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Introduction

A black hole is a region of spacetime where the gravitational field is so strong that not even
light can escape. Objects like this have already been supposed in 1784 by John Michell
and, a few years later, by Pierre-Simon Laplace: they noticed the possibility of having
a body that would not allow the light to escape. In fact, from the classical concept of
escape velocity, that is the minimum velocity of an object to escape from the gravitational
attraction of a massive body, we find

2GM

Vescape = R

where M is the mass of the massive body and R its radius. We know that the speed of light
is ¢; thus we can find a condition on the radius of the object given its mass by reversing the

above formula
_2GM

Ry=—35—. (1)

If the mass of the object is concentrated within a radius Rg, the light cannot emerge from
regions within that radius. Objects like this were initially called dark stars. However
this idea was soon abandoned since light was found to have zero mass. Consequently, for
Newton’s theory of gravity, light is not affected by the gravitational attraction of a massive
body: light can therefore escape from any massive object and such a dark star cannot exist
in the universe.

In 1915 Einstein developed the theory of General Relativity, showing that gravity in-
fluences light’s motion. In this theory the spacetime is a four-dimensional differentiable
manifold with a Lorentzian metric g,,; the latter is related to the distribution of matter,
described by the energy-momentum tensor, by the Einstein field equations

1
R;w - §Rg;w =8rG T/u/ ) (2)

where R, is the Ricci tensor and R is the scalar curvature: they are both determined by
the metric g,,. A few months after, Schwarzschild found the homonym solution, noting
that it became singular for a radius value equal to that in , which was thereafter called
Schwarzschild radius. It took several years to discover that this singularity was not physical,
but was only related to the chosen coordinate system. Only in 1958, thanks to David
Finkelstein, the surface given by the Schwarzschild radius was identified as an event horizon:
matter and light are trapped inside and cannot escape. Thus the event horizon can only be
crossed from the outside to the inside. Since the Schwarzschild solution describes only the
space outside the massive body, the question arises whether it is really possible to enclose
the mass of the body within the Schwarzschild radius starting from the gravitational collapse
of a star.

Meanwhile in astrophysics, in 1931 Chandrasekhar discovered that a non rotating body
in equilibrium on the degenerate electron pressure, commonly called white dwarf, has no
stable solutions for Myq > 1,4Mg: the white dwarf will then collapse into a neutron



star, a body in equilibrium on the degenerate neutron pressure. In 1939 Oppenheimer
and others discovered that a star whose mass exceeds the TOV (Tolman-Oppenheimer-
Volkoff) limit continues to collapse: gravity overcomes any kind of pressure and a neutron
star is not formed as the degenerate neutron pressure is not sufficient to keep the star in
equilibrium. This happens for bodies such that Myycieus ~ 3Me (or equivalently for initial
masses M > 15Mg), but this limit is still very uncertain. At this point in known physics
there is no other phenomenon that can stop the collapse: we therefore refer to it as black
hole, since the mass M of the collapsing body will be within the radius Rs.

Thus in the 1960s the golden age of General Relativity, began also thanks to the dis-
covery of pulsars, that are rotating neutron stars. Until that time, neutron stars, like black
holes, were regarded as theoretical curiosities: the discovery of pulsars showed their physical
relevance and spurred a further interest in all types of compact objects that might be formed
by gravitational collapse. Therefore black holes become mainstream subjects of research.
In this period Kerr found the solution for a rotating black hole, while Newman found the
solution for a rotating and electrically charged black hole. Through the work of Werner
Israel, Brandon Carter and David Robinson the no-hair theorem emerged: a stationary,
asymptotically flat black hole solution to general relativity coupled to electromagnetism is
fully characterized by the parameters mass, electric charge and angular momentum. Thanks
to Komar, a way to calculate such quantities has been found, leading to the formulation of
black hole thermodynamics in the early 1970s through to the work of James Bardeen, Jacob
Bekenstein, Carter, and Hawking.

In recent years the question of how the thermodynamics of a black hole is formulated
in the presence of magnetic charge or NUT (Newman-Unti-Tamburino) charge has arisen,
since they are part of the family of solutions representing stationary and axisymmetric black
holes. We then try to better understand these solutions which present line singularities on
the axis and we will also analyze the various methods that have emerged in recent literature
in the case of the NUT charge.

ii



Contents

|1 Introductory concepts|

1.1 Solutions of Einstein equations| . . .

1.2 Killing vector| . . . . . . . .
[1.3  Hypersurfaces| . . . . . . . . . . . .

.4 Gauss-dtokes T'heoreml

[1.5  Killing horizons and surface gravity] .

2 Emnergy, angular momentum and charge)

2.1 Komar Integrall . . . . . . .. ... ..

2.2 Energy of Schwarzschild black hole| .

[2.3  Energy and charge of Reissner-Nordstrom black hole] . . . . . . .. ... ..

2.4 Energy and angular momentum of Kerr black hole| . . . . . . ... ... ..

[2.5  Energy and angular momentum decomposition| . . . . . ... ... ... ..

2.6 Dual Komar integrals: magnetic and NU'T charges| . . . ... ... ... ..

3__Rod Structure]

4__Ernst Potentials|

[ Komar charges in presence of line singularities]

[b.1  Line singularities| . . . . . . . ... oL

.2 Komar charges decomposition for the rod structurel . . . . . . . ... .. ..

5.3 Komar charges in terms of Ernst potentials| . . . . ... ... ... ... ..

[5.4  Schwarzschild, Reissner-Nordstrom and Kerr black holesf . . . . . . . .. ..

9.5  Rotating black holes| . . . . . . ... ... .. oo o oo

[5.5.1  Dyonic Kerr-Newman black hole| . . . ... ... ... ... ... ..

D.D.2 err-INUT . . o 0 o

[5.5.3  Dyonic Kerr-Newman-NUT] .

|6 Recent results following the Clément-(Gal’tsov approach|

6.1  Criticisms of Clément-Gal'tsov approach| . . . . . . . ... ... ... ....

6.2 Alternative approaches to thermodynamics ot NUT'ty spacetimes| . . . . . .

/Conclusion

iii

21
21
23

25

29
29
33
36
38
40
41
44
47

49
49

92
93

57



Contents

A1l
[A.1 Differential operators| . . . . . . . . . ... o

|IA.2 Prolate spherical coordinates| . . . . .. ... ... ... ... ... . ...,

[A.3 Taub-NUT and solitonsl . . . .. ... ... ... ... ... ... .....

B_]
B.1 Kerr-NUT . . . . . . e
IB.2  Dyonic-Kerr-Newman-NUT| . . . . . ... ... ... ... ... .. .....




Chapter 1

Introductory concepts

In this chapter some basic concepts will be introduced to deal with the calculation of the
conserved charges of a black hole. First of all, we will recall two fundamental notions:
the Einstein field equations, with its general stationary and axisymmetric solution and
the notion of Killing vector. Secondly, we will deal with the concept of hypersurfaces: in
particular we will focus on the notions of normal vector and volume element and we will
state the Stokes’ theorem in the context of differential geometry. Finally, we will show some
important features of the event horizon.

In this work we will use the Planck units, where ¢ = G = h = kg = 4mweg = 1.

1.1 Solutions of Einstein equations

Let M be a four-dimensional differentiable manifold and g the metric on M, we call space-
time the couple (M, g). The Einstein field equations relates the metric of spacetime with
the matter distribution, expressed by the energy-momentum tensor 7,,:

1
R, — QRg,W =811, , (1.1)

where R, is the Ricci tensor and R is the scalar curvature: they are both determined by
the metric g,,,. Exact solutions of such equations can be found in the electrovacuum case:
it means that the energy-momentum tensor in (|1.1]) is only the electromagnetic one, given
by

1

1
TEW = (FMPFVP - 4gWF/"’FpU) , (1.2)

where F),,, is the electromagnetic Faraday tensor, defined, as usual, from the electromagnetic
four-potential A, F,, := 0,4, —0,A,. In this case the Einstein equations must be couple
with the Maxwell equations for the four-potential, that in vacuum takes the form:

Oy (V=gF"™) =0. (1.3)

For a stationary and axisymmetric spacetime, that has two commuting vector fields k =
0y and m = 0,, associated respectively with time translations and rotations around the
symmetry axis, the most general solution representing a single source and asymptotically
flat black hole regular outside the horizon is the dyonic Kerr-Newman metric, that in Boyer-
Lindquist coordinates is given by

A — 2 2 0 2 2 _ A
ds® = — %dﬂ — 2asin’ G%dtdw +
- - 14
(r2+a2)2 —a?sin® A 9 9 2 .9 .9 (14)
+ = sin” Odp —i—zdr + =do” |



1.2. Killing vector 2

where
A=1?—2mr+ad®+¢ +p*, Z=r’+a’cos’0.

The parameters ¢, p, m and a are respectively the electric charge, the magnetic charge, the
mass and the rotational parameter.
The electromagnetic four-potential for this solution is

- 0 cosf (r2 + a2) — agrsin? 6
A= [ETPEERT 0, 2 ( :) q . (1.5)

The metric is singular for the r-values such that A(r) = 0. This equation has two solutions
re =m=+o, (1.6)

where

oc=+vm?2—a2—q—p?. (1.7)

The values r = r4 and r = r_ are coordinate singularities: they define two surfaces that are
called event horizons, but only the first horizon is physically relevant. Note that ¢ can also
be a complex number: in this case the function A(r) has no real zeroes and the solution
describes a naked singularity, since there is only the curvature singularity Z = 0, without
any event horizon. This is a problematic situation because it would open to the possibility
of observing the curvature singularity, and the spacetime will fail to be a smooth manifold as
requested by General Relativity. The presence of an event horizon is precisely what allows
us not to interact with that singularity. Therefore, from now on, we will consider ¢ to be
real, i.e. the parameters m, a, ¢ and p must satisfy

m? > a® +¢* +p*. (1.8)

1.2 Killing vector

Consider the spacetime (M, g) and the diffeomorphism ¢: M — M. If this diffeomorphism
leaves the metric unchanged then it is called isometry. If there is an isometry, we can
construct orbits along which the metric remains unchanged: the vector tangent to these
orbits is called the Killing vector. So a Killing vector characterizes the symmetries of the
metric and it is defined by the Killing equation

vugu + vufu =0 (1'9>

or similarly

An important consequence of the Killing equation ([1.9)) is the following lemma

Lemma 1.2.1. For a Killing vector field &
vaugV — Ryupo.go— . (1.11)
Proof. From the definition of the Riemann tensor
[V,Lm Vl/]ép = _Ro—puygo .

Using the Killing equation ((1.9) and making cyclic permutations of the indices (uvp), we
can write

vuvufp + vuvpfu = _Rgp;wga )



1.2. Killing vector 3

vuvpf,u + vpv/dé-lj = _Rguypgo )

VoVl +ViVi&p = —R%,,, &0
Adding the first equation to the second and subtracting the third, we obtain

2V, Vo = (_Rgp/w =R, + Rol/pﬂ)&’ :
Recalling the Bianchi identity
Ry =0,
it is obvious to find
ViuVp&u = R?,p&o -

By renaming the indices and raising the index v

VPVN§V = Rol/p'ugd = Ryupagg )
where the properties of the Riemann tensor were used in the last equality. |

We also report another lemma that will be used in the next chapter
Lemma 1.2.2. For a Killing vector field &
V.,V V¢ =0. (1.12)

Proof. Recall the definition of the Riemann tensor
Vo, Vyp]uf =R, u” .
Setting u” = t" vy, the definition becomes
[V, V] tP vy = R”mjut‘”\m .
Applying the Leibniz rule to the left member

A [V, VP2 + 172 [V, V] oy = RP,,,,t7 0y
N —’

_RJ)\V“/UG-
This equation is true for any v, so
[vlla v#] tp)\ = Rpm/uta/\ + R/\Juutpa :

Contracting the index p with v and the index A with

[VW VM] = Ryouutau + Ruauutua = Ra,uta'u — R 177 = 2Rg,ut[o'“] =0,

where in the last step we used the symmetry of the Ricci tensor.
Now choose t"* = V¥&F, from the last equation we have

Vv,V Ve =V, V, VR

but, for the Killing equation ((1.10), V¥&* is completely antisymmetric, therefore

V,V, Ve =0
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1.3 Hypersurfaces

Let M be an four-dimensional manifold with metric g, a hypersurface is a three-dimensional
submanifold 3 on M. A hypersurface can be defined by setting single function to a constant
value:

d (2%) = d* . (1.13)

This constraint can be written in parametric equations of the form
=z (y) , (1.14)

where {y?} is a coordinate system on the hypersurface ¥. Therefore, equation can
be viewed as a restriction on the coordinates.
The vector field

nt =g''v,® (1.15)

is normal to the hypersurface, since the value of ® changes only in the direction orthogonal
to X. If the vector 7 is timelike, then the hypersurface is said to be spacelike; if n is
spacelike, the hypersurface is timelike; if 7 is null, the hypersurface is also null. Any vector
field proportional to the normal vector field 7,

= (%) ¥ (1.16)

for some function ¥, will itself be a normal vector field.
If the hypersurface is not null, a unit normal vector n can be defined as

o
=< ! (1.17)

2
where ¢ is a number that can be either 1 or -1. Such a normal vector field is unique except

for a global sign, which changes its orientation. We require that the normal vector field n
points in the direction of increasing ®, that is

v, ® > 0. (1.18)

From ((1.17)), the request (1.18)) takes the form
9"V, BV, 8|2 gV, 0V, = |g"'V 8V, 8|2 entn, >0,

=enfn, >0,

but n¥n, = —1 for spacelike hypersurfaces and n*n, = 1 for timelike hypersurfaces, then

_ { —1 if ¥ is spacelike, (1.19)

+1 if ¥ is timelike,

therefore: € = n#n,. Because of this choice, if ¥ is the hypersurface defined by ¢ = const,
then the unit normal vector n is future-directed.

If the hypersurface X is null, the unit normal vector n is not defined because g"*V,,®V,® =
0. In this particular case we consider the normal vector field 7 defined in : this vector
is also tangent to X, since null vectors are orthogonal to themselves; in fact ntn, = 0. It
can be also shown that 7 is tangent to null geodesics contained in X: consider the integral
curves C*(a) of the vector field n, which satisfy

dCH
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These curves will be contained in 3, because 7 is tangent to the hypersurface. Then we
calculate

1 1
ﬁ“ku = n“v,uvu(b = U“Vuv/ﬂ) = 77“Vu"7u = §VV (77“77/1) = §VV (772) )

where in the second equality we used the torsion-free condition, so covariant derivatives
acting on scalars commute. Since n? is constant on ¥, its derivative will be normal to the
hypersurface. Therefore we must have

Vo () =fn = n'Vun, = gny (1.21)

for some scalar function f(z®). The above equation is equivalent to the geodesic equation
(in non-affine parameterization), so the integral curves C*(«) are geodesics. At this point we
are free to re-parameterize the curve C*(«) with an affine parameter \(«), or equivalently,
since the normal vector field 7 is defined up to a scalar function ¥(x), we can scale that
normal vector field such that {#V €, = 0, with & given by . The null geodesics CH(A),
with A affine parameter, whose union is the null hypersurface 3, are called the generators
of X. In other words, a null hypersurface is generated by null geodesics.

It is often convenient to use a coordinate system on a manifold such that it naturally
adapts to some hypersurface ¥. One way is to use the so-called Gaussian normal coordinates:
choose coordinates {y*}, a = 1,2,3 on the hypersurface ; now, at each point p € X, take
the geodesic for which n* is the tangent vector at p. Let z be the affine parameter on
each geodesic. For any point ¢ in a neighborhood of ¥, we then assign the coordinates
{z,y', 42, 3>}, where {y®} are the coordinates of the point p connected to ¢ by the geodesic
constructed as illustrated above. The coordinates {z,y',y? 3>} are known as Gaussian
normal coordinates.

The induced metric on the hypersurface ¥ is obtained by restricting the action of the
metric g, on M to the tangent vectors to X. By the equation , we can defined the

vectors

oz
e

i 3

oy
that are tangent to curves contained in . Then the induced metric on ¥ can be calculated
as

(1.22)

Ozt Ox” o/ a y
8yi 373/3 = 9w (.T (y )) efej : (1'23)

hij = guw (z (y*))
In Gaussian normal coordinates the metric of the spacetime can be written as
ds? = edz* + hi;dy'dy’ | (1.24)

where h;; is the induced metric on X.
Along with an induced metric, hypersurfaces inherit an induced volume element from
the manifold M. For the manifold the volume element is given by

AV = +/|g|d*z , (1.25)

where g = det (g,,). Similarly, in the case of a non-null hypersurface, the volume element

on X will be
dx = +/|h| &3y , (1.26)

where h = det (h;;), with h;; the same of (1.24). Since the hypersurface is embedded in
the manifold M, we can defined an oriented volume element d¥,, by the combination of the
unit normal vector n, and dX. Of course, as for n, the oriented volume element can have
two different orientations; we choose the convention

ntds, > 0, (1.27)
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which implies
¥, =en,dx . (1.28)
In fact
ntdy, =enfn,dS =e*dS =d¥ > 0.

Therefore it is necessary not to include the null case because if ¥ is null » = 0 and n,, does
not exist.
Another way to write the oriented volume element is

A%, = eapyefeseld®y | (1.29)

where €, are the components of the Levi-Civita tensor and are related to the components
€uapy of the Levi-Civita symbols by the following equations

€uapy = V19| €uapy - (1.30)

Because the Levi-Civita tensor is completely antisymmetric, as for (1.28]), the sign of dX,
as defined in (T.29) would depend on the ordering of the coordinates y', 4% and y2, which is
arbitrary; note that from the convention in ([1.27)) follows that the scalar f = €,a3+ n“e?eg el

must be a positive quantity.: this sets the conventional ordering.
We now demonstrate that (1.28) and (1.29)) are equivalent. First of all, note that

— a By — a By
efn, = e€apy elese3ntn, = €08y €1 €563 ,

As f is a scalar, it has the same value in every coordinate system: then, without lost of
generality, we can consider the Gaussian normal coordinates. From ([1.24]) it is obvious to
find that /|g| = +/|h|, because g = € h, where ¢ can be either 1 or —1. Therefore, since
ey = 0%, eg = 52’8, ed =84 and n = (1,0,0,0) in this particular coordinate system, we find
f =+/|h|- Thus we get
€uay ei ez} = e/Ihlny,

This equality concludes the proof.

Let’s take an example: consider the Schwarzschild spacetime: the metric is given by
(1.4) setting a = p = ¢ = 0 (non-charged and non-rotating black hole). It can be rewrite as

2 2m\ !
ds? = — (1 — ;n> dt? + <1 — T) dr? +r? (d92 + sin? 9dcp2) . (1.31)

Let ¥ be the hypersurface defined by t = const, or, using the above notation, ® (t,7,0,¢) =
t, that is constant on . Obviously, the tangent vectors to 3 are

er =er 0y =020y =0,
ep =€g 0y =05 0o =0 ,

ewzegaazégaa:aw.

Then {r,0, ¢} is a good set of coordinates on ¥; the induced metric on ¥ is

o om\ !
hijdy'dy) = (1 - m> dr® + 12 (d6? + sin? 0d?) . (1.32)

r

Now we calculate the unit normal vector from (1.17)). For a function f, V, f = 0, f, so V,®
is non-vanishing only for v = t. Therefore the normal vector field 7, defined in (1.15]), has
only one non-null component

om\ !
77t = gttVﬂI’ = gtt = — <1 — T) .
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The normal vector field is timelike, then the hypersurface is spacelike and the normal vector
n, choosing ¢ = —1, becomes

om\ V2
n=n"0, = 1—7 ,0,0,0( . (1.33)

In the null case the oriented surface element can be written as in ((1.29)), where ef' = &,,
where

_dce
~

é‘O{
is the tangent vector to the generators of X.

Later we will consider two-dimensional surfaces S as the boundary of an hypersurface
> on the manifold M. The surface S is a submanifold of 3 and is described by an equation
¥ (y*) = * or similarly by the parametric equations y® = y° (wA), where {w4} is a
coordinate system on S. Since ¥ is defined by z® (y*), we can combine this relation with
the one of the surface S to obtain the equations x® (wA), which describe S as embedded in
M.

The surface element on S has two equivalent expressions

S, = eupyehed dw (1.34)

S, = —2np,0,0\/ || dPw (1.35)

where h?) is the determinant of the induced metric on S, hl(?), n is the unit normal vector

to X and o is the unit normal vector to S; ¢ is also normal to n. The equivalence of the
above equations is guaranteed by the same arguments used for the equality between ((1.28))

and (T.29).

1.4 Gauss-Stokes Theorem

Let R be a region of the spacetime manifold M bounded by a closed three-dimensional
hypersurface R, then for any vector field V' defined within R

/VHV“\/|g|d4x:/ VHds, . (1.36)
R OR

This result is known as Gauss’ theorem [[] The theorem is valid also for hypersurfaces that
have segments that are timelike, spacelike or null.

Let now ¥ be an hypersurface on the manifold M with boundary 0%, a closed surface.
Then for any antisymmetric tensor field X*¥

v 1 14
/ Vo XMdS, = 5 ¢ XM dSu, . (1.37)
b)) 0%

This result is another version of Gauss’ theorem, usually called Stokes’ theorem. Instead of

dS,,,, we will often use the following surface element
1
¥, = 3 Sy - (1.38)

Therefore the Stokes’ theorem becomes

/ V, XM dY, = f{ XM AS,, . (1.39)
b)) )

'For a proof of Gauss’ theorem and Stokes’ theorem see [Z], section 3.3
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1.5 Killing horizons and surface gravity

The horizon of a black hole has a particular feature: it is a null hypersurface, especially it
is a Killing horizon. So let’s define what a killing horizon is.

Definition 1.5.1. A null hypersurface ¥ is called a Killing horizon if there is a Killing
vector field & normal to 3.

Therefore the notion of Killing horizon is independent from that of an event horizon: a

Killing horizon need not necessarily to be an event horizon. However, there is an essential
link between event horizons and Killing horizons. In particular, there are two independent
results, usually referred to as rigidity theorems. The first, due to Carter, states that for a
static black hole, the static Killing vector field k = 0; must be normal to the event horizon,
whereas for a stationary and axisymmetric black hole, with the property that the planes
spanned by & and the rotational Killing vector field m = J, are orthogonal to a family of
two dimensional surface (this is the orthogonality property), there exists a Killing vector
field £ = 0;+Q 0, which is normal to the event horizon; ) is a constant called the angular
velocity of the horizon. This result is a purely geometric fact: it holds without invoking the
Einstein field equations. The second result, due to Hawking, directly proves that in vacuum
or electrovac spacetimes, the event horizon of any stationary black hole must be a Killing
horizon. Hawking’s theorem makes no assumptions of symmetries beyond stationarity, but
it does rely on the properties of the Einstein field equations.
To every Killing horizon we can associate a quantity called surface gravity. Consider the
Killing horizon ¥ with normal vector 1. As shown in section [I.3] it satisfies the geodesic
equation V,n = 0 in affine parameterization. The Killing vector £ normal to ¥ will be
proportional to n on ¥: £ = ¥(z%)n, for some function W. Therefore it follows that
satisfies the geodesic equation in non affine parameterization

Ve =k, onX, (1.40)

where & is a function called surface gravity.

This formula for the surface gravity is quite difficult to apply, but we can find a direct
relation between x and the Killing vector field £. In fact, from the Frobenius’ theorem
follows that the necessary and sufficient condition that & be hypersurface orthogonal is

§uViéyls =0. (1.41)

We can rewrite this condition as

f/.tvugp + fzxvpgu + gpvpfu - guv,ugp - fpvugu - f,uvpgu =0.
By the Killing equation ((1.9) follows that

QLVpr = - (guvpfu + gpvugu) = - (éuvpgu - gpvugu) .
By contraction with V¥¢? we find
Eu (VVEP) (Vip) = — (VEP) (€0 V € — £pViién) = —2(VVEP) &,V 6, =
= —2k€PV )€, = —2K%¢,

where in the first step we noticed that equation (1.10) implies the antisymmetrization in
the indices v, p in the second factor; then we used (1.9) renaming the indices if necessary;

finally we used ((1.40|) twice.
Dividing both sides by £, we finally get

2 = =5 (946) (V€") | (1.42)
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where the expression on the right-hand side is to be evaluated at the horizon.

Note that the surface gravity associated with a Killing horizon is in principle arbitrary. In
fact, if ¥ is a Killing horizon of & with surface gravity s, then it is also a Killing horizon
of ¢, for any real constant ¢: the corresponding surface gravity will be |c|x. There is no
natural normalization of £ on ¥ since €2 = 0 there, but in an asymptotically flat spacetime
there is a natural normalization at spatial infinity. For example for the time translation
Killing vector field k& we choose

kkt = —1, forr — oo. (1.43)

This in turn fixes the surface gravity of any associated Killing horizon.

Why &k is called surface gravity? The reason is clear when we consider a static and
asymptotically flat spacetime. In that case the surface gravity is the acceleration of a
static observer near the horizon as measured by a static observer at infinity. Consider for
example the Schwarzschild spacetime, whose metric is given by . A static observer
has four-velocity u proportional to the time translation Killing vector field &

=V (xY)u” . (1.44)
Since the four-velocity is normalized, that is u,u” = —1, the function V is

V = /—kkF . (1.45)

1
2 2 T2
_ i 2m ;»u:<1_m> 9,

In this case

r

Note that V' =1 for a static observer at infinity. The four-acceleration a is given by
a=Vuu. (1.46)

In components

-1
2m
nwo__ v [T 74 a)7) o __  t tppr o "
a =u"Vyut =u"T", u —uuFtt—< o I, .

The only non null component is a” = m/r?, because the Christoffel symbols for the metric
(1.31) are null if p # r. The acceleration norm is

1
m 2m\ 2
)| = vamara =75 (1-2)

Consider now a particle that is moving along static trajectories: |a(r)| is the acceleration
required to hold the particle at constant r. The acceleration diverges for r = 2m: thus it
will take an infinite acceleration to keep an object on a static trajectory at the horizon. Now
suppose that the particle is held in place by an observer at infinity through an infinitely
long and massless string; this situation is different since the particle and it can be shown
that the force exerted by the observer at infinity to hold a unit test mass in place, that
we will call Fy,, differs from the force exerted locally by the redshift factor V. In formula:
F = VF. Therefore the acceleration of the particle measured by the observer at infinity
oo 1s the force applied by this observer per unit mass: it turns out to be ax (1) = V (r)a(r).
For r = 2m we find the acceleration measured at infinity of a particle on a static trajectory
at the horizon: this is exactly what we usually refer to as surface gravity. Then we define
the surface gravity k = aso(r = 2m) for the Schwarzschild spacetime. Thus we find
1

= —. 1.47
K= (1.47)
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This is the same result we would find starting from (1.42)).

In the case of a stationary, but not static, spacetime the surface gravity loses this interpreta-
tion because is no longer possible to consider static observers very close to the horizon of the
black hole. In fact, if we consider observers that do not move with respect to hypersurfaces
of constant ¢, they rotate around the black hole. This effect is known as frame-dragging.



Chapter 2

Energy, angular momentum and
charge

In this chapter we will present the Komar integral, a way to calculate the conserved charges
in General Relativity starting from a symmetry of the spacetime. We then apply this method
to the simplest black holes, in order to understand the parameters present in the metric
of these solutions. Finally, we will see a decomposition of the Komar integral, in order to
distinguish the various contributions of the spacetime to the conserved charges.

2.1 Komar Integral

From classical mechanics we know that there is a constant of motion for each symmetry of
the system. In GR the concept of symmetry of a spacetime is related to the Killing vector
fields; then we look for a way to define a conserved quantity starting from these symmetries.
In particular we are interested in mass, charge and angular momentum of spacetime, since,
for the no-hair theorem, they are the parameters that fully characterize stationary black
hole solutions in asymptotically flat GR. One way to define these conserved charges is the
Komar integral.

To understand the Komar integral, it is instructive to start from the definition of the
electric charge: this conserved charge is not linked to a Killing vector field, but rather to
the symmetry group U(1) of Maxwell equations. Consider a generic spacetime (M, g), not
necessarily a black hole: Maxwell’s equations relate the electromagnetic field strength tensor
F,,, to the electric current four-vector JE

VM = dm " (2.1)

Vi Fa=0. (2:2)

A direct consequence of Maxwell equations is that J* is a conserved current, that is
VuJi=0. (2.3)

Let ¥ be a spacelike hypersurface on M, generally defined as the hypersurface at constant
t. We define the total electric charge on ¥ to be

1
Q= /Z JEdS, = /Z Y, F Y, | (2.4)

where in second last step we used (12.1)). This definition is nothing more than the definition
of charge in classical electromagnetism readjusted to curved spacetimes in covariant form.

11
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Since F* is an antisymmetric tensor, for the Stokes’ theorem (|1.39) we can express the
charge as an integral over the boundary 9% of X

1
Q= E g Fr dz,uzz . (25)

By the antisymmetry of F'*

1
Frds,, = —§F“” (nuoy —n,0,) /1M | d*w = —F*n,o0/|R@)| d*w ,

so we can write the charge in the following way

1
Q= I j{iz n,o, FM\/|h2 | d*w . (2.6)

Previously we said that J! is a conserved current as it satisfies equation . For the
Gauss’ theorem this divergenceless current implies that @ is a conserved charge. In fact,
let R be a region of the spacetime manifold M defined as the region between two spatial
hypersurfaces, 31 and Y, extending all the way to infinity; its boundary OR is a closed
hypersurface composed of 31, 35 and a hypersurface at infinity connecting them. The latter
hypersurface can be ignored, since the four-vector J vanishes at infinity. Therefore, using
(2.3) and the Gauss’ theorem , we can write

Oz/V“J“\/\g\d%’:/ J“dZM:/ Jﬂdiu+/ Jrdy, =
R OR 31

Yo

:/ J“dZM—/ TS, = Q(%2) — Q (D) |
PPN 31

where on each hypersurface ds w = —na\/m d3y, where n, is the outward normal vector
to the closed hypersurface. To get the conventional volume element dS,, used in the charge
definition , let n1, and no, be the conventional unit normal vectors respectively to
Y1 and X9, as shown in figure they are both future directed. It is clear that for o

b))

21

Figure 2.1: Normal vectors to spacelike hypersurfaces

the normal vector n, inherited from R coincides with nsg,, whereas for ¥ the inherited
normal vector has the opposite direction of the conventional one: n, = —nio. For this
reason a minus sign appears in front of the conventional integral over ¥;. Then we see that
Q (X1) = Q (32): the charge is independent of the hypersurface ¥ on which is evaluated.

Therefore it is necessary to find conserved currents J associated with a Killing vector
field € in order to define a conserved charge. We will now show that such a current can be
constructed from any Killing vector field. Consider the current

JH = RM¢, = RM ¢V (2.7)
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From Einstein’s equations (|1.1]) it follows that
v 12 1 v
RW =8 (TH — §Tg“ , (2.8)
so we can write the current through the energy-momentum tensor as

1
JH = 87&, (TW - 2Tg“”) . (2.9)

We now note that J can be written in term of the covariant derivative of an antisymmetric
tensor thanks to the following lemma

Lemma 2.1.1. For a Killing vector field &
V.V,.£" = RE . (2.10)
Proof. By contracting
VoV =R ,,,87 = Rus€” = Ru€” .
[

Therefore (2.7) becomes
JH =V, VHEY . (2.11)

Proposition 2.1.2. For a Killing vector field £ the current defined in (2.7) is a conserved
current, that is: V,J* = 0.

Proof. It follows from Lemma [1.2.2

[
We can thus associate the following conserved charge to this current
Qc = —Cf/ JhdS, = —Cf/ V,VHEY dY, = 0’57{ VHEV S, . (2.12)
s » " 8 » " 8w ox "

where the minus sign has been introduced in order to have the same constant of [I] and
[12] before the integral; c¢ is a constant determined in the limit of "weak" gravity. The last
member of the equation is the Komar integral associated with the Killing vector field &.
We can now define the total energy and the total angular momentum of spacetime.

Energy is the conserved quantity associated with the invariance of a system by time
translation; in General Relativity we can define the energy as the conserved charge associated
with a timelike Killing vector field &

1 1 /
M= — HEY Ez/ — HEY v (2) 2 2.1

where we choose ¢, = 2. To determine this constant we consider the weak field limit where
Guv ~ Nuw and a distribution of dust with energy-momentum tensor 7}, = diag(p,0,0,0).
Starting from the first equality in (2.12) combined with (2.9)), we obtain

1
E = —ck/ (T”l, - 5”,,T> K dS, .
5 2

Choose now X to be the spacelike hypersurface of constant ¢; in a coordinate system
{t,z!, 2%, 23} where ¢ are coordinates on X, from (T.29) it is easy to find that as, =
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5Z\/|g|d3:c, where /|g] ~ /|n] = 1. The timelike Killing vector field has components
kY =0¢, so

1 1
E= —ck/ <T'; - 55T> o, dr = —ck/ <—Ttt + T> Br = C’“/ pd3z
> 2 s 2 2 Js

where in the second step we lowered the index t of the energy-momentum tensor through
the Minkowski metric. Comparing this result with the energy of the energy density p in the
Minkowski spacetime we find ¢, = 2.

Angular momentum is the conserved charge associated with a rotational Killing vector

field m = 8,

1 1 9
= MU= AL (2.14)
where we choose ¢,, = —1. To determine this constant consider again the weak field limit

and let X be the same hypersurface as before, then

1
J = —cm/ (T“V — 5“Z,T> m” d¥, .
N 2

In the coordinate system {t,z!, x2 23}, where now 2’ are the Cartesian coordinates, the
rotational Killing vector field is m = —220,, + x'0,,, we obtain

J = —cm/ xthQ — xZTtl & =—c, agij/ 2T Py,
b b

which for ¢,, = —1 this is the result for the third component of angular momentum in
Minkowski spacetime with energy-momentum tensor 7},,.

For a black hole solution, in order to consider the contribution of the horizon to the
conserved charges, the latter are defined by an integral over a two-sphere at spatial infinity

1

M= fé VIR S, | (2.15)
1 o v

J= g B VIS, (2.16)
1 v

Finally, note that a Killing vector is defined up to multiplication by a constant: if £ satisfies
the Killing equation, also { = c¢* ¢ satisfies that equation. This would make the energy
and the angular momentum of spacetime change according to the value of ¢*. Actually the
constant in front of the Komar integral is determined for asymptotically flat spacetimes by
imposing that £2 = —1 asymptotically if ¢ is timelike, while £2 = 1 asymptotically if £ is
spacelike (already for asymptotically (A)dS spacetimes the normalization is not trivial). If
¢ is not correctly normalized, then the constant in front of the Komar integral will change
accordingly.

2.2 Energy of Schwarzschild black hole

The Schwarzschild metric is given by (1.31). We already calculated the unit normal vector
n to the spacelike hypersurface ¥ of constant ¢: the result is in equation (1.33]). Given the
symmetry of the solution, we choose the boundary of 9% as the surface of constant r: in
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particular it is a two-sphere at spatial infinity. The unit normal vector to 9%, normalized
as in (|1.17]), and orthogonal to n is

1/2
U:<12m> Oy .
r

Starting from (2.15)) and rewriting the surface element using (1.38)) and (1.35)), we find the

term

v v t_r T t_r r v t_r T
n,o, VPm” =nto"g,,V,m? =n'o" 9., Vik" = n'o" g, I, K" =n'o" g, 1"y =

1y o 10 2m m
2” 0 Ggrrg a?“gtt 2 9r r r2

From the induced metric on the two-sphere at spatial infinity follows that \/|h(2)| = r?sin ;
therefore the energy of the Schwarzschild black hole is

1 2 ™ ™
M = lim / dgp/ dQTQSinﬂnzzm/ dfsinf =m .
4 0 T 2 0

Note that this integral is equal to m for each two-sphere of radius r > 2m: all the energy
is enclosed within the event horizon and the parameter m is interpreted as the mass of the
black hole.

2.3 Energy and charge of Reissner-Nordstrom black hole

The Reissner-Nordstrom black hole is an exact solution of Einstein-Maxwell equations rep-
resenting a non-rotating and electrically charged black hole. The metric is given by (1.4
setting a = p = 0; thus we find

2 2 2 2\ !

ds* = — (1 ey q2> dt* + <1 ey q2> dr® +12d6? + r?sin® 0dp? ,  (2.18)
r r r r

with the four-vector electromagnetic potential

A= [%,0,0,0] : (2.19)

Let X be the usual spacelike hypersurface of constant ¢ and 0% its boundary, that is a
surface of constant r. In the same way of Schwarzschild black hole, the unit normal vectors

to 0% are
9 2\ —1/2 9 o\ 1/2
= (-2 0) T o= (1m0 0) g
rooor rooor
Starting from ({2.6)), consider the following term
Fw — t TR, — t 9. A, = i
nuoy =no' Fy=-no'0 A= 75.

Therefore we find that the charge is

1 2 ™ 5 . q q ™ )

Q=—-—— de ddrsinf = = —= df sinf = —q .
47 J, /0 r2 2 /0

The minus sign in front of ¢ is due to the fact that we considered the vector potential of

a negative charge of modulus q. Anyway, note that the metric remains unchanged by the

transformation ¢ — —g since it depends on ¢?: there will be no difference in considering a
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charge q or —q.
In order to find the energy, same steps to those seen in the previous section are made

1 1 2
n,o, Vim" = —intargrrgrrargtt =2 <m - q) )

2w 2 ) 2
_hm/ d0/ dor? 51n9<m q>:lim <m—q):m.
r—oo &7 r—00 r

Note that the Komar integral is not equal for each sphere outside the horizon because of
the term ¢/r. As we will clarify in section the parameter m is the total energy of the
spacetime, but it does not coincide with the mass of the black hole.

2.4 Energy and angular momentum of Kerr black hole

The Kerr solution describes a rotating, non-charged, black hole. In Boyer-Lindquist coor-
dinates the metric is given by (|1.4) setting ¢ = p = 0. We do not rewrite the metric as it
would remain identical to (1.4)), except for the metric function A, that now is

A =7r% = 2mr + a?

In the same coordinates the metric can be written in the so-called canonical form

ds® = —N2dt® + ~ (dp — Qdt)? + %drz +=do? (2.20)
where
AE
N2:ﬁ’ R2 = (r2+a2)2—a2Asin29,
2mar R%sin%60
Q= , Y=
R? =

Let’s now turn our attention to the calculation of energy. The Kerr metric is not diagonal
because of the presence of the term g, so the unit normal vector n to the spacelike hy-
persurface X of constant ¢ will generally be a linear combination of the two basis vectors
Or and O,: n = ad; + BO,. By imposing the orthogonality with the basis tangent vectors
{0,09,0,} to ¥, we find the relation 3 = Qa. Finally, asking for n? = —1 since it is
timelike, the unit normal vector takes the form

n=N"1(0+Q09,) .

The boundary 0% of ¥ is a surface of constant r; since the induced metric on ¥ is diagonal,
the unit normal vector to 0% and tangent to X is

Starting from (2.15)), noting that \/|h(2)| = Rsin 6 and that
n,o, VimY” =nto"g,,V,mPf = nto” g, Vym" + n¥o" g Vom'

the energy is given by

1 27 T
M = 4/ dcp/ df sin 0 [R (ntUTgm«Vtkr +n‘PUTgTTV¢kT)} , (2.21)
T Jo 0
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where ( 9 9 9 )
1 mA (r* — a* — cos“ 0
Vik" =T",, = _§gwgttn" = =3 )
1 A
V k" = I”"w = —ig”"gt%r = % sin? 6 (a2 cos? ) — 7"2) .

We have not written the limit » — oo in because the result would be the same on
each sphere outside the horizon. However we can solve the integral only in the limit » — oo;
in this case we can develop in series of 1/r the term in square brackets in . By the
following asymptotic behaviors

AN?”Q’ ENT‘2, NN]., Q ~ RNTQ,
3,
.2
m am sin® 0
', ~—, ", ~——--—.
tt r2 typ 72
the term in square brackets takes the form
1
m+ O <> )
,
so the energy is
m 2 ™
E=— dgo/ df sinf =m .
47T 0 0

As in Schwarzschild, the parameter m coincides with the mass of the black hole.
Similarly for the angular momentum, starting from (2.16[), we can write

1 2 s
J = ~%n dgp/ df sin 6 [R (ntarngtm?" + n%’“ngwm’“)} , (2.22)
0 0
where
Vtmr = Frt(p s
1 Asin? 6 25in% 0
Vem" =T",, = _igrrgcpcp,r = —SITH [7" - % (7“2 — a*cos? 0)

Using the above asymptotic behaviors together with the following

T 2
Iy, ~—rsin”6,

the term in square brackets in (2.22)) takes the form
. 9 1
—3masin“0+ 0| -] ,
r

so the angular momentum is

2 g
J_Sma/ dgp/ df sin® 6 = ma .
0 0

87

Therefore the parameter a in ([1.4)) is the ratio between angular momentum and energy of
the black hole.
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2.5 Energy and angular momentum decomposition

Mass and angular momentum are defined respectively by and in a coordinate-
independent manner. For a black hole solution, the hypersurface ¥ of constant ¢ as two
boundaries: a two-sphere at spatial infinity and the black hole horizon. Therefore, by Stokes’
theorem , for a timelike Killing vector field k

1 1 1
—— | RFEVdY, = — VHEEY d¥,, — — ¢ VHFEYdE,, . 2.23
4 /Z v I A N 12 A1 \%_] I ( )
Then we can write the Komar energy as the sum of two contributions
M = Mgs + My (2.24)
where . .
Mg = - / RE K dS, = —2 / Lo )k ds, (2.25)
47 b » 2
is the energy contribution of spacetime outside the black hole due to external sources, while
— 1
My = j{ VHEY dX,, (2.26)
T JH

is the horizon contribution. The energy-momentum tensor can be decomposed into a mate-
rial part, indicated by a suffix M and an electromagnetic part, indicate by a suffix E, that
is

THV = TM“I/ —+—T‘E‘u

v )

where the electromagnetic part is given by (1.2). Consequently Mgg is divided into two
terms: an external contribution of material sources M,

1
My = —2/ (TM”V — 25“I,TM) kY d>, (2.27)
s
and an external contribution Mg due to an electromagnetic field
Mp = —2/ZTE“V K S, | (2.28)

where we used that the electromagnetic energy-momentum tensor has null trace. Similarly
for the angular momentum

J=Jas+ Ju (2.29)
where
Jgszl/R“m”dZ :/ T —15“T mYdY,, =
87T . 12 1% . v 2 v 1%
1
_ / <TM“V —6”VTM> m? dS, + / T," m” ds, (2.30)
¥ 2 5
JM JE
and )
Jy = —7{ VEmY dS,, . (2.31)
871' H

We will deal with solutions of the vacuum Einstein-Maxwell equations, where T),"" =
0; so the external material contributions Mj; and Jp; vanish and the Komar integral’s
decomposition becomes .

M= Mg+ Mg, (2.32)
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J=Ju+Jg. (2.33)

We now use this decomposition to calculate the energy contribution of the black hole and
that of the external spacetime for the Reissner-Nordstrom solution. The horizon contribu-
tion My is identical to the Komar integral, except that the integration surface is not at
spatial infinity, but at » = rg. Therefore, performing the same steps as those in section [2.3]

we find ) ) )
1 2 ™ s
fvuk”dzwz(zm—q>/ desma/ dp=m— L .
H 8 rg 0 0 rg

Let’s now calculate the electromagnetic contribution Mg: since ¥ is the spacelike hyper-
surface of constant t, the index p of the volume element in must be equal to t (this
is clear from formula ([1.29))). Moreover, the timelike Killing vector fields has components
k¥ = 67, so the only component of the energy-momentum tensor that contributes in the
integral is

1

Tt — —
8

1
FtTFtr — 7gttgr7' (87"At)2 )

1 t 1 t t
R R

Consequently the electromagnetic contribution becomes
2 T 2 Iy 2
ME:q/ d9sin0/ dcp/ e
471' 0 0 rH T r—00 r

The two contributions add up to M = m.

In conclusion the total energy of the Reissner-Nordstrom black hole is the sum of two
contributions: the energy of the black hole and the energy due to the presence of a non-null
electromagnetic energy-momentum tensor. So there is a contribution of the outer space
outside the black hole. For this reason the Komar integral is not the same on every two-
sphere outside the horizon, as happens in the Schwarzschild case, and the parameter m is
not the mass of the black hole.

x 2

TH

2.6 Dual Komar integrals: magnetic and NUT charges

Komar charges can be written in a more compact form using forms. Let’s consider the
energy as an example: we can define a 1-form k associated to the timelike Killing vector
field k of components ]%u = guwk”. We can then construct a 2-form by taking its exterior
derivative. The Komar mass is then given by the surface integral over the Hodge

dual of dk )
M=——¢ xdk. (2.34)
87'(' Yoo
In fact, since the 2-form dk has components (d];:),w = 2V ,k,, its Hodge dual reduces to
expression ([2.15) when restricted to the surface.

Similarly for the electric charge we can write

1
Q:Mfzw*p, (2.35)

where F' is the 2-form constructed from the Faraday tensor.
We can now define the magnetic charge through the dual of the electric charge

1 1 1
P=__ F=_— F,, dz" Adz¥ = ——— o g dS,, . 2.36
47rf{oo ) S T ST (2.36)
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These three expressions are equivalent to each other. In particular the second one shows
that the magnetic charge can be calculated without introducing the metric, which gives
local information about spacetime: the magnetic charge describes actually a topological
characteristics of the solution, in fact it is associated with Dirac Stringsﬂ Quite the opposite,
the computation of the electric charge depends on the metric, in fact it is not a topological
characteristic of the solution.

In section [5.1] we will define the NUT charge: such a charge is interpreted as a sort of
magnetic mass. Therefore, similarly to the magnetic charge, we can define the NUT charge
as the dual of the Komar mass

1 - 1 1

M=-—¢ di=—-— ky dzt A da? = —— wob  kgdSu, . (237
s Yoo 8 Yoo Vﬂ v v 167 EOOE v ’ g ( )

Note that these charges are also conserved; however they are not linked to any symmetry.
We computed the values of P and M for the Reissner-Nordstrém-NUT spacetime, whose
metric can be found from by setting a = 0 and adding the NUT charge, which will
be defined in section The computation of returns the parameter p up to a sign,
which depends on the choice of the vector potential but does not affect the metric. The
computation of returns the NUT parameter n.

The dual Komar integrals P and M are standard formulas employed for the computation
of the magnetic charge and the NUT charge respectively. In section [6.2] we will present two
alternative approaches for the computation of the Smarr formula which make use of these
definitions.

lwe will talk about Dirac strings in section



Chapter 3

Rod Structure

We already said that the coupled vacuum Maxwell-Einstein equations simplify considerably
for stationary and axisymmetric solutions. We now focus our attention on this particular
class of solutions, analyzing their general structure. This chapter, together with the next,
will be very useful in finding an elegant way to calculate the conserved charges in presence
of line singularities [[]

3.1 Stationary and axisymmetric solutions

Consider a four-dimensional manifold M with two commuting and linearly independent
Killing vector fields £;), @ = 1,2, where one of the two Killing vector fields is timelike for the
stationary condition, while the other one is spacelike and it is related to the axisymmetry
of the spacetime. The following results can be extended to the case of a d-dimensional
manifold with d — 2 commuting and linearly independent Killing vector fields, where d — 3
spacelike Killing vector fields gives the so-called axisymmetry of the spacetime.

We can find coordinates z*, i = 1,2 such that

0
S0 = B -

Under certain conditions that we assume to be verified E], the two planes orthogonal to
the two Killing vector fields are integrable: this means that for any given point of the
spacetime there is a two-dimensional submanifold that includes this point and have the
property that its two-dimensional tangent space is orthogonal to all of the Killing vector
fields. By choosing coordinates on one of these two-dimensional submanifolds and dragging
them along the integral curves of the two Killing vector fields, we obtain two coordinates
y!' and y? such that the vector % are orthogonal everywhere to all the Killing vector fields
for all j = 1,2. Basically the metric can be divided into two blocks.

Through changes of the coordinates y', y?, the metric can be written in the form

ds® = Guda®da® + €*7 (dp® + d2?) (3.1)
where the coordinate p is related to the matrix G' of components G, via
p=+/|detG]| . (3.2)

The latter relations is a consequence of the vacuum Maxwell-Einstein equations. Clearly all
the metric functions v and g, with a,b = 1,2, are functions of (p, z).

'the references for this chapter are [7] and [8].
2for more detail see Theorem 2.1 in [7].

21
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Since the coordinate p satisfies (3.5]), the G matrix is always invertible when p # 0, while for
p = 0 we see that detG(0, z) = 0. Therefore the eigenvalues of G(0, z) include the eigenvalue
zero for a given z and

dim [ker(G(0,2))] > 1
In order to avoid curvature singularities on the axis a necessary condition is that
dim [ker(G(0,2))] =1

except for isolated values of z. In fact having two zero eigenvalues in a an interval [z, 23]
leads to the divergence of the curvature invariant R, ,, R**° for a given z in that interval:
therefore we get a curvature singularity.

Naming the isolated z-values z1, ...., zn, the z-axis splits up into NV + 1 intervals [—oo, 21],
[21, 22], ooy [2N—1, 2N], 27, 00] called rods.

Consider now a specific rod [z, z,+1]: the vector v, € R2 such that

Gap(0,2)v2 =0 for z € [z, Znt1] (3.3)

is called direction of the rod [z, zp+1]-

The rod structure of a solution is the specification of the rod intervals [z, z,4+1] with the
corresponding direction v,,.

Note that the direction of a rod is a linear combination of the two Killing vector fields &;
and therefore it defines a Killing vector field of the spacetime. In particular the Killing
vector field v, vanishes along the associated rod: the rod will be a Killing horizon for the
corresponding direction.

In order to characterize the rods, consider the limit where p goes to zero. Since we can
always make a constant coordinate transformation of the coordinates ¢ such that G1; = 0
for i =1,2 and z € [z, 2n+1] EL to leading order, we can write

oo [:l:a(z)pQ 0

1
R

where the signs in front of the two matrix elements are not correlated, while the exponent
of p is determined by the condition (3.5)). In this new coordinates the direction of the rod
[21, 2n+1] becomes the two-dimensional vector v, = (1,0), and its norm goes to zero as p?,
in fact

} forp— 0

v2 = Gl ~ ta(z)p? forp — 0

Therefore, since from Einstein equations it follows that €2 ~ c%a(z) for p — 0 where c is
a positive number, the quantity p~2e~27v2 has a finite limit on the polar axis and will be
constant along the corresponding rod. If this quantity is negative, positive or zero for p — 0
we say the rod is respectively timelike, spacelike or null: we will consider only timelike
and spacelike rods. Finite timelike rods correspond to horizons, while the semi-infinite ones
correspond to acceleration horizons; finite spacelike rods potentially correspond to conical
singularities.

For the horizon rod we can calculate the associated surface gravity, since a rod is a Killing
horizon. In particular, starting from and using the constrain , we find

1/2

kg = lim (—p_Qe_QVGabvjzgvi’q> (3.4)
p—0

where vy is the horizon rod direction.

We can define a surface gravity for each rod through a similar formula, since they are Killing

horizons; however, surface gravity assumes a physically relevant role only for the black hole

horizon.

3for more details see theorem 3.1 in [7]
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3.2 Rod structure of the Kerr black hole

Let us now give an example of how to determine the rod structure of a solution starting
from a metric, not necessarily in Weyl coordinates. Consider the Kerr metric that in Boyer-
Lindquist coordinates is given by setting ¢ = p = 0. To find the matrix G it is not
necessary to be in Weyl coordinates: it is simply a 2 x 2 matrix of components G117 = gy,
G12 = G21 = g1y and G2z = gy From det G = —A sin? @ we find the coordinate

p=VAsing (3.5)

while the z coordinate, which can be determined in such a way that the metric fits into the

ansatz (3.1)), is given by
z=(r—m)cosf (3.6)

Using this, we can in principle write the Kerr metric in the canonical form (3.1)); however,
it is useful to write the Kerr metric in the prolate spherical coordinates by using (A.5)). In
this coordinates the components of the matrix G becomes

(ox +m)* — 2m (o + m) + ay?

G =—
H (o 4+ m)? + a2y?
Gy — _ 2am (1—9?) (oz+m) G
(o +m)* + a2y?
G2 _ ,02
Gooy = 12
22 o

To find the rod structure of such a metric, we search the isolated z-values for which the
kernel of G has dimension greater than one are easily find. In fact, since G is a 2 matrix, we
must have dim (ker(G(0, z))) = 2 for this points: G must therefore be the null matrix. This
happens only when x =1 and y =1 or x = 1 and y = —1, that from corresponds to
z==0 and p=0.

Consequently there are two semi-infinite rods [—oo, —o] and [0, 00] and one finite rod

L 2

y=1, ZL‘E[l,OO]

z=1,ye[-1,1]

y=—1, x € [00,1]

Figure 3.1: Rod structure for the Kerr metric

[—0,0]. For z € [-00, —0] and p = 0, from (A.6) we see that y = —1 and x = —z /0, while
for z € [0, 00] and p = 0 we have that y = 1 and = z/0. For z € [—0, 0] and p = 0 we have
that z = 1 and y = z/0. The z-axis is then divided into three zones in (x,y) coordinates,
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as shown in figure

For both the intervals of the semi-infinite rods we see that G12 = Gaoo = 0 while G711 # 0:
this means that the two rods have direction v = (0,1), so they are in the d, direction and
therefore spacelike.

For the finite rod: we search for the direction of components v = (v',v?) such that
> =12 Gijvj = 0, that gives two equivalent equations for i = 1,2. Without lost of general-

ity we can set v! = 1: it follows that v? = —G11/Gh2 evaluated in x = 1. It is easy to find
from the above expressions that
where

a a

QH rg =0-+m

- 2m(o +m) - r3 +a?’
is the angular velocity of the event horizon. Note that the direction v precisely is the null
Killing vector for the event horizon: in fact it is null along that rod. In other words, for a
Killing horizon the null Killing vector is the same as the direction of the timelike rod, as we
discussed before.



Chapter 4

Ernst Potentials

In this chapter E] we will define the Ernst potentials of a stationary and axisymmetric
solution to the coupled Einstein-Maxwell equations in vacuum. They are two complex
potentials for which the Einstein-Maxwell equations assume a very compact form in terms
of three dimensional differential operators.

As mentioned in the previous chapter, a stationary and axisymmetric spacetime has two
commuting Killing vectors k = J; and m = 0, associated with time translations and
rotations around the symmetry axis. The most generic solution for such a spacetime in
Weyl coordinates can be written, in the Lewis-Weyl-Papapetrou form, as

d32 — _f (dt _ CL)dQO)2 + ffl [627 (dp2 + dzz) + ,02d<,02} ) (41>

where the three metric functions f, w and + depends only on the non-Killing coordinates
(p, 2)-

We consider the following electromagnetic potential compatible with the spacetime symme-
tries

where the components A; and A, depends only on the coordinates (p, z).
In term of the metric (4.1)) the gravitational field equations (1.1]) becomes

v [,0_2 P20+ 4p 2 f A, (mo + NAt)} —0, (4.3)

FV2f = (6 f)2 _ 2y (%)2 Y [(m)Q Ly (6,4@ + wﬁAt)Q] L (44)
while the Maxwell field equations becomes

v [p_2 f (ﬁA@ n NAt)} —0, (4.5)

v [ FINA — p 2 fw (6A¢ + wﬁAtﬂ —0, (4.6)

where the differential operators V and V? are respectively the standard flat gradient and

Laplacian in cylindrical coordinates (p, z, ¢), given by (A.2) and (A.3).
Equation (4.5 suggests the definition of a magnetic scalar potential A, as

plf (6/1@ n wﬁAt) = o x VA, , (4.7)

'the references for this chapter are [5].

25



4. Ernst Potentials 26

such that the equation will be automatically satisfied for the integrability condition: in fact
equation (4.5 takes the form

—

v (p_lgbx ﬁA},) —0,

which using (A.4)) together with the fact that the functions do not depend on the coordinate
© is automatically verified because derivatives along different directions commute.
From the following vector calculus identity

Px(pxVA)=9(p VA,) = VA, (p-9) = -VA,,
equation (4.7) can be written as
VA, = =07 p x (VA, +wVA) | (4.8)
which is the standard definition for the scalar potential Alo.
Now it is advantageous to define the electromagnetic complex Ernst potential

®=A +iA,. (4.9)

Noting that V - (p~1 ¢ x AtﬁANSO) =-V-(p 1o x A~¢6At), equation (4.3) can be written
in the form

V- (p_2 + f2Vw +2p 'Im @6{))) =0, (4.10)
which suggest the definition of a new potential x as
2w — 20 x Im (ciﬁ@) — o x VA,, (4.11)

such that equation ([5.15)) is automatically satisfied for the integrability condition.
Again, from the above vector calculus identity follows that

Vy=p"1f2% x Vw — 2Im («iﬁ@) : (4.12)
which is the standard definition for the function y.
If we define the gravitational complex Ernst potential as
E=f—-—®P +iy, (4.13)
therefore it can be shown that equations and becomes respectively
(Re€ + |®|%) V2E = VE - (65 + 2@6@) : (4.14)

(Re€ + |®2) V2® = VD - (65 + 2@6@) . (4.15)

Note that in all the equations written up to now the metric function v(p, z) does not appear:
it is completely decoupled from the other functions, as seen in the previous chapter. Once
we know the Ernst potentials, v(p, z) fully determined by an integral.

A minus sign may appear in the definition of the two functions A}, and y depending on the
ordering of the three spatial coordinates. In our discussion we will use the ordering (p, z, ).
Once this ordering has been set, the equations and can be rewritten in a more
explicit form by noting that for a generic function h(p, z)

(% Vh(p.2)) = gep0eh(p.z) = ~0:h(p.2)

(2% Vh(p2)) = Eppadph(p.2) = Dph(p. )



4. Ernst Potentials 27

Then introducing the two-dimensional Levi-Civita symbol, we obtain
Ay = p~ " fei (0;A, + wdjAr) (4.16)
8,‘)( = —p‘lszijajw +2 <A~¢82‘At — Aﬁ,;A},) , (4.17)

where 4, j label the coordinates p, z, with 2! = p and 2% = 2.

Given a particular metric, the Ernst potentials £ and ® can be calculated not necessarily
in Weyl coordinates. In fact, the definitions of the functions A}, and y, respectively
and , depend on the flat gradient operator in cylindrical coordinates, so, if the metric
is in a different coordinate system from that of Weyl, we simply modify the differential
operators for the three dimensional flat space in the new coordinate system. Let’s make
an example: consider the metric of the dyonic Kerr-Newman black hole. The metric
is expressed in Boyer-Lindquist coordinates {t, 7,0, ¢}, but the metric functions f and w
can be found anyway: this is the first step necessary to calculate the Ernst potentials.
First of all, we note that the transformation from the Boyer-Lindquist coordinates to the
Weyl coordinates does not involve the coordinates associated with the Killing vector fields,
therefore the metric block associated with the ¢, ¢ coordinates remains unchanged. Thus
the function f is simply given by f = —gs. Then we find

A(r) —a?sin?6 1 ¢ +p*—2mr

0) = = —_— . 4.18
f(r,9) E(r,0) r2 + a2 cos? 6 (4.18)
The function w can be found by requiring that fw = gs,. Then we get
1a2 0 2 2 2
w(r, §) = —asn 0l & p” = 2mr) (4.19)

r2 4+ a2cos? 0+ q2 + p? — 2mr

Starting from the component g, of the metric we can find the transformation for the Weyl
coordinate p by requiring that p? = f 9o + f?w?. From this condition we get

p=+/A(r)sing ,

which is the same relation find out in from the condition . From this relation
together with we can find the metric in Weyl coordinates. However, it is easier to find
the Ernst potentials using the coordinate r and y := cos. What we need to know now is
the divergence operator in the flat space of coordinates {r,y, p}. In order to do this, it is
convenient to write the metric in the following way

ds? = —f (dt = wdp)® + f~H {2 [(r = m)? = 2] (% + 125 ) + (1 - ) Adg? } |
(4.20)
where the metric function v can be determined by requiring that

et [(7‘ —m)? - 02y2] ==
from this we get

r2 —2mr + q2 +p2 +a2y2
2 )

27(ry)

(r—m)? —o%

Using (A.12)) and (A.5)), it is easy to find that the above metric fit the ansatz (4.1]). Therefore
the gradient operator in the flat space (r,y, ¢) becomes

= 1 . oh oh
Vh(r,y) = \/(r S P—— <7“ VA(T) a + U1 —y? 6y> . (4.21)
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where we omitted the ¢ component since the metric functions do not depend on that
coordinate.

We can now calculate the Ernst potentials: starting from with 7 we find the
following equations for the three components

oA, = ( (0y Ay + wdyAy)
oy A, = fyg (8, A, + Wb, Ay) (4.22)
Oy A
From the first equation we arrive at
_ 2_ 2,9 _
9,4, = P Py +2aqry sz_aqerpr _ (4.23)

(r2 + a2y2)2 r2 + a2y?

Therefore the electromagnetic Ernst potential, using (|1.5)), becomes

q—1p

P = — .
r+ay

(4.24)

Note that, using only the first equation in , the Ernst potential could also have a second
contribution that depends only on y: we see that this contribution is zero by integrating the
second equation in . Eventually integration constants can be absorbed by rescaling
the coordinates.

Similar steps lead to the gravitational Ernst potential: starting from , we find the
following equations

Orx = = 20y + 2 (A0, Ay — 40,4, ) |
Oy = om0 +2 (4,0, - A0, A, ) (4.25)
31490)( =0.

From the first equation we arrive at

dmrazx 2amy
X (12 + a2y?)? X = a2y (4.26)

Knowing the electromagnetic Ernst potential and the function f, we can write

2m

E=1- (4.27)

r+iay
The same previous observations on any additional contributions can be made.
The Ernst potentials for other metrics obtained by canceling some parameter in (1.4) can
be calculated in a similar manner to that shown now, or by canceling the same parameters

v (L20) and (12D,



Chapter 5

Komar charges in presence of line
singularities

In this chapter we show a method for calculating the conserved charges in the presence of
line singularities. The latter can be described as string-like defects on the symmetry axis in
the case of stationary and axisymmetric spacetimes. In Weyl coordinates, both black holes
and defects can be described as rods located on the axis, so that conserved charges can be
expressed only by integral on a cylinder surrounding that rod. Then, introducing the Ernst
potentials, we find and expression involving only the potentials evaluated in the so-called
isolated z-values plus a term whose presence will be discussed.

This method is subsequently applied first to the same cases considered in chapter 2 and
then to black holes with Dirac and Misner strings, analyzing the contribution of the latter
to the conserved charges.

5.1 Line singularities

In the following we will deal with two different types of line singularities: the Dirac string
and the Misner string, respectively related to the magnetic charge and the NUT (Newman-
Unti-Tamburino) charge. Another line singularity is the cosmic string, related to angular
defects. We now show how Dirac and Misner strings emerge from the corresponding charge.

The magnetic charge can be thought as the end of a line of dipoles as shown in figure[5.1
This fictitious line of dipoles that stretches off to infinity is the so-called Dirac string. The
Dirac string is the only way to incorporate magnetic monopoles into Maxwell’s equations.
In fact the vector potential of the magnetic monopole has a curl that is directed radially

B

Figure 5.1: Magnetic monopole p and the Dirac string

outward for all points except on the string, generating a non null flux p. On the string itself
the vector potential is singular: this singular behavior is equivalent to an intense magnetic

29
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field inside the string that brings a return contribution to the flux (-p) to cancel the pole’s
outward flow. Another important feature is that the string is not a physical observable,
it is just a theoretical artifact; in fact its location is arbitrary: a choice of different string
positions is equivalent to different choices of gauge for the vector potential. Consequently,
the string can be moved to other locations but can never be removed.

Therefore the Dirac string emerges when there is a discontinuity in the vector potential.
Consider for example the Reissner-Nordstrom black hole with magnetic charge p: the elec-
tromagnetic four-potential is given by , setting a = 0. Thus it becomes

A= [%,0,0,pCOSQ} .

For the vector potential to be well defined the boundary conditions must be

Acp‘a:o =0,

(5.1)
AAQZW =0.

In our case the ¢ component of the vector potential does not satisfy these conditions, since
Aw‘ 9—o = P and ASO‘ g—o = —p: thus there would be two symmetrically distributed Dirac
strings on the z-axis. But taking advantage of the gauge invariance of the vector potential,
we can consider the component A, = pcos @ + by, where by is a constant gauge parameter;
then the boundary conditions become

Aip’gzo :p+b0 )
A‘p‘QZW = _p+b0 :

Therefore we can choose a value for by in order to eliminate one Dirac string. In presence
of the magnetic charge, however, it is never possible to eliminate the Dirac string.
Consider now the NUT charge. If a metric of the type (4.1)) is such that asymptotically

w~ —2ncosf ,

then the solution describes an object with NUT charge n. We discuss the meaning of this
new charge, for which there is no Newtonian analog, by considering the simplest vacuum
solution with this charge: the Taub-NUT solution, whose metric is

ds? = —f(r) (dt + 2n cos 0dp)? + f(r)dr? + (r* +n?) (d6” + sin® 0dy?) | (5.2)

where

A r2 — 2mr — n?

f) =7z = 72 + n?
This spacetime has some peculiar properties. The first concerns the interpretation of the
parameter n: in the Newtonian limit we know that the diagonal components of the metric
are related to the gravitostatic Newtonian potential; however, the Taub-NUT solution has
non diagonal non-vanishing components in this limit; these off-diagonal components g¢; can
be related to a gravitomagnetic potential A, whose only non vanishing component is

(5.3)

Ay =2ncos .

This is essentially the electromagnetic field of a magnetic monopole of charge proportional
to n. Thus the NUT parameter n is interpreted as a sort of magnetic mass. Note that
this is a possible interpretation of the NUT charge related to the introduction of a fictitious
potential in the Newtonian limit.

The metric is not asymptotically flat because the off-diagonal components g;, does not
vanish at infinity. Moreover, the metric is perfectly regular at r = 0: it does not have
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curvature singularities; however, for # = 0 and @ = 7 the metric is no more invertible, since
g = det(gu) = 0. These points are not coordinate singularity as for the Schwarzschild
black hole: it is precisely the metric function w that has a singular behavior, since it takes
different values on the symmetry axis passing from the south pole axis to the north pole
axis. This behavior is the same that happens for the electromagnetic potential in the case
of the Dirac string. The solution has then line singularities at § = 0 and 8 = =, called
Misner strings. Similarly to the magnetic potential, we can introduce a constant s such
that asymptotically
Grp ~ 2n(cosf +s) .

This parameter allow us to eliminate one of the two Misner strings: if s = n there is only
one Misner string n the north pole axis (cos@ = 1), while the south pole axis (cosf = —1)
is perfectly regular; the choice s = —n corresponds to the opposite situation. Therefore
the parameter s regulates the distribution of both Misner strings and, as we will later see,
regulates also their strength: thus changing the value of s corresponds to a physical trans-
formation of the system.

Misner proposed a way to remove these singularities and make the metric regular everywhere
by introducing a time periodical identification condition; however, the metric becomes phys-
ically problematic due to the presence of closed timelike curves and this led him to declare
the NUT parameter as nonphysical. In the last few years, it has been noted that such a
spacetime is less physically problematic if the Misner strings are left. In fact, the Misner
strings are transparent to geodesics, making the spacetime geodesically complete E| : this
feature arises from purely geometric considerations. Moreover, the condition |s/n| < 1 guar-
antees the absence of closed timelike and null geodesics, preserving the principle of causality.
This raised a possibility that the NUT charge may actually be relevant for astrophysics: al-
ready in 1997 astrophysicists probed the possibility of detecting the NUT parameter by
microlensing.

Therefore we will study solutions with NUT charge without removing the line singularities.
The NUT parameter introduces also angular defects. In fact, consider a small circle around
the symmetry axis, assuming fixed ¢ and r: if the ratio between the circumference and the
radius of the circle in the limit § — 0 or § — = is different from 27 then the axis has
a conical singularity. The string associated to this line singularity is called cosmic string.
In order to avoid such a singularity we can introduce a parameter C' in the range of the
angular coordinate @, such that ¢ € [0, 27C') and set it so that the ratio is equal to 2. The
invariant length of the circumference of the circle is

2wC
C= /0 \/ |90l d (5.4)

%
R = [ VIl db . (5.5)
0

while its radius is

Therefore we have to calculate

: 2
fy Crcumference - 27C /lgoel (5.6)
6—0,m radius 0—0,m \/m

From the metric (5.2)) we find

2 An2A
lim ”Cwsm?e— n cos2 4| .

0—0,7 =2

—
—

a spacetime is said to be geodesically complete if every geodesic is complete, that is, if the geodesic has
affine parameter A, the definition domain of that parameter can be extended to —oco < A < 00
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This limit is divergent in both cases since the term cos in the circumference does not
approach zero for § — 0, 7. Consequently both north and south pole axes has a divergent
angular defect for any value of the constant C', that we will keep equal to one so that the
angular coordinate ¢ has the "standard" range [0, 27).

In order to check this result, we can make the same calculations in Weyl coordinates, where
the above ratio is given by

; f 2rC
iy Sircumberence 270 v lgiel 67
p—0 radius P=0 p\/|9pp]

In this coordinate system we have to distinguish the two cases:

e North pole axis: z > o
Starting from (A.16]) and (A.17) for p — 0 to leading order we find

4n?(0? — 2%) 22+ 0% +2mz

__ O (p2 2 7 AL 06 .

9 24 02+ 2mz +0 (o) 9pp 2 _ 2 +0 (p°)
Therefore the quantity (5.7)) is divergent because of the presence of p in the denomi-
nator.

e South pole axis: z < —0o
Starting from (A.16]) and (A.17) for p — 0 to leading order we find

4n?(0? — 2%) 22+ 0% —2mz

9oo =iz 1OV = O

Also in this case the quantity (5.7) is divergent.

— 0

Finally the NUT charge carries both Misner and cosmic strings. In section [5.5.3| we will
see that the NUT charge causes the presence of a Dirac string also in the case p = 0.

When line singularities are present, apart from the standard boundary on the event
horizon and the two-sphere at spatial infinity, there are two small cylinders surrounding
the strings, as shown in figure In both cases the line singularities are located on the

Horizon

&t

Figure 5.2: Boundaries in presence of line singularities

north or south pole, that is, on the z-axis in Weyl coordinates. In particular they are in
correspondence of the spacelike semi-infinite rods, for a rod structure like the one shown in
section [3.2] So the semi-infinite spacelike rods account for defects.
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5.2 Komar charges decomposition for the rod structure

Consider a stationary and axisymmetric spacetime, where the two Killing vector fields & = 0,
and m = 0,. The total energy, angular momentum and charge of the spacetime are given
by an integral over a two-sphere at spatial infinity respectively by equations ,
and .

In presence of line singularities, the spacetime is bounded by the two-sphere at spatial
infinity Yo and by cylinders ¥,, around each rod in Weyl coordinates. Therefore using the
decomposition presented in section the Komar energy can be written as a sum of an
electromagnetic contribution and a rod contributions

1
M=S"_— YIRS, + Mg 5.8
;4” znv w + ME (58)

where Mg is given by . Note that the integral over the cylinders surrounding the rods
reduces to (2.26)) in absence of line singularities because the only rod that contributes to the
conserved charges is the horizon rod; the two semi-infinite spacelike rod becomes important
only in presence of line singularities. This decomposition can also be done in coordinates
other than those of Weyl, by suitably varying the integration surfaces around the horizon
and the defects; the Weyl coordinates are suitable since all event horizons and defects are
represented by rods on the axis p = 0.

Let ¥ be the spacelike hypersurface of constant ¢, then by it is clear that necessarily
pw=tin . Therefore, denoting the electromagnetic energy-momentum tensor T with
T, the electromagnetic contribution to the energy is

Mg =2 [ VT, ey == [ VT, & (5.9)

Because of the ansatz (4.2]) the only non vanishing components of the field strength tensor
F,, are Fy, F;,, where i labels other coordinates different from the ones associated to the
two Killing vector fields, which are ¢, . Therefore from (|1.2)) follows that

Tt — 8% (FitFit _ Fz’gon) .
Replacing it in the previous equation we have
Mg = —ﬁ /E Vgl (FuF™ — Fi, F?) dPy =
= —ﬁ /E V0gl [(0:A) F™ — (9;Ap)F*] d®y .

The Maxwell equations are given by : for v =t and v = ¢ we can write respectively

o (VIglF") =0,

0; (\/@FW’) =0,
so that the electromagnetic contribution becomes

Mp = —i /E 0, [\/m (A, Fit - ASDFW)} dy . (5.10)

We can now think of the quantity that multiplies the square root of the determinant of the
metric as the ¢ component of a completely antisymmetric tensor field X”#; for the latter
holds:

1
VXV = maﬂ (\/EX”M) . (5.11)
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Consequently (5.10]) can be written as

Mo = =g [Vl Ve (Vdx®) dty =~ [ 90 (x")a

We can now use the Stokes’ theorem (|1.37]): pay attention that the indices present in the
two sides of the equation, as saturated indices, are not correlated. The boundary 9% of
Y. is the union of the two-sphere at spatial infinity and the small cylinders around the
rods; its surface element, since ¥ is the hypersurface of constant ¢, has only non vanishing
components dS; = dSy; = —dS;;. Taking into account that the conventional orientation of
the surface element is different from the one that 0¥ inherits from 3, we find
/ ViXHdS, = ¢ X"dS; = f{ X'ds; — Z X'ds; .
ox oo 3

Replacing the tensor X, we can write the magnetic contribution as a sum over rod contri-
butions

1 ) .
Mp=Y" o f (AF™ — ALF™) dS; (5.12)

where we have implicitly assumed that

1

- (AF™" — A F'#)dS; = 0. (5.13)

However, this condition is not always satisfied. On one hand, it depends on the properties of
the electric and magnetic fields, which fall off at infinity as 1/r2 for the solutions considered
in this work. On the other hand, it depends on the Gauge choice of the four-vector potential
because of the presence of both A; and A,. We will discuss in more detail the contribution
of such a term in section Therefore, when condition is not satisfied, the result
should also include a surface integral at infinity.

Returning to , the first term can be rewritten only as a function of the metric compo-
nents. In fact

A A
VVEH = g" ' Vak! = g"'TH, |
because the Killing vector k has constant components, so that their partial derivative is

equal to zero, and the only one non vanishing is the ¢ component. The contraction with the
surface element gives

. . 1 .. 1 .
gu)\rlt)\t dEW — gwrtjtdzti + gtarzat dzit — <lejgtaajgta + 5gtagzj ajgm) dzti —
. 1
= g”gtaajgta d¥; = 59 gtaajgta ds; ,

where in the last step we used the relation ; the index a labels only the coordinates
t, .

Note that we are not necessarily in Weyl coordinates: the results obtained so far are valid
for any solution whose metric is a block matrix, that is g,; = 0.

Therefore, if the assumption is valid, the total energy of the spacetime can be de-
composed as a sum on rod contributions

1 tj ta i i
M = ;SJE” 979" i91a + 2 (A F™ — A F)] dS; (5.14)

where the first term may be viewed as the gravitational contribution to the source mass,
and the second term as the electromagnetic contribution. it is remarkable that even the
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bulk contribution, that is Mg (the contribution of all the spacetime outside the rods), can
be expressed in terms of the data on the axis.

Similarly, the total angular momentum can be written as a sum of a rod contributions
and an electromagnetic contribution

1 14
J:Z—gﬂf VEmYdS,, + Jg (5.15)

where Jg is reported in . Following similar steps to those made for Mg, the electro-
magnetic contribution Jg can be transformed into a sum of rod integrals. In fact in ,
for the same previous reasons, necessarily u = t, then, since the Killing vector field m as
components m” = 4., the only term that contributes to the bulk integral is

1 .
T, = EFW,F” :

Consequently the electromagnetic contribution becomes
Jp = 1/ B A F Py = 1/ 0; (\/lglA F”) &Py = 2—17{ A Fds;
4 ) v 47 ) ! s " 4 S s t

where we made the same steps illustrated for the energy contribution Mpg. The last step is

valid under the assumption
1

— A FdS; =0. 5.16
47T o Y ( )

The same observations previously exposed for ([5.13]) also apply to the latter assumption.
Returning to (5.15)), we can write the first term in function of the metric components in
the same way as seen for energy, with the only difference due to the different Killing vector.
From the contraction of the covariant derivative with the surface element we obtain
g 1 ..
QVAF“A@dEuV — gljgtaajgwadzi — Eg”gtaajgapadsi )
Therefore, the angular momentum is decomposed into a sum of rod integrals

1 i i
~ 167 Jy,

Even the electric charge can be decomposed into a sum of the fluxes through the cylinders
Yn. In fact, by Stokes theorem (1.37)

1 1 1
— F¥dy,, = — JF*dS E — F¥day ., , 5.18
4W?{Ew K 47r/2v wt - 4777271 ® ( )

but V,F* = 0 for the Maxwell equations in vacuum, so the first integral in the second
member is equal to zero; from the fact that the only two non-null components of the surface
element are d¥;; = —d¥;; = dS;/2 and using the antisymmetry of the Faraday tensor, the

charge becomes
1 4
=> — ¢ Flds;. 1
Q i j{ ) S, (5.19)
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5.3 Komar charges in terms of Ernst potentials

Consider now the Lewis-Weyl-Papapetrou metric in (4.1): in matrix form, the metric and
its inverse, obtained through the cofactors matrix, are given by

—f fw 0 0
w “1p2 — fu? 0 0
g/U/ = fO f P 0 f f—leQ'y O 9 (520)
0 0 0 fle?
—f Y p2fw? p2fw 0 0
v 2 fw —2f 0 0
g = - o fen o | (5.21)
0 0 0 fe

Recall the definition of the complex Ernst potentials defined by (4.16]) and (4.17) in Weyl
coordinates. Since Y, is a cylindrical surface characterized by constant ¢ and p = 0, the
index ¢ in the energy formula must be equal to p (this is clear from the formula
(1.34)). Therefore the rod gravitational contribution to the energy is

1

MY = —
" 8 0

o ot i ¢
dsﬁ/ dz+/|g| g"" (9 Opgtt + g @apgtcp) )
Zn
where from the above matrix is obvious to find

2y
pe
Vigl=—F = Vlglg”" =p.
f

Integrating over the cyclic coordinate ¢, since no function depends on this coordinate, we
get

1 Zn+1
My = 4 / dzp [(p72 10 = [71) 0p(=F) + 072 fP0pf + p72 frwBpw] =
1 1 1 142
:4/ dz (,of Opf +p fwﬁpw):
1 Zn+1 - - 1 Zn+1
-+ / dzw |Oox +2 (A Ay - A,0.4,) | + I / dzpfo,f

where in the last step we used the definition of x = Im&. We will see that the term
in the second integral vanishes in the limit p — 0 when the black hole is rotating. So we
will keep that term in order to include all the possible cases.

The rod electromagnetic contribution to the energy is

1

27 Zn+1

Mf = ; d(p/ dz+/lg]| (AtFpt — A@F”‘p) =
1 Zn+1

=3 / dz+/g| g’* (gttAtapAt + gwAt(?pAw + g¥¥PAL0,A, + g“”tAgo@pAt) .

By the inverse of the matrix metric (5.21]) we obtain

1 Zn+1
ME = / dz [p71f (9pAp + wBpA)) (WA, — Ay) — p~Lf A0, 4] =
1 " Zn+1 - 1 Zn+1 1
= —5 /Z dz (wAt — ASO) 3ZASD — 5 /Z dz Pf AtapAt y
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where in the last step we used the definition of /fgp = Im®. Also in this case the
second integral vanishes in the limit p — 0 only when the black hole is rotating. Now, it is
important to note that the metric function w takes a constant value wy, along each rod (this
is a consequence of the constancy of the rod directional vectors on each rod), and the same
for the angular velocity along a rod €,, = 1/w,, and for the corotating electric potential

D, = —Aulh| = —A — WA, . (5.22)
Equally constant on each rod is the quantity
—wp®, = A, +wA; . (5.23)

We can therefore add to the above integral the null quantity A},@z(—Aw —wA;) in order to
get

) 1 Zn+1 - - - 1 Zn+1 1
Mn = —2/ dz {w(AtazAw — Ag,@ZAt) — 6Z(A4PA@)] — 2/ dz /)f AtapAt .

Adding the two gravitational and electromagnetic contributions we find

1 Zn+1
M, = MS + M¥P = 1 / dz [wd,ImE + 20,(A,Im®)] + M* |
where
1 Zn+1
M* = 4/ dzpf1 (Opf —2A40,A;) . (5.24)

Using again the constancy of w along each rod, the rod contribution to the total energy

becomes
Wn,

4
The term M* is necessary to include the non-rotating case, in which w = 0.
Similarly for the angular momentum, starting from (5.17)), the rod gravitational contribu-
tion, after the integration over ¢, is

1
M, = ="“Im&| + §(A¢Im¢’)‘j:“ + M* . (5.25)

Zn

1 Zn+1
Ty =—3 / dz /19 9”7 (9" 0pgt + 9 0pgpp) =
Zn

Zn+1
= —/ dz (2w — pOpw — 2pf_1w8pf - p_1f2w28pw) =

= ~3 /Z:n+1 dz {Zw (1 — pf_lapf) — w? [@X +2 (AtazAN«J - AsoazAt)] } )

where the second addend of the integral vanishes in the limit p — 0 for rotating black holes.
The rod electromagnetic contribution is

1 Zn+1
JE = -5 / dz\/|g9] Ay (9°°9'0,As)

Zn+1 1 Zn+1
= —/ dz Apwp ™ f (0,A, + wd,Ar) + 3 / dzpf 1 AL0,A; =

/ " (A +0A) 0.4, — w (40,4, — A,0.4) +0. (A,4,)] +

1 Zn+1 _1
2/ dzpf A 0,A; ,
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where in the last step we added the null term A,0, (A, +wA;) because of the constancy on
each rod of . The second integral term is null for p — 0 in the case of rotating black
holes.

The total rod contribution to the spacetime angular momentum becomes

1 Zn+1
=3 / dzw[=2 + wO:ImE + 20, (A Im®) + 2 (Ap + wA;) 0. Im®] + J* ,
where
1 Zn+1
J = 4/ dzpf~" (WO, f + 24,0,A1) . (5.26)

Using the constancy of w and (5.23) we find

Zn+1

JIn = % {_(Zn-l—l - Zn) + |:Wn <Ir;lg - ¢n1m¢)> + A‘le(I):|

} v (5.27)

Zn

Note that for semi-infinite rods, if w, # 0, the length term in the above formula will give
an infinite rod angular momentum, but we will see that this contribution cancels out with
that of the opposite rod for particular choices.

We can also express the charge in terms of the complex Ernst potentials: starting from

(5.19), we obtain
1 Zn+1
Qn:_2/ dz\/|g|Fpt:
Zn

1

Zn+1
=5 [ e 0, 4 w00 =

1 Zn+1 ~
= 2/ dzw0. A, ,
Zn

where in the last step we used the definition (4.16]). By the constancy of w on each rod we
get
Qn = %Im@f"“ (5.28)

Zn :

5.4 Schwarzschild, Reissner-Nordstrom and Kerr black holes

Now let’s quickly analyze the three simplest cases for which, in chapter [2], we have already
calculated the conserved charges by directly evaluating the Komar integral on a two-sphere
at spatial infinity. This section is important to better understand the role of the quantities
M* and J* introduced in the previous section.

Let’s start from the Schwarzschild black hole: the rod structure of this solution is the same
as that of the Kerr black hole seen in section Since we have no line singularities, the
only rod contribution is that of the horizon. First of all, we change the coordinate system,
passing from the Schwarzschild coordinates to the prolate spherical coordinates through
(A.12), where from follows that o = m since the parameters a, ¢ and p are set to zero.
In this coordinate system the metric takes the formE|

z—1 o m(z+1) , > 2 2 24,7, 2
- — 1)*(1 — : 2
$+1dt+ p— dx* + 1 dy” +m*(z+1)°(1 — y*)dy (5.29)

2
1
gs — m($+2)

2Note that m is an overall conformal factor if we define a new time coordinate t' = ¢/m, and can therefore
be removed from the metric
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The horizon rod corresponds to z = 1 and y € [—1, 1], therefore, starting from (5.14) and
integrating over the cyclic coordinate ¢, we find

1 (1 m (!
M = 4/ dy \/\g\gmg“@xgtt where /|g| = m3(:1c + 1)2 = M= 2/ dy=m .
1 -1

We can also calculate the contributions of the two semi-infinite spacelike rods (where y is
constant) and see that they are null since dyg;; = 0. Actually we have done nothing but
use the decomposition described in the section [2.5in order to rewrite the boundary integral
over the two-sphere at spatial infinity as a boundary integral over the event horizon; we just
used a different coordinate system. However this simple case is useful for understanding
the expression . In fact, the Ernst potential for the Schwarzschild solution is given by

(4.27) setting a = g = p = 0; thus we find

=1-== .
g g (5.30)

Consequently the first term in depending explicitly on Ernst potential is null since
the complex gravitational potential is real. The contribution to the energy of the spacetime
is therefore enclosed in M*; in particular it is due precisely to the term pf~1d,f, that is
nothing but the integrand in the above calculation in the prolate spherical coordinates. If
we want to see it explicitly in Weyl coordinates, starting from , we can write the metric
in the following way

ds? = —fdt* + f~1 [e* (dp? + dz?) + p*d?] | (5.31)

where
(m—+22+p2—m—2z

V(m—2)?+p2+m— 2z

This metric fits the ansatz (4.1) with w = 0. Then it is quite easy to find that

f(paz) =

P .
;%fapf—2 #0.

Then M* just gives the parameter m as a result.

Consider now the Reissner-Nordstrom black hole. The gravitational Ernst potential is
the same as the Schwarzschild black hole, while the electromagnetic one is given by
setting a = p = 0; thus we find

P = % = A, . (5.32)

Also in this case the contribution to energy is due only to the horizon and is totally contained
in M*, since the Ernst potential are real and the metric function w is zero. The term M*
has now two contributions since the electromagnetic four-potential is non null. We will not
illustrate the steps, but, writing the metric in prolate spherical coordinates through
, we find M = My = m: the subscript H means that it is the contribution of the
integral around the horizon rod. Note that it does not coincide with the black hole’s con-
tribution to energy, as there is also a volume contribution , due to the electromagnetic
energy-momentum tensor, which has been transformed as an integral around the horizon
rod. Therefore My contains both the contribution of the black hole, due to the first term
in and that of outer spacetime, due to the second term in .

Finally, we consider the Kerr black hole: the gravitational Ernst potential is given by

(4.27)), setting ¢ = p = 0; thus we find

2 2
Fot 2 e 2
r+ iay r2 + a2y?

(5.33)
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In this case the total energy of the spacetime is only given by the first term in . The
metric function w for the Kerr metric is given by , setting to zero the electric and
magnetic charges; we simply rewrite it in prolate spherical coordinates through and
evaluate it on the horizon, that is x = 1. Then we get

2m(c +m) '

wWH = w‘x:l = a

The Ernst potential dependent term remains unchanged in prolate spherical coordinates:
we just have to evaluate it in the y interval corresponding to z € [—0o, o). Therefore, using
that r?{ +a? = 2mry, the total energy is

ma

T om(o +m) -

_ _ WH y=1 _
M =My = - Imé| 7" =w
Why the contribution M™* is null for the Kerr solution? Let’s write that contribution in
(z,y) coordinates for the horizon rod; the integrand becomes

Viglg™ 7'0uf .
——
o(x? —1)

From here we see that the first term goes to zero for x — 1, while, from (4.18]) (always
setting ¢ = p = 0), the metric function f and its derivative have no singular behaviors for
x = 1. Therefore this term is null when & = 1. This happens because for rotating black
holes the horizons occur when A(r) = 0, while the function f is non null on the horizons;
for non-rotating black holes, the zeroes of A coincide with the same values for which f =0
(in fact they are the same function), so on the horizon the term contained in M* does not
go to zero. The same remarks apply to the term J* in .

5.5 Rotating black holes

We now turn our attention on rotating black holes. As noted in the previous section,
formulas (5.25)) and ([5.27)) respectively takes the more elegant form

e s 1 .
Mo = e[ 4 5(4,m) e
and
. I Zn+1
Jn = WZ {(ZnJrl - Zn) + |:Wn (I;g - (bnlmq)> + A‘leq)] } ’ (535)
Zn

Using (5.28)), we can rewrite the rod contribution to the angular momentum as

J, = % (-Z”“Q_Z" T M, — @nQn> . (5.36)
This formula is applicable both to timelike rods and spacelike ones.
Consider now a finite timelike rod, which describes a horizon, and suppose it matches the
interval [z1, 2z2]. We need now to know the entropy and the temperature of a black hole,
in order to write the Smarr formula, that is a formula which relates the conserved charges
with other quantities evaluated at the horizon. The black hole entropy is usually known as
the Bekenstein-Hawking entropy and it is given by Sy = Ap/4, where Ap is the horizon

area
A :/ h®)| d*w . 5.37
H H\/\ | (5.37)
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In Weyl coordinates the horizon is reduced to a rod of length Ly = 2o — 21 on the z-axis.
However, the horizon still has an area, that is given by

27 29
AH—/ dgo/ dz \/|922900| = 2m e |wh|Lg .
0 z1

The black hole temperature is given by the Hawking temperature Ty = kg /27, where ki
is the surface gravity of the horizon defined in . In section we see that in Weyl
coordinates for the ansatz the surface gravity reduces to . We can therefore cal-
culate the surface gravity starting from the latter equation for the Lewis-Weyl-Papapetrou
metric. Note that the ansatz is a little different from : to find the correct results
we have to made the transformation ™27 — e 27f in . Therefore we get

e_’y

RH — ‘WH| .

Consequently we have
ki A _ Ln
8w 4

Then, from the latter equation, using (5.36|) and recalling that Qg = 1/wg, it follows that
for the horizon rod

TySy =

(5.38)

My =2TySyg +2QJyg + PyQpy (5.39)

that is the usual Smarr formula: it does not contain information on the Dirac and Misner
strings, associated with the magnetic charge and the NUT charge.

The global Smarr formula will in principle have additional terms due to the strings. We
now discuss some examples of spacetimes with line singularities.

5.5.1 Dyonic Kerr-Newman black hole

Consider the dyonic Kerr-Newman black hole: the metric in Boyer-Lindquist coordinates is
given by (1.4]). The electromagnetic fields for this solution are given by ([1.5)). In particular,
observe that the ¢ component of the four-potential can be written as

A, =pcos — asin® 0A; + by , (5.40)

where by is a constant related to the distribution of the two Dirac strings.

First of all, note that the two assumptions and are satisfied only for by = 0. In
fact, since the integral is over a two-sphere at spatial infinity, the index ¢ in both equations
is equal to r. By the following asymptotic behaviors

1 1 1
At—q+(’)(2>, Aw—pcosﬁ—i—bo—i-(’)(), Fﬁ——%+o<3),
T T T T T

1 1 in? 0 1
g“"=1+0<>, gtt:—l—i-(?(), szws’gljuo(g),
T T T T
gthf_,_@ 1 QWZ#-FO 1 Vgl = r?sind + O (r)
r r2 )’ r2sin? @ r3 )’ ’

we find that the two integral terms in ([5.13]) are asymptotically

2 1
AF™ = g'g" T Ay + gwgrrAtFw - %3 +0O <4> )

AT — qa(pcos49 + bo) Lo (1) .
r
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Therefore they fall off at infinity more quickly than 1/72, so the condition for the mass is
satisfied. The situation is different for the angular momentum: in this case, the term in

(5.16)) behaves asymptotically as

A@FTt — q(pCOSH‘i‘bO) + O <1> )

) 3

Therefore we find
1 Tt q " :
— ALF"dE, = = df sinO(pcosf + by) = gby .
47T Yoo 2 0

Then condition is valid for dyons provided the constant by is set to zero. Then from
now on we will consider by = 0.

In order to calculated the conserved charge through the rod contributions, it is easier to
work in prolate spherical coordinates. Through , the metric takes the form

ds? = —f (dt = wdg)” + 71 [0 (a2 = o?) (455 + 12 ) +0%e?| . (D)
where
= f? )
f*:U2(x2—1)—a2(1_y2) ,
E = (ox +m)® +a%y?, (5.42)
627 — L
o2 (2 — 12)
__a(l=y*)@2m(oz+m) —¢* —p°

f*
The Ernst potentials of this metric are given by (4.27) and (4.24). The z axis is divided into
three rods: the semi-infinite rods + and — represent the Dirac strings, which in principle
may contribute to the mass, the angular momentum and the charge of the spacetime, while
the finite rod represents the event horizon.
First of all, consider the horizon rod, where x = 1. On this rod we find
r%{ + a?

WH = Wg=1 = >

where 7 = m + o. From (5.34)), using (4.26]) and (4.23)), the total horizon mass is

2
_wH =1 1 Faw=l . pTH
M= Syt AN == (5.43)

where the first term is the same calculation to the one of the Kerr black hole without electric
and magnetic charges; the second term, since on the horizon A, = py, the only non null
contribution in the product with Ala comes from the even part in y of the latter, that is
pri/(r% + a*y?). Note that the horizon energy My is different from the parameter m,
because of the presence of a term related to the magnetic charge: we will soon see the
reason for this difference.

From , it follows that the horizon charge is

Qo =-—q. (5.44)
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For the horizon angular momentum, from (5.35)) we find

L
Jy = %I <2H + My — (I)HQH) ; (5.45)
where i
by =-A;—Qgld, = ——— . 5.46
H t HAyp ’I”%{ + CL2 ( )

Note that the horizon angular momentum satisfy Jg = ma. In fact, from the previous
results, recalling that Ly = o is the length of the horizon rod, we find
(rip +a®)(m — o) — (P> + ¢*)ru

Jg = g =am.

The rotational parameter a is therefore the angular momentum per unit mass.

Consider now the semi-infinite spacelike rods S4 and S_, where y = 1 and y = —1 respec-
tively. Since wi = 0, there is no contribution of the strings to the angular momentum and
to the electric charge: Ji = 0 and @+ = 0. The only non null string contribution is to the
energy of the spacetime. In fact, from using that wy = 0, we find

1 ~

Ve = 3 (AAs) sy

Using (T5) and (£.23), we get

_ plpry + aq)

My =" 5
2(ry; +a?)

We thus discovered that the Dirac strings are heavy: they give a non-zero contribution to

the total mass of the dyonic Kerr-Newman black hole. The sum of the two string masses is

(5.47)

2
pPrH
M, +M_ = .
+t 2+ a?
Consequently the total energy becomes
M=My+M +M_=m. (5.48)

Starting from the horizon Smarr formula (5.39) and using (5.43)), where m is equal to the
total energy, we find the following global Smarr formula

2
prg

MZQTHSH—FQQHJ‘F(I)HQ"’_ﬁ?
Ty t+a

(5.49)

The last additional term can be interpreted as the product of the magnetic charge P = —p
computed through (2.36)) with a horizon magnetic potential ®y defined by replacing ¢ with

p in the electric potential ([5.46))

= pra

Oy i=———. 5.50
" r2 + a? (5:50)

Therefore the global Smarr formula takes the form
M = 2Ty Sy +205J + ®5Q + Py P, (5.51)

This final result show us that, taking the string contributions into account, the Smarr rela-
tion for the total mass includes a magnetic term.
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Although both assumptions and are Gauge dependent, the global Smarr for-
mula is not affected by the addition of a constant term in A; or A,. In fact if we keep a
general constant b in A, then it is no longer true that Jy = J because of the contribution
from , indeed we get Jy = J — qbg, where J = am. The co-rotating electric potential
in the Smarr formula is evaluated at the horizon but relative to infinity, that is

Oy — — (Auf“\,«:m - A#§“|T:m) . (5.52)

Similar results can be found for the Gauge transformation A; — A; 4+ ¢o, where ¢g is a
constant. In this case the condition is no more satisfied. Moreover the imaginary
part of the gravitational Ernst potential £ will be modified by an additional term —QCO/LP:
this is clear starting from . Anyhow the global Smarr formula is restored.

5.5.2 Kerr-NUT
The Kerr-NUT spacetime is nothing but Kerr solution in presence of a NUT charge n. The

metric in Boyer-Lindquist coordinates is given by
sin’ 0

—
—

ds? = (adt — Prdyp)* | (5.53)

A dr?
—= (dt+ Pydy)® + 2 <£ + d02> +

where
Py =2ncosf + 2s — asin® 6 ,
P.=r’+a®>+n?®—2as,

ZE=P +aPy=r’+(n+acosh)?

A=7r2—2mr+ad®—n?,

where s is the same parameter introduced in section [5.1]

First of all, we note that unless s = 0 the total angular momentum is divergent. In fact,
starting from the Komar integral , we can rewrite it as a function of the metric
components and their derivatives, through steps similar to those seen in section [5.2l Then
we find

1 Gy
J = _1677'(' - g”g “@gwadijti . (554)
Remember that the index a labels the coordinates ¢ and ¢, while the remaining coordinates,
that in this case are r and 6, are labelled by 4,j. Since the integral is over a two-sphere
at spatial infinity, the index 7 in the above equation must necessarily be equal to 7, so the
total angular momentum becomes

1

J=——
167 Yoo

V109l 9" (6" 0r gt + 9% 0r9p,) dOdep . (5.55)
By writing the metric (5.53) in matrix form, the inverse metric can be found by taking
the inverse of the matrix metric through the cofactor matrix. By the following asymptotic
behaviors

1
Vgl = r?sinf + O (r), g”zl—l—(’)<>,

r

2(ncosf + s 1 )
gt‘p = 7¥ + O <r3) ;o OrGpp = 2Tsm29+0(1),

r2sin? @
the second term in the integral (5.55)) becomes

™

lim = [ df sinf2(ncosf + s) = lim sr.
T—00 0 r—00
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Therefore this contribution to the total angular momentum is divergent unless s = 0. The
physical angular momentum J can be then finite only for this choice of the parameter s,
which corresponds to a symmetrical Misner string configuration.

Henceforward we assume s = 0. It is useful to work in prolate spherical coordinates (x,y)

instead of the Boyer-Lindquist coordinates. Through (A.12)), the metric (5.53) can be
written in the form (5.41)), where the metric functions have the same form as those in

(5.42)), except for
2= (oz +m)* + (ay +n)* ,
2nyo? (2% — 1) + 2a(1 — y*)(moz + m? + n?)
fr '
Of course also the constant o is different from that in (1.7). In this case its value is

c=vm2+4+n2—a2.

Since the Kerr-NUT is a solution of the vacuum Einstein equations, we consider only the
gravitational Ernst potential, which in the presence of a NUT charge is given by

_ox—m+i(ay —n)
Cox+m+i(ay+n)

(5.56)

It can be calculated in a similar way as shown in chapter [} or it can be directly obtained
from the gravitational Ernst potential for the dyonic Kerr-Newman metric through
the transformation m — m + in. From the above equation it is easy to find the imaginary
part of the complex potential

2(may — nox)
(oz+m)?+ (ay +n)?

X = Ime = (5.57)
Even in the presence of a NUT charge, the rod structure is the same as that presented in
section [3.2] for the Kerr metric.

Consider the horizon rod, which corresponds to z = 1 and y € [—1, 1]. From (5.34)) it follows
that

WH \y=+1 _ WH
My = TX z:_l = T (X+ - X—) ) (558)
where y4 = X‘x:Ly:l and y_ = X‘x:l,y:—l' From (5.57) we getﬂ
MH:awH:m(a+m)+n2:m+n72:J (5.59)
2TH rH T ’ .

where in the last step we used

mry +n% oo +m)
= =0.
TH TH

For the horizon angular momentum, from ({5.35)) it is immediate to find

_I 2 _ 2
gy = O (Zhi gy ) Zwn mlokm) dnt molotm) | dwn e s 6
2 2 TH 2ry

2

In a similar way we can calculate the contributions of the two semi-infinite spacelike rods

St and S_, where y = 1 and y = —1 respectively. Using (5.34)) and together with ([5.57)),
we obtain the following results

_Wr e we o n(a—n)
My = =5 lm y[] = —=Fxy = e (5.61)

3 we remind the reader to appendix section for more explicit calculations
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_w- 1 w— __n(a+n)
M_ = 1 zh_)ngoxlm— TX-= e (5.62)

where wy = F 2n, while in the last steps we have used

(c4+m)?+(n+ a)ﬂ (£an —n?) = 2n (£ma — no) (o +m) .

For the string angular momentum, starting from (|5.35)), we find

—L
Jr=2E (2 ) (5.63)
2 2
The total string contribution to energy can be written as
_ n?
My+M_ =—(Xx++x_)=——=m—o0, (5.64)
4 TH

where in the last step we used: n? = ry (20 — ry).
Note that the parameter m, as usual, is the total energy of the spacetime; in fact H

M=Myg+M;+M =m. (5.65)

Therefore m does not coincide with the mass of the black hole: the energy of spacetime
does not come only from its horizon, but there is a contribution from the Misner strings.
Like Dirac strings, Misner strings are heavy and in addition they also contribute to the
angular momentum through . Note that the contribution of one string to the angular
momentum is divergent, since L1 = R — ¢ with R — oo, that is the length of the rod is
infinite. However, for our symmetrical choice s = 0 the sum of the string angular momentum
is finite, because Ly = L_ e wy = —w_, in fact

CLTLZ

Jr+J_=-nM—-M_)= = a(My+M_).
H

Therefore the total angular momentum is the sum over the three rod contributions
J=Jdg+Jy+J-=aMpg+a(My+M_)=aM . (5.66)

The parameter a, as usual, is the ratio between the total angular momentum and the total
energy of spacetime. Since the sum of string angular momenta is finite, it is convenient to
define a reduced string angular momentum by

w+L4

j:t:J:t+ 1

(5.67)

This angular momentum can be considered as the finite part of the Misner string angular
momentum. Then we get

cm2

Jo+J =J +J=-n(My— M) = - =a(My+M).
H
Starting from ([5.63]) and using the above definition, the global Smarr relation for the Kerr-
NUT solution can be written as

M =2TySy +20uJg +2Q,.J, +2Q_J . (5.68)

Therefore appear two contribution related to the angular momentum contributions of the
two strings J+ and J_, while Q@ — + and Q_ are the interpreted as the string angular
velocities.
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5.5.3 Dyonic Kerr-Newman-NUT

We now consider the previous metric with both electric and magnetic charge. The metric
in prolate spherical coordinates is the same as that in (5.41)), where the metric functions
have the same form as those in (5.42)), except for

2= (cx+m)*+ (ay +n)? ,
2nyo?(z? — 1) + 2a(1 — y?) (moz + m? 4+ n? — €%/2)
fr ‘
Also the constant ¢ is different from that in (1.7). In this case its value is

w =

U:\/m2+n2—a2—q2—p2.

The electromagnetic four-vector potential for this solution fits the ansatz (4.2)), where the
non-null components are given by

q(ox +m) — p(ay + n)
(cx +m)2+ (ay +n)? "’
Ay =py+ 2ny —a(l — y*)] A, .

t =

Note that we have set s = 0 and by = 0, so that both Misner and Dirac strings are
symmetrically distributed.
The gravitational Ernst potential is the same as that in the previous section, given by (5.56)),
while its imaginary part is reported in (5.57). The electromagnetic Ernst potential is given
by .
—1
P = i . (5.69)
ox +m+i(ay+n)

It can be directly obtained from the complex potential (4.24]) for the dyonic Kerr-Newman
black hole through the transformation m — m + in; its imaginary part is

y q(ay +n) + p(ox + m)
A, =Imd = — . .
e = (cx +m)? + (ay + n)? (5:70)

Consider the horizon rod ﬁ Starting from (5.34)), (5.35)) and ([5.28]), we obtain the following

results for energy, charge and angular momentum

v22(m? + n?) (o +m) — me?)

My = vt — 4a’n? + (5.71)
(pe? > [Q(a +n)+pra  an—a)+pra '
+ = —ur 75— T 5
2 (V2 + 2an) (V2 — 2an)
2022y (mq — np) — qe?]
Qu=-— A Aa2n? , (5.72)
w

JHZTH(—U‘FMH_(I)HQH) ; (5.73)

where 12 = T%{ +n?+a® =2 (m2 +n4+om— 62/2) and p = pm+gn. The metric function
w evaluated on the horizon and the electric potential of the horizon are respectively
2(mo +m? +n?—e2/2) P

wg=w(zx=1) = - =— (5.74)

4In order to avoid being too heavy, all the calculations of this section are reported in appendix section
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pn—qryg
by=——-+. 5.75
o= -2 (5.75)
Consider now the string rods. We obtain the following results
n(ma F no) pe? g(nxa)+pry
M. — + Y ~ -7 -2 5.76
+ v2 £ 2an < 2 NTH) [ (V2 + Qan)2 ’ (5.76)
_ nlprg +q(n*a)
Qx = 7% %an , (5.77)
w L
Jr = f <—2jE + My — (I)j:Qﬁ:> ; (5.78)
where
wi = F2n, (5.79)
p
b =—. 5.80
7 o ( )

As noted in the previous section, the string contribution to the angular momentum is diver-
gent: the same remarks as before con be made. Defining the reduced angular momentum
as in (5.67]), we see that all these contributions satisfy the following global Smarr relation

M = 2TySy 4+ 20uJy + 20, J, +2Q_J_ 4+ duQp +,.Q, +P_Q_ . (5.81)

Note that in the presence of both Dirac and Misner strings, in addition to a mass and
angular momentum contribution, there is also a charge contribution.



Chapter 6

Recent results following the
Clément-Gal’tsov approach

In the previous chapter we have seen how to calculate the conserved charges in presence
of line singularities: that method was proposed by Clément and Gal'tsov in [12] and, a
few months later, was heavily criticized by Garcia-Compean, Manko and Ruiz in [I3]. In
this chapter we will comment the relevant aspects of criticism, showing how they can be
overcome. Finally, we will analyze the recent literature concerning the Smarr formula of
spacetimes with non-null NUT charge: in particular, we will quickly present two different

methods, looking for points of connection with Clément-Gal'tsov approach.

6.1

In order to better understand the extent of this criticism, we report below some extracts of

Criticisms of Clément-Gal’tsov approach

the paper [I3][[] First of all, the abstract reads

We comment on physical inconsistences of the Clément-Gal’tsov approach to
Smarr’s mass formula in the presence of magnetic charge. We also point out
that the results of Clément and Gal’tsov involving the NUT parameter are essen-
tially based on the known study (dating back to 2006) of the Demidnski-Newman
solutions which was not cited by them.

We immediately see that the criticism concerns only solutions with Dirac strings.

We now report the beginning of the article, where we can see the authors are strongly

convinced of the unphysical features of the Clément-Gal’tsov approach

In the paper [11), Clément and Gal’tsov considered the mass and angular mo-
mentum distributions in the dyonic Kerr-Newman (KN) black-hole spacetime to
get the results different from those earlier obtained for this spacetime in [19].
The preprint [19] was later published under a slightly different title [20] better
reflecting the topic of the special issue of Classical and Quantum Gravity on black
holes and electromagnetic fields, and the paper [11] was not mentioned there be-
cause the physical inconsistences in the formulas (4.8) and (4.14) of [11] were so
glaring, that we hoped Clément and Gal’tsov would be able to detect these them-
selves. However, it appears that the aforementioned authors were pretty sure
about the correctness of their results because in the recent paper [12] they have
extended their approach further to the solutions with the NUT parameter, hinting
in passing that the title change of the preprint [19] might have had something

Lin the following quotes, references and notation have been slightly modified to fit the notation of our

work.
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to do with the critical tone of their previous work [11]. Therefore, we now feel
ourselves obliged to respond the Clément and Gal’tsov’s critique, and in what
follows we will comment on the physical inconsistences of the papers [11l], [12].

Let us now focus on the criticized physical aspects. The first problem presented is the
following

the model proposed and advocated by Clément and Gal’tsov as alternative to the
usual interpretation of M (the mass fully confined inside the central body) has
several frankly unphysical features. First, the semi-infinite strings introduced
in [11] have different masses My, which apparently contradicts the equatorial
symmetry of the dyonic KN solution [...| requiring My = M_.

First of all, note that M is not the mass of the central body as the articles states, but it is
the total energy of the spacetime, given by the Komar integral . In section we see
that, even in a well-known solution such as the Reissner-Nordstrém black hole, M is the
black hole mass added to the external spacetime contribution, related to the electromagnetic
energy-momentum tensor. It is true that both contributions can be written as integrals over
the event horizon, such as in (5.14) where the only contribution comes from the horizon
rod, however it coincides with the black hole mass only in the absence of both electric and
magnetic charge.

With regard to the equatorial symmetry, we say that a solution is equatorially symmetric
when all the metric fields and the Faraday tensor are even function under the transformation

z— -2z,

. (6.1)

In other words h(p, z) = h(p, —z) for any function that characterizes the solution.
In spherical coordinates the above transformation is equivalent to

0—m—0,
(6.2)
r—r.

Consider now the dyonic Kerr-Newman black hole: the metric ([1.4]) is equatorially sym-
metric; on the other hand the Faraday tensor constructed from (1.5)) breaks this symmetry
because of the presence of the magnetic charge: for example

FQ@(T, 9) 75 Fgw(r, ™ — 9) .

Therefore the whole solutions, which includes also the electromagnetic fields, has no equa-
torial symmetry. Consequently the difference between M, and M_ does not contradict any
symmetry.

Then the article continues in this way

Moreover, it is easy to see that for small values of the magnetic charge p the
masses My and M_ of the two strings can even take opposite signs, which in-
troduces undesirable negative masses into a well-behaved solution.

This observation is correct: in fact, without lost of generality, we can assume the parameters
a, g and p to be positive, therefore the rod contribution of the south pole axis to the energy
M_ in is negative if

plc+m) < aq. (6.3)

In particular, always exist values of the parameters m,a, q and p such that both (1.8)) and
(6.3]) are satisfied. The presence of a negative contribution to the energy can be attributed
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to the fact that the string interact with the black hole by pushing it away (in this case
the string is called strut, that can be viewed as an anti-gravitational object). This is more
evident for the NUTty spacetimes, where the total string contribution given by the sum
of My and M_ is negative, while for the dyonic Kerr-Newman black hole the total string
contribution is positive. In any case, it is important that all rod contributions give a total
positive energy and this is always verified.

We also note that we are not dealing with a well-behaved solution due to the presence of
Dirac strings.

Proceeding in the article we find

Mention also that the parameter a in the Clément-Gal’tsov treatment does not
represent the total angular momentum per unit mass calculated on the hori-
zon because the parts S+ of the symmetry axis have zero angular momenta and
nonzero masses, thus contradicting Carter’s interpretation [14] of the dyonic KN
solution.

However, exactly on the first page of [I4] the rotational parameter a is defined as

J

M
where M and J, according to what Carter writes, are respectively the asymptotically defined
mass and angular momentum, that is they are respectively defined by the Komar integrals
(2.15) and (2.16). In section we show that the relation holds for the dyonic
Kerr-Newman black hole since Jg = J and m = M, therefore we are therefore consistent

with the Carter’s definition of the rotational parameter. Note that the above ratio reduces
to

a =

(6.4)

- My
only in the absence of line singularities, where Jy and My have also contributions from the
elctromagnetic energy-momentum tensor.
The last criticized aspect is the following

a (6.5)

At the first try, the appearance of the additional term in the mass integral (3.11)
of [11)] leading to the above (1)E| could be attributed to the clearly erroneous equa-
tions (3.2) of defining the magnetic scalar potential A},. At the same time, even
if the calculations of Clément and Gal’tsov are somehow correct, the presence
of the term involving the product Awffw, A, being the magnetic component of
the electromagnetic 4-potential, must not really produce any effect on the usual
physical interpretation of the dyonic KN solution because there are arguments
in favor of vanishing of such a term. Indeed, [...] in the case of a magnetic
monopole the potential A, can be made equal to zero on S+ if one treats the
Dirac string as a "gauge artifact”, which allows for choosing an appropriate
value of the integration constant by in the expression of A on each part of the
symmetry axis. Then the potential A, of the dyonic KN solution [...] will take
zero value on Sy (y = 1) after choosing by = p, while on the lower part of the
symmetry axis S— (y = —1) the potential A, vanishes at by = p. Consequently,
in this case both My and M_ also become zeros, which is consistent with the reg-
ularity of the metric on S+. Obviously, this approach is equivalent to calculating
Mgy (and My too) by means of the usual Tomimatsu’s mass integral.

Here the real difference between the Clément-Gal’tsov approach and the Tomimatsu ap-
proach, that is the one used by Manko, comes to light. The Clément-Gal’tsov approach is

2the equation (1) of [I3] summarize the rod energies (5.43) and (5.47))
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nothing but the reformulation of the Tomimatsu approach in terms of the rod structure. In
[11] Clément and Gal’tsov, in order to resolve the problem when the Tomimatsu formulas
were applied to multi-dyons (it was observed that the resulting values for the black hole
parameters failed to obey the standard Smarr relation, but obeyed a generalized Smarr rela-
tion with both electric and magnetic contributions), showed a new derivation for Tomimatsu
formulas, since Tomimatsu gave very little details of his calculations. This derivation has
been presented in terms of the rod structure in the previous chapter: comparing our results
with the Tomimatsu formulas in [21], we find out that Tomimatsu have the second term in
(5.34) missing.

In the above text Garcia-Compean, Manko and Ruiz states that the missing term vanishes if
we choose two different values for the constant by on each part of the symmetry axis. How-
ever, this solution is absurd since we cannot simultaneously choose two different integration
constant for the same component of the four-vector electromagnetic potential.

6.2 Alternative approaches to thermodynamics of NUTty space-
times

6.2.1 Wu-Wu method

In [I5] Shuang-Qing Wu and Di Wu propose a systematic way to find the global Smarr
formula of spacetimes that contain a nonzero NUT charge, starting from a Christodoulou-
Ruffini-type squared-mass formula. The latter formula is a relation between the square of
the energy of spacetime, the entropy of the black hole and the other conserved charges, that
are charge and angular momentum. Such a formula is very convenient since the first law
of black hole thermodynamic can be simply deduced via differentiating that formula with
respect to all of its thermodynamic variables, and then the Smarr formula can be easily
verified. For example for the Kerr-Newman (p = 0) black hole the Christodoulou-Ruffini-
type squared-mass formula was found to be

2 2
L ) 9 wJ
M =19 <7T+Q> —i——S . (6.6)

However, it is necessary to know the conserved charges for spacetimes with a non-null NUT
charge in order to write such a formula. Instead of the usual conserved charges related
to the symmetries of the specific spacetime, they consider three conserved charges for the
Taub-NUT spacetime:

e Komar energy M defined by the standard integral at infinity :2.15 : the authors report
from other papers the result M = m, in accordance with (5.65)) [°, Wu and Wu reports
also the result for the horizon mass: My = ry — m, in accordance with ({5.59)).

e Gravitomagnetic mass N or dual mass M: the gravitomagnetic mass is calculated
from a NUT-potential introduced so that the Einstein equations may be obtained
from a three-dimensional Lagrangian density, while the dual mass takes the
Hodge dual of the Komar mass definition. These two quantities give the same result
for spacetime with a zero cosmological constant; in particular they are both identical
to the NUT charge n. However, neither of these two charges is associated with a
symmetry of spacetime, which was our starting point for defining conserved charges.

e Angular momentum J, = mn. This is a conjecture of the two authors: they suppose
that, similarly to the angular J = ma of the Kerr spacetime, an analogous angular

3 Although reference is made to the results of the Kerr-NUT spacetime, the same results hold for the
Taub-NUT spacetime for a =0
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momentum con be defined by substituting the rotational parameter ¢ with the NUT
charge n. Even though they states that there are a lot of reasons to support such an
idea, it remains a pure hypothesis.

Starting from these conserved charges they arrive to the following square-mass formula

g — 2N2)? 2
(o = 2N%)" | T3

M2 — In_
Aoty o’

(6.7)
where o7 is the reduced horizon area: o/ = Ap/(4m). The hypothetical angular mo-
mentum .J, appears in the Christodoulou-Ruffini-type squared-mass formula for NUTty
spacetime in an analogous way to how the standard angular momentum J appears in the

corresponding formula for the Kerr-Newman black hole.
We can view (6.7)) as an implicit function M = M (<, Jp, N) and then write the first law

AM = gdm{ + OpdJy + bpdN

where

:27 = —_— = — .
W=l CH= g VH =gy

It’s then possible to find the Smarr formula
M = koty +20gJd, + YN .

The same approach is applied to the Kerr-Newman-NUT spacetime: the conserved charges,
for this spacetime in addition to the previous ones, are the angular momentum J = am and
the electric charge @ = g. The squared-mass formula takes the form

M? = (MH_QNQ_QQ)Q + Ju+ T (6.8)
- Aoty gy '

As in the previous case, by defining

8%}[7 Wa OJI"I:@) wH:aW7

it is immediate to write the first law
AM = gd@fH + QudJ + opdd, + YrdN + ®5dQ
and subsequently deduce the Smarr formula
M = kg +2Q5J + 20, + YN + ®uQ .

We finally note that the NUT charge shows both rotation-like and electromagnetic charge-
like characteristics; similar results were found in the previous chapter, although charge
characteristic emerges only in presence of an electric or magnetic charge.

6.2.2 Bordo-Gray-Kubizndk method

In [16] Bordo, Gray and Kubiziidk propose two different first laws for rotating spacetimes
with nonzero NUT charge. We now briefly summarize their method.

As we have seen in section each rod of a general stationary and axisymmetric solution
is a Killing horizon, associated to the direction of the specific rod. Consider now the dyonic
Kerr-Newman-NUT spacetime; it admits three horizons: one is the event horizon of the black
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hole, generated by the Killing vector {i = 0; +£2y0,, while the others are located along the
spacelike rods (which account for strings), generated by the Killing vectors {1+ = 0y +Q+0,,.
Since we are dealing with Killing horizon, we can define a surface gravity of the strings: by
using the standard definition , we find

1
Ky =Ko = — . 6.9
+ 5 (6.9)
In principle, these surface gravities are a purely formal definition and do not necessarily
have the same physical interpretation of temperature, as happens for the horizon surface
gravity. Note that, up to a constant factor, they coincide with the angular velocities 21 of
the strings. Therefore they define what they call Misner potential in the following way

Ry 1
w_477_87m'

(6.10)

This potential is interpreted as the string temperature: however this interpretation is not
argued and seems not very clear at the moment. Furthermore there would be a significant
physical problem, since different parts of spacetime will have different temperatures; we also
expect the strings to be in contact with the event horizon, thus leading to a non-equilibrium
state. The authors generically call it Misner potential, since they know it could be also
interpreted as an angular velocity.

The first law, or equivalently the Smarr formula, can be written through the Euclidean
action. In order to do this, one can note that we can pass from a Lorentzian solution to
a Euclidean one through a Wick rotation. The latter consists in the introduction of an
imaginary time coordinate 7 = —it, where we have to identify 7 with period 27/kg to
make the metric regular on the horizon (one has also to Wick rotate the NUT parameter,
the rotational parameter, the electric charge and the magnetic charge so that both the
metric and the electromagnetic potential vector remain real). Such Euclidean metric can
be found from an Euclidean action. Starting from the Euclidean action, one can write
the corresponding free energy G = I3 = I /T, where I is the action and T is the Hawking
temperature (previously denoted by Ty). Therefore they find two different first laws: at first,
the free energy is viewed as an implicit function of Tr, v, Qpr, @, (it is the co-rotating electric
potential, identical to our ®f) and the horizon magnetic charge QZ: the latter has been
computed by evaluating at the event horizon. Then the thermodynamic quantities
are found by taking the derivative of the free energy with respect to the corresponding
variable. This first possibility leads to the Smarr formula

M = 2Ty Sy + 2017 + 20N + ¢.Qc + ¢mQ . (6.11)

The second possibility is to view to substitute the horizon magnetic charge with the asymp-
totic magnetic charge Q,, that is given by the dual of the electric charge expression (2.4)),
in the variables of the free energy.

M = 2Ty Sy + 2907 + 20N + ¢:QF + 6, Q. (6.12)

where J, N and ngm are different from J, N and ¢,, respectively.

In both cases the choice of variables seems to be postulated in such a way that the Smarr
formula will take a specific form. Besides, is not clear why we should take into account also
the horizon magnetic charge, or the asymptotic magnetic charge. Moreover, it seems that
this method requires to already know the conserved charges and the associated "potentials":
in fact the authors presented two different methods, suggesting an ambiguity in the choice
of the relevant quantities.

We also point out that there is an ambiguity in the Euclidean action for manifolds with
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boundary: one can add any boundary term without modifying the equations of motion.
However, such boundary terms will modify the conserved charges, since they modify the
expression of the free energy. The authors write the Euclidean action for a spacetime with
nonzero cosmological constant A and then, once the free energy G is written, they take the
limit A — 0. Furthermore they states that NUTty spacetimes have no conical singularity for
A = 0; however, in section we show that the NUT charge introduces angular defects in
the solution: the presence of divergent angular defect make us not sure if such an Euclidean
action may be written down.

Below there are two tables summarizing the resulting Smarr formula obtained through
the discussed method for the Taub-NUT spacetime and the Kerr-NUT spacetime.
Note that the product between x and & gives the same result of 275 Sy. Let’s briefly
analyze the Taub-NUT case: the Smarr formulas obtained one with the Clément-Gal’tsov
method and the other with the Wu-Wu method are very different from each other. The
comparison between them is quite complicated since the latter method start from the hy-
pothesis of validity of the Christodoulou-Ruffini-type squared-mass formula, from which
the first thermodynamic law is derived with a cascade effect, once the conserved charges
have been chosen. A point of greater comparison would be possible if we could write a
squared-mass formula from the Clément-Gal’tsov Smarr formula. With regarding to the
Bordo-Gray-Kubizndk method, it gives similar results to ours: this similarity in the Smarr
formulas was quite expected, since the only other thermodynamic quantity that appears in
the first law for this spacetime, besides mass and entropy, is the Misner potential, which is
proportional to the angular velocities of the strings.
Moreover, we point out that the Clément-Gal’tsov method is based on calculating the con-
served charges (mass, angular momentum and electric charge) separately: once the various
contributions have been calculated, starting from the horizon Smarr formula, a global Smarr
formula is then found. On the other hand, by using the other exhibited methods, once the
conserved charge have been chosen a Smarr formula will be automatically satisfied. This
makes the latter methods difficult to apply to spacetime for which no Smarr formula is
already known.
With regarding to the Kerr-NUT spacetime, first of all note that all the results can be
written in a slightly different form by using that

% 4 a® +n? = 2(mryg +n?) .

For the Wu-Wu results the same previous observations can be made. The result of Bordo,
Gray and Kubiznak is similar to our also for this spacetime; in fact, it is immediate to see
that Jy = J. More differences between the two methods come to light when the solution has
both electric and magnetic charge (or even when only one of them is present): for example
both J in and J in , besides being different from each other, are different from
Jg in . Note that in the cases presented in the tables both N = N and J = J, thus

the Smarr formula (6.11)) and (6.12]) are equivalent.
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Conclusion

In this thesis we presented a way to calculate the conserved charges in GR in presence of
line singularities: this happens when studying stationary and axisymmetric spacetime with
NUT charge or magnetic charge. After a brief introduction necessary to recall some key
concepts and to define the notion of three-dimensional hypersurfaces and surfaces in GR, we
defined conserved charges starting from spacetime symmetries through the so-called Komar
integral.

Then we introduced two essential formalisms. First of all, we gave the key definitions for
understanding the rod structure for stationary and axisymmetric spacetimes with two com-
muting Killing vector fields; here we found that each rod has the property to be a Killing
horizon, associated to the direction of the rod. Secondly we defined the Ernst potentials.
In chapter five we focused on line singularities: all the known types of such singularities
are located on semi-infinite spacelike rods. Therefore in Weyl coordinates both black holes
and defects can be universally described as rods located on the axis. Then combining the
Komar charges with the rod structure formalism and the Ernst potentials, we decomposed
the Komar integral into a sum of rod contributions, thus finding an elegant way to calcu-
late conserved charges in the case of rotating black holes, since it involves only functions
evaluated in the turning points. The decomposition has a more complicated expression for
non-rotating black holes, because is not possible to eliminate some terms that usually go to
zero on the axis.

Having applied this method to the dyonic Kerr-Newman spacetime, we found that the Dirac
strings are heavy, that is their contribution to the energy of the spacetime is non-zero, lead-
ing to a magnetic term in the global Smarr formula. This result has been found for the
particular choice by = 0 (the additive constant in A,) which leads to a symmetrical string
configuration. Anyhow, even for by # 0 the global Smarr formula is restored.

Then we turned our attention to the solution with non-zero NUT charge. In presence of
the latter both Misner and cosmic strings are present; if the solution is even only electri-
cally charged, Dirac strings emerge. In the case of the Kerr-NUT spacetime we selected
a symmetric configuration of Misner strings in order to guarantee a finite total angular
momentum. The same configuration has been adopted for the dyonic Kerr-Newman-NUT
spacetime: this more general case shows that the NUT charge contributes to all the con-
served charges, that are energy, angular momentum and electric charge.

The flaw of the method employed in this work lies in the starting definition for the conserved
charges: the Komar integral returns the correct charges up to a multiplicative constant,
which is fundamental. This implies that not all observers measure the same energy and
angular momentum: therefore there are privileged observers. In fact such a constant is
correctly chosen only for well normalized Killing vector fields: this normalization is not ob-
vious for not asymptotically flat spacetimes. Then a possible outlook is to try applying this
method to spacetimes which are not asymptotically Minkowski: we have already seen that
the method works for spacetimes which are asymptotically Taub-NUT. Therefore it would
be natural to analyze the insertion of an acceleration, which will introduce infinite timelike
rods corresponding to acceleration horizons in the solution; such solutions are asymptoti-

o7
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cally Rindler. In fact the acceleration would be the only parameter not considered for black
holes of the class studied in this thesis, that is the Petrov type D class.
In addition, the Clément-Gal’tsov approach suggests that the different strings we have in-
troduced (Dirac, Misner and cosmic strings) appear to be different characterisation of the
same physical object. Indeed, in section [5.5.3] we do not distinguish between the Dirac
strings and the Misner strings: we simply treated both south pole axis and north pole axis
as a general line singularity.

Finally, by comparison with other methods applied to NUTty spacetimes in the recent

H,y Hy
21 Z9 z3 Z4

-z
Figure 6.1: rods for a two black hole configuration

literature, we found that the method in this thesis is the only one that can be extended
to new spacetimes for which no Smarr formula has been already found. In particular it
represents a convenient framework which is useful for the analysis of solutions containing
several horizons and defects. An example may be a system of two black holes on the same
axis: the equilibrium is ensured by the rod [z2, 23] shown in figure



Appendix A

A.1 Differential operators

By writing the metric in Weyl coordinates with the Lewis-Weyl-Papapetrou ansatz ,
in section 4| we have seen that the Einstein field equations, which usually are written by
curved differential operators, can be written in terms of flat differential operators.

For this reason we are interested in flat three-dimensional spacetime in cylindrical coordi-
nates (p, z, ¢), whose metric is given by

ds® = dp® 4 dz* + p*dy? . (A.1)

For any scalar function h(p, z, ) or vector function X (p, z, ), the gradient, the laplacian
and the divergence are respectively

= Oh Oh 10h
h ===, —= A2
v (p72780) (8[)’82’[)6@) ) ( )
: 1o (o), 1oh o
.o 10(pX,)  0A. 10X,
- X == = ) A4
V- X(p,z,0) > o Ta T aw (A4)

Note that for the spacetimes considered these flat differential operators simplify further
since all the scalar and vector functions do not depend on the ¢ coordinate, associated to
the rotational Killing vector field.

A.2 Prolate spherical coordinates

Here we define the prolate spherical coordinates (x,y), which are convenient to use for
stationary and axisymmetric solutions. They are related to the Weyl coordinates (p, z) by
the following transformation

p(z,y) = o\/(a2 —1) (1 —y?)
(A.5)

z(x,y) = oxy
where ¢ is a positive constant. The ranges

p>0, —00 < 2 < 00,
of the Weyl coordinates make z and y have ranges

99



A.2. Prolate spherical coordinates 60

The inverse transformation of (A.5]) is given by

Ry +R_
z(p,z) = 9y 46)
R, —R_ '
y(Pa Z) = T oy

where

Ry =\/p*+ (24 0)*, A7)
R_=+/p+(z—0).

We are interested in how the metric changes under this coordinate transformation. In
general the transformation law of basis dual vectors under a change of coordinates is

oyt oyt oy”
dyt = ———dz° dytdy’ = —=— 2
y dae " = Y 0z 0xP

In our case, passing from the prolate spheroidal coordinates (z,y) to the Weyl coordinates
(p, z), we find

2 2 2 2
dp2+dz2 = dz? [<gg> + <gi) ]+dy2 [(gg) + (g;)

From (A.5|) follows that

da®dz” . (A.8)

Opdp 0z 0z

dp _oxz/1—y? 0z

or 22—1 %:(ﬂh (A.9)
dp oyva? —1 0z '
— = — =ox
dy 1 —y2 dy
Therefore we find
dxz? dy?
2 2 2/2 2
dp* +dz* =0° (z _y)<x2—1+1—y2)' (A.10)

Note that the term dxdy does not appear. This transformation is useful since in the
block in (p, z) is diagonal and g,, = g.., so there is the factor dp® + dz°.

We can see how the metric changes also starting from the transformation of the metric
components. The general transformation law for the metric is

, dx® Oz

- g, A1l
Guw = Gy o 90 (A.11)

where the symbol ’ indicates the components of the coordinate system {y*}. By it
is easy to find that g, = 0 for the ansatz (4.1). Thus the (p, z)-block remains diagonal
also in prolate spherical coordinates. Actually this is true only in this particular case where
Gpp = 92=; in general we will find g, # 0.

The prolate spherical coordinates can also be related to the coordinates (r, ) through
the following transformation

(A.12)
y(0) = cosb .

In this case if the original metric is diagonal in (r, ), it remains diagonal also in (z,y) since
the transformation matrix is diagonal.
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A.3 Taub-NUT and solitons

Here we show how to write the components g,, and g,, for the Taub-NUT metric (5.2) in
terms of the solitons defined by

m=c—z+R =(@y—-L(m-r—o),
(A.13)

po=—-0—z—Ry=(y+1)(m—-—r—o),
where Ry and R_ are defined by (|A.7).

Inverting these equations we can write the spherical coordinates (r, y) in terms of the solitons
as

r o= Ml;m—ajtm, (A.14)
y = M1+ p2 ' (A.15)
H2 — p1

Applying the latter equations to the Taub-NUT metric it is immediate to find the g,
component in terms of the solitons

An®(p1 + po)(40® — (20 — pu1 + p2)?)
(p1 — p2) [402 — 4m(20 — 1 + p2) + (20 — 1 + pi2)?]
Appn [0+ (m =0+ /2 — pa/2)?]
(1 — ,u2)2 '

Gop
(A.16)

With regard to the g,, component, the procedure is more complicated since we have to
apply the transformation (A.11)). However, from (4.1]) we know that

-1 _2
gpp:f e,

where for the Taub-NUT metric f is given by (5.3)), while €27 is given by the third equation
in (5.42)) setting a = 0. We can therefore simply substitute (A.14) and (A.15) in the above
expression for g,, to get

_ 8Buipe[—20p1p2(p?+u}) (PP +p3)+02 (0> Hpap2) (03 +p3) +mo(ur—p2)? (u3 u3—p*)]
Jer (> +11) (p?+13) (n1—p2)? (P> +p1 pi2)?

(A.17)
Is not obvious we can write g,, in this way starting from (A.14) and (A.15), but starting
from (A.13) it easy to verify that it leads back to the known form in (r,y) coordinates.



Appendix B

B.1 Kerr-NUT

Here we provide some steps for the calculation of the horizon energy contribution in the
case of the Kerr-NUT solution.

Let dy and d_ be defined by di = (¢ +m)? + (a + n)? and d— = (0 + m)? + (n — a)*.
Starting from we find

2d_(ma — no) + 2d(ma + no)
X+ —X-= dod =
+ —
B 8(m3a + mn2a + om?a + on’a) B
~4[(m? +n2)2 + 20m(m?2 + n?) — a?n? + o2m?]
~ 2a(m? +n?)(oc+m)
~ (m24n?)(o+m)?
2a

ryg

Similarly, we find
_2n(m2 +n?)(oc+m) _2n
(m?+n?)(o+m)* — ry

X+ +X-=
We used this last formula in ([5.65)).

B.2 Dyonic-Kerr-Newman-NUT

Here we provide some steps to get the results reported in section for the rod contri-
butions to the conserved charges.
Consider the horizon rod H; starting from ([5.34)), the energy contribution is

WH 1 - -
My =—(x+—x-)+5 <As0Aso> - (AWAS@) :
4 2 y=1 y=—1
Let’s rewrite in a different way the quantity x4+ — x— through the following steps

2d_(ma — no) + 2d4(ma + no)
X+~ X-= =
did_

4(2m3a + 2mn2a + 20m?a + 20n’a — mae?)
- 4(m? +n? 4+ om —na — e2/2)(m? +n? + om + na — €2/2) -
4al2(m? + n?)(c +m) — me?]
- vt — 4a?n? ’
where d; and d_ have been defined in the previous section.
Therefore the first term becomes
Wi v2[2(m? 4+ n?) (o + m) — me?]

4 O =x-) = vt —4a?n?
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Consider now the second contribution in Mp: it is a difference of two terms. The first is

= [9(a +n) + p(o + m)[{pd+ ;r 2n[g(a +n) +p(o +m)]}
y=1 ds .

A¢A<p ==

Let’s consider the second factor to numerator of the last expression
pd+ + 2n[g(a+n) + p(oc + m)] =
= [p(o +m)? + p(a +n)? + 2ng(o +m) — 2np(a +n)] =
= p3 + q2p — 2m2p — 20mp — 20nq — 2mnq =
= p(p* + ¢*) — 2(pm + qn) (o +m) =
= pe® — 2ury
while the denominator can be written as
di = (1/2 + 2an)2 .

The second term is

la(n — a) + p(o +m)[{pd_ + 2n[q(n —a) + plo +m)]}

ALP/LP‘y:—l - &2

Let’s consider the second factor to numerator of the last expression
pd— +2n[g(n —a) +p(o +m)] =
= [p(o +m)* +p(n — a)? + 2ng(0 +m) — 2np(n — a)] =
= 2m?p — p> — ¢*p + 20mp + 20nq + 2mng =
= —p(p* +¢°) +2(pm +qn) (0 +m) =
= —pe + 2urg
while the denominator can be written as
d? = (1/2 — 2an)2
Therefore we can write

Ly =+ _ <p€2 _ WH) [Q(Wrn) +pre | q(n—a) +er}
27 ¥ ly=—1 2 (V2 + 2an)? (V2 — 2an)?

Finally we arrive at

v2[2(m? + n?) (o +m) — me?

Mn = vt — 4a?n? +
B.1
n (p€2 ur > [q(a+n)+pm q(n—a)+er] (B-1)
2 (V2 + 2an)? (12 — 2an)?

which is the same relation written in (5.71)).
Consider now the charge contribution, which, starting from (5.28)), is given by
_ WH & oy=+1
Qu = g Tely=-1"

Firstly, we do not consider the quantity wy /2 and we get

g =+t _ dila(n —a) +plo +m)] — d_[g(a+n) +plo +m)]

Ply=—1 " d+d,
2alge? — 2(m?q + moq — nop — mnp))
N vt — 4a2n? N
2a(2r g (mq — np) — qe?|
vt — 4a2n?
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Therefore we find
B 2022 (mq — np) — qe?]

QH = V4 — 4a2n2 ) (BQ)

which is equal to ([5.72]).

We now calculate the electric potential. Let’s define h, = g(c + m) — p(ay + n) and
dy = (o0 +m)* 4 (ay +n)?. Then from the definition (5.22) we obtain

Oy = —(A +QrAy) =
B [hy L@ pydy + [2ny —a(l - y2)]hy}

dy, v? dy
—hyv? — payd, — [2nay — a*(1 — y?)]hy
v2d, '
Let’s consider the numerator of the last expression

—q(o +m)d, + p(ay + n)d, — payd, — 2nayh, + a’(1 — y2)hy =

=—q(o+m) [(a +m)? +n? +d%y? + 2nay] + pn [(a +m)* +n%+ d®y® + 2nay| =

=[pn —q(c +m)]d, .
Thus we arrive at
_pn—q(o+m)
2

Qp , (B.3)

which is the same potential written in (5.75|).
Consider now the string rods and remember that y = 1 on the rod S; while y = —1 on the
rod S_. Starting from ([5.34]), the string energy contribution is

Wi 1 {1 )
M, = xlirgox|1 + ml;ngo ApApl|; 1+ T 5 AyA, R
1 1 w_ 1 ~
M= = iy gl ApAl] = o+ 5 (Apdg)
where
2(ma — no)
X+ = 2
v=+2na
_ 2(ma+no)
=TT Tona

The other quantities present in My were previously calculated, so we immediately arrive at
(15.76]).
Starting from (5.28]), the string charge contribution is

Wt .. T Wy -
Q+=— xlggo A@‘l = _7(144;7)1:1 )

w—_ . ~ 1 w_
Q- =5 Jim Agl, =~

so we directly get (5.77)) using previous calculations.
We finally calculate the electric potential on the string rods. Consider the rod S; and define
he, = q(cx +m) — p(a+n) and d,, = (oz + m)? + (a +n)?; from the definition ([5.22),
where £ = 0; + €20, we obtain

¢+ — —(At + Q+A<p) -
ha., n ipalgch +2nhg,
de, 21 dy.
—2ng(ox +m) + 2np(a +n) + pdy, +2nq(ox +m) —2np(a +n)

2nd,

(A~<p)m=1 )

T4

p

on
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Consider now the rod S_ and define hy = g(ox +m) —p(n —a) and d, = (oz +m)
(n — a)?; from the definition (5.22)), where £ = 8, + Q_0,, we obtain

O_=—(A+Q_Ay) =
hy 1 —pdy_ —2nh,_
T de 20 dy
—2nq(ox + m) + 2np(n — a) + pd,_ + 2nq(cx + m) — 2np(n — a)
- 2nd, a
P _3

+
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