlators as combinations of con-
nected ones. (1,2,3) = (1,2,3). + (1,2).(3) + (1)(2,3)c + (1, 3)c(2) + (1)(2)(3) etc.
In general, a n-point correlator (with sources or not) is decomposable into prod-
ucts of connected correlators, corresponding to the possible partitions of the set
(1,2,...,n).

W] is the generator of connected density correlators:

(16)  Wip] = Z% <—711>T/dx1 : ..dmr<Tﬁ(x1) : ~-ﬁ(xr)>cgp(x1) ()

The connected thermal correlators are

17) <Tﬁ(m1) o ﬁ(x")>c =R 5@(36(15;.1/‘-/1[?;(960

»=0

2.2. The effective potential.
Eq. (15) obtains the average density n(z) = (n(x)), as a derivative in the source-
field of the functional W], inasmuch in statistical mechanics N = —9€Q/0u. The
exchange of u with IV in statistical mechanics is done via a Legendre transformation,
that changes Q(T, 1) to the Free energy F (T, N) = Q(T, u(T, N)) + uN. Here, the
fields n(x) and () are interchanged by means of a Legendre transform.

Define the effective potential:

(18) Djn) = Wil + ;[ dep(a)no)

As expected:

o) g = [ay 2 L [y ) + et = 1ote)
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A further derivative in ¢(y), the Leibnitz rule and (15) give:

—o(x — = z 52F[n] 2 52W[<'0]
oz —y) */d on(z )5n( )h Sp(2)dp(y)

/ i 52 <T6n( )(5n(y)>¢

3. COHERENT STATES OF THE BOSE OSCILLATOR

Consider a canonical pair [E, ET] = 1, irreducible on some Hilbert space (no
operator exists that commutes with them, except unity). The number operator
is self-adjoint and unbounded, with orthonormal eigenvectors bib|n) = n|n), n =
0,1,2,..., that span the Hilbert space: 1 =) |n)(n| (completeness).

The action of the operators is bf|n) = v/n + 1|n + 1) and b|n) = v/n|n — 1). The
vectors are obtained from the vacuum by
= Lng|0>

In) = 7=

A coherent state is an eigenvector of the destruction operator:

(20) ZA7|04> = ala)

The equation has a normalized solution for any complex value a:
2 > a”
1
(21) ja) = ezl Y " ——1n)

_ l 2 7t —7
The series may be summed. Insert a factor acting as unity, |a) = e~ 21 eab"¢=ab|0)

1
and use the formula e?e? = ATB+24B] that holds whenever [A, B] commutes
with A and B. The result is a unitary operator acting as translation in C:

la) = eaéhal}|0>
Two coherent states are never orthogonal:
1 ’
(22) <a|a > —e 2(‘04 +‘Oé | )JraOé , |<a|a/>| _ eiilaia |2

These useful integrals, where d?z = dx dy, are proven in polar coordinates:

d2

(23) GEZlelPznym — prg,
Vs
d? .

(24) / Z€*|Z|2+azzm =a™
i

: & —|z 2+0¢2 _ s az «“ :
The last one gives [ “2e~ Il f(z) = f(a). The function e** is a “reproducing
kernel”.
The coherent states are an overcomplete set:

(25) [ el =

[ Eatal = >l onl [ 2wl am) = >l ml [ £ oler 2




The integral is eq.(23). Then: f ‘1270‘|a><04| =, In)n| =1 O

One can extract countable subsets of coherent states that are still complete [1].
The Bose oscillator has two important representations, with explicit coherent
states (the representations are unitarily equivalent).

3.1. Harmonic oscillator. In L2(R), on the dense subspace .7 (R) define:

(bo) () = \%[w(w) @], (@) = \%[w(ﬂc) — ()]

The eigenstates of the number operator, 7 = btb solve nhy, (z) = —Lhl(2) + S (2* —
1A, (x) are
1 e
ha(z) = (z|n) = e H,(x)

v 2rnl /T
H,, are the Hermite polynomials.

The coherent states solve &/, (v) = —(z — v/2a)®,(z) and are shifted Gaussians

1
Do (7) = (z]a) = \Fe‘%(“f‘a‘/i)z

VAL

The real and imaginary parts of v/2a yield the mean position and mean momentum.

The square roots of variances have product AzAy = %
3.2. Holomorphic representation. The Bargmann space [2] is the Hilbert space

of entire functions such that f%e"zmﬂzﬂ2 < oo (d*z = dx dy) with the inner
product

22’ 2—
(ro) = [ 2 FEgl2)

n

The monomials u,(z) = are a complete orthonormal set?. The canonical

Vnl!
operators are adjoints of each other, with action:

OGN =F(), (1)) =2f(2)
The monomials u,, are the normalized eigenfunctions of the number operator zd%.
The coherent states are exponential functions:

1 2 e a™ 1 2
(ba(z) = eiilo“ Z 7111”(2) :ei§‘a| +oz

4. FUNCTIONAL REPRESENTATION OF THE THERMAL PARTITION FUNCTION

We now give a functional representation of the partition function. Sources will
be added in the end.
The eigenvectors of I;Il;,7 r =1,2,..., are the number basis [n) = |ny, na, ..., Noo) of
Fock space. An overcomplete basis are the coherent states |a) = |ag, g, ..., Qoo),

where I;T|a> = a,|a). They are very convenient because in second quantization the
operators are normally ordered. Then:

(albibs|e) = (ala’)aral, (albiblbyble’) = (ala’) @ Gaay o
We introduce the notation (a|K|a’) = (a|a’) k(e o).

2The power expansion of an entire function has infinite radius of absolute convergence, and
uniform convergence on any compact set in C.
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The partition function at temperature (5 is

Z = tr(ePK) = /d2a<a|efﬁf(|a>

where d?a = [, dz:’“. In view of the next steps we introduce time labels 7 €
[0, /i8] for each overcomplete resolution of the identity, and rewrite Z:

(26) 2= [ @avia(ns)le ¥ a(o)

oo =17, @ with label 7 = 0 and boundary condition a(%8) = «(0).
The temperature interval [0, /i3] is divided into subintervals (7;, 7;4+1) with 79 = 0
and 741 = AB. The exponential is factored:

67/8[% :ef%(hﬂ TN)K (TN TN — 1)K .67%(71—0)[%

Between the factors, at each 7;, an identity [ d?a(r;)|a(r;)){a(r;)]| is inserted.

/ Hd2 (i) (e(hB) e F4 =7 K () (ex(r e RO 780K ey )

Je(m)) (e(r)|e =K |a(0))

For small intervals, a matrix element is:
(e(rig)|e” =R o (7))
1 .
~ (a(ip1)ledn)) = 3 (i = mi){a(Tip1) | Kle(m)) + ...

F0sn = T(alr). o)

~ {a(riss)lex(r)) exp [—

The prefactors (a(7i+1)|a(ri)> are collected:

~Llamis)I? = S| + alris) a(n)]

I
oD
2
e
‘ ||Mz —
|
Q
—
2
+
=
+
Q
—
D
+
=
E\\
N—
|

N
[ > (s — )] (”’“)“(”’)]
=0

Ti+1 — Ti

The full exponent is

—_

S (rr ) [y 2 ) )]
=0

Ti+1 — T4

3"

In the (formal) limit N — oo we write the action:

S - /OM dr [ﬁa(T) - 839 + wla(r), a(T))}
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Now the partition function is a functional integral on an infinite set of functions
a (1), r=1,2,....

(27) Z = /@204(7)6*%5

If the Bose operators are field operators (indexed by position, spin zero), i.e. |r) =
|x), the complex vector a(7) is replaced by a complex field ¥ (x,7) with periodic

b.c. ¥(x,hB) = P(x,0):
(28) Z= / Z*p(x, )5

(290 S :/Ohﬁ dT[/dxm (h;T _ %VQ +V(x) - u) w(x,7)

+ % /dxdyi/}(x, Y, 7)v(x —y)U(y, T)Y(y, 7')]

4.1. The ideal gas of bosons. The convenient choice is the basis |r) = |k). Since

0 < 7 < =B, the field is Fourier expanded in Matsubara frequencies w,, = 2;;:

(30) Yk, T) (K, iwy, )e” T

- %
The frequencies are bosonic and fulfill the boundary condition ¥ (k,0) = ¢ (k, i3).
The transformation to frequencies is unitary.

Since there is no interaction, the modes (k, iw,,) decouple (the factors 1/m for each
mode are restored in the measure):

So = Z (—ihwn + e — ) [ (k, iwn)[?

ZO_H/eXpK Ohu>|z|2}:H‘le,g#

k,n —Wn + R

The Gaussian integrals exists if ;1 < 0. The partition function Qy = —% log Z is

€ — 1
Zlog ( wy, + - ,u> = 3 Zlog [1 — e*ﬂ(s(’i*“)} + unwanted terms
Kk

A precise evaluation is done in Negele-Orland [5].

4.2. Partition function with sources. The partition function with sources is
the generator of Green functions. For this purpose we add a source-term in the
action:

_ np
ﬂ¢¢ra%fn%;ch§jar ™)+ 6o (F)ar (7)

The functional derivatives of Z[¢, ¢] in the sources produce time-ordered correlation
functions in presence of the sources. For example:

. 1 6Z[o, qS] 2a(r)e —#5lbdly,
o) = 258 st ¢¢/@ ")

When the sources are turned off one obtains the thermal average.
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The time-ordering is well understood at the defining level of the functional in-
tegral. The term —h " [bl¢, () + ¢, (7)b,] is added to K. After the slicing of the
interval [0, i3], one adds the term to the weight at exponent in each subinterval

—h(Tjp1 — Tj)zr[ar(7j+l)¢r(7'j) + & (75) 0 (75)]

This explains why functional derivatives in the sources drop down fields into a time-
ordered sequence.

5. NON-INTERACTING BOSONS WITH SOURCES

A shift of the fields in the measure does not change the measure and the func-
tional integral. For the infinitesimal shift da(7), the linear change in Z[¢, ¢] is:

1 2 _1lg hB _ 60(7-
oz—ﬁ/.@ aet /0 i S o) | 1 +thaé — e (r) — hosy(7)
The arbitrariness of the shift gives a Ward identity for (o, (7)):
(31) + Z hrs(as(7)) — plon (1)) = hoy (1)

The equation is solved with the Green function without sources eq.(7):

_ 1 6Z0[§57¢] _ ho ’ o ’
8 (ool = g RS = [T ar S0 s o)

where we are assuming that the field is zero for ¢ = 0 (the homogeneous solution).
The functional equation (32) has solution

_ hp .
63 |ogzifbol =gz~ Y | / drdr' 3, (7) 9 (r, 737", 7) 600 ()

5.1. Wick theorem. With the result (33), the partition function of non interacting
particles with sources is:

/@2 e hS(J"FZ fhﬁ dT(q;rar"!‘(bT&r) —e er ff $7‘(7)%0(TT;37/)¢S(7/)

Because the fields are uncoupled, it is

< H efnﬁ dréra H I dra, ¢, > — H eI r ()90 (rris7") s (7)) drdr'

The expansion of the left side in the sources, gives a sum of products of sources
with coefficients ([] a [] @s)o. The expansion of the right side in the sources gives
products of propagators and sources. The equality of the two sides expresses coef-
ficients (correlators of any order) in terms of propagators.

Every correlator in the left is either 0 or a product of propagators.

For example, in the expansions of both sides the coefficient ¢,., (1) @y, (72)Prs (73) by, (1)
gives the equality:

<T5r1 (Tl)l;Tz (T2>Bi3 (7'3)514(74» = go(rlTU 7"37'3)g0(7"27'23 T4T4) + go(ﬁﬁ; 7“47'4)550(7“27'2; T373)
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6. INTERACTING BOSONS WITH SOURCES

Ward identities originate in the same way as for non interacting particles. After
a shift in the field «,.(7):

6rsh + Z hrs ,uérs O43 + Z Vrsr!s’ O43 )ar’ (T)as’(T» = h¢r(7-)

srr’

A derivative in the source ¢, (7’) gives an equation of motion for the propagator:

(5T5h — 6ys + Z hys| G (sT;07") — Z Vpsrr s (Qs (T) e (T) e (T) @y (7))

srr’!

= —hd0(T —7")
where the average can now be taken with no sources.

6.1. Perturbation theory. In presence of an interaction among bosons, the per-
turbative approach in the position basis is as follows.
Let v(x — x')6(7 — 7') = U%(z.2’). The action is written as

S16, 6] = Sol, ¢] + / da da’ (@) () U (2 Vb (@Y (')

A series expansion (perturbation series) is done in the functional integral:
_ _1\k k
56l = | 92 —1S0ld01 (D" SN0
206.6) = [ Potae el [ dedy 3130 @ )0 0) ()]

N D [ o ! o
=2 iy [ s s 06

where Zy[¢, ¢] is given in (32).
This gives the interacting partition function as a sum of vacuum graphs with lines
U and 4° (connected and unconnected).
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