Dr Juan Rojo

B

Quantum Field Theory Extension: Lecture Notes

January 6, 2018

Problem set II

This is the second problem set of the course, to be completed and sent to the course instructors by Thursday
1st of February 2018 at the latest. The solutions to the problems in this set will be discussed in the final
tutorial session of Friday 2nd of February. Problems marked with (*) are optional.
Problem II.1: Furry’s theorem.

Furry’s theorem states the following relation for time-ordered expec-

tation values of gauge photon fields and gauge currents:
hT (Aµ1 (x1 ) . . . Aµn (xn ))i = 0 ,

(B.1)

hT (jµ1 (x1 ) . . . jµn (xn ))i = 0 ,

(B.2)

with n being an odd integer and jµ is the Noether’s current in either scalar QED or in standard QED. This
theorem follows directly from the requirement of charge-conjugation symmetry. The goal is this problem is
to derive a proof of this theorem.
To begin with, consider scalar QED. In this theory, the charge conjugation transformation of the complex
scalar field

amounts to
1

C

(x)C = (x)⇤ .

(B.3)

Based on this property, derive the transformation law of the photon field Aµ to ensure that the scalar QED
Lagrangian is invariant under charge conjugation. Using this result, demonstrate Furry’s theorem in scalar
QED without using Feynman diagrams, that is, without assuming a weak coupling situation where the usual
perturbative techniques can be applied. Discuss whether or not Furry’s theorem holds only when the photons
are on-shell or if it also holds for o↵-shell (virtual) photons.
Then, building on the same strategy, prove Furry’s theorem in standard QED, exploiting now the fact
that under charge conjugation the Dirac fermion field
C

1

µ

transforms as
µ

C=

.

(B.4)

Discuss similarities and di↵erences between the derivations of Furry’s theorem in scalar and standard QED.
Problem II.2: The Proca Lagrangian.

In this problem we consider the so-called Proca Lagrangian,

which describes the theory of a massive free photon, and is defined by
L=

1 µ⌫
F Fµ⌫
4

1 2
m Aµ Aµ ,
2

(B.5)

with m being the photon mass. This theory is of course non invariant under gauge transformations, since as
we have discussed the gauge symmetry of Maxwell’s theory forbids the presence of a photon mass.
First of all, derive the equations of motion of the theory and show that they imply that
@ 2 + m 2 Aµ

=

0,

@ µ Aµ

=

0,

(B.6)
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and determine the solutions for these equations of motion. Show that, unlike the case of massless QED, the
Proca Lagrangian leads to three di↵erent polarization states for the photon rather than two. Discuss why
this outcome was expected. Then, derive in detail the commutation relations that follow from the canonical
quantization of the Proca Lagrangian. Discuss the di↵erences and similarities with respect to the analogous
process in standard massless QED.
Finally, evaluate the energy-momentum tensor Tµ⌫ for the Proca theory, and show that the energy density
is positive definite. To achieve this, you help yourselves with the equations of motion of the theory.
Problem III.3(*): The photon propagator in the Coulomb gauge.

The aim of this problem is to

demonstrate that in Quantum Electrodynamics the following relation for the time-ordered product of photon
fields holds

⌦

T Ai (x)Aj (y)

↵

=

1
i

ij

(x

y) ,

(B.7)

where the photon propagator in position space is given by
ij

(x

y) =

Z

d4 k eik(x y)
(2⇡)4 k 2 i✏

✓

ij

ki kj
~k 2

◆

.

(B.8)

In particular, you need to explain the physical origin of the factor i✏ that appears in the propagator. To
carry out this derivation, you can use the following representation of the spatial components of the photon
field:
~
A(x)
=

XZ
=±

d3 k ⇣
⇤
(~✏ (k)) a (k)eikx + ~✏ (k)a† (k)e
(2⇡)3 2!

ikx

⌘

,

(B.9)

together with the commutation relations for the creation and annihilation operators a† (k) and a (k) as well
as the completion relations for the polarization vectors ~✏ (k). Explain in detail the various steps that you
have used in your derivation.
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