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WHAT ARE RANDOM MATRICES

Random Matrix: matrix whose entries are random variables

They have many applications nuclear physics

econophysics

biology

~~gravitational wave
“~_ Pphysics .~




SOME HISTORY
ON THE STATISTICAL DISTRIBUTION OF THE WIDTHS

AND SPACINGY OF NUCLEAR RESONANCE LEVELS

By EUGENE P. WIGNER
Communicated by P. A, M. Dirac

Recetved 18 September 1950




SOME HISTORY

One of the first applications of random
matrices to physics is due to Jeno Pal
Wigner

Problem: how to determine the energy levels of
heavy nuclei (such as Uranium)

Difficulties: it is a very complicated system, we do not
know how to write the Hamiltonian

HY =EWY

n—n




SOME HISTORY

Wigner observed that the space, s, between neighbouring
energy levels were governed by the following probability
density

P(s) = Cﬁsﬁ exp(—aﬁsz) Wigner surmise

P(s) 4

l'( )i.\'.\'( )1




SOME HISTORY

I Idea: interpret the distance between energy levels as the

distance beftween eigenvalues of the Hamiltonian of the
system

II Idea: define an ensemble of Hamiltonians with statistical
properties as those that the real Hamiltonian might have if it
could be written explicitly

RANDOM MATRIX THEORY




Ji ) Y TLITEIY I
qZI1(? 187 REINT

H19f13 x18 e 3 {0914
(w/ Az 41700 ) YSUTREVC
13712 oV of B 92507
Y xuw wilY l l 51 [(.l.’“u
I 74« YIC ) I \" obG:Dsi6

68 wal, LT 1 22'9) <UNIA)

Ihe 1Y Ny 8 1IN, U?“.I'

altle JC7 A oethOYN ) WAD T "%l s 2 0205 wQNQ | i2900C LT W Saullz P 79 7 MBAC? Ohavell) § WD 1 L | Nk ¢t 1Y

P LUK K47 6 fcAMAD BT O STY6 gk Coutesk 24C 7 2990 2«08 & N 102587 Y0 B)l (Jisdlz § 61 o 202767 2:kGDTJY 7 (o & : 111k * oM

dide dvb sl W 8 27,0 00 Ay MLi:B0EH T 1Q(7 oL | X2 1512wdp RopM3 7 el e 43B17483 » w7 1 e O UININ

mbilo o1y aRisk ireh R Blgablrl™u 4 1110 p i 3 TR Qﬂ'\ud 0:450¢ )138 20710 Yyl 1Ly 112 0 UM VAINTIB

ni'e v 1 ol ahOT DT *BIvBiDIny ¥ M) ST6A { 1JBGA 1515011 pOOITE BY97 w06 G 7T0h 3 Ux 2 SUSTERLL 1

115)4p WV y 1247 InZh 4 X7 Jokh 4 1 Pidl é50e LICI 1M Thgdls ¢ kaotll N II78) OlscWIE o 1Y W) +AR NI LI 1T IN

eNeiN) Ta4 -.r.m LMD 72 17 T Y WY Byha L "r (+OMY NI HV.. 0 MM 1710408 1 P s MIMAh ZoU A

dx»58 M4 | Int It T4 117 EuTL 6 RIBILIESIER /S L ' 4IYR-2 ' " WS im™W v MDIG M7 12

i QUIGRT7 JI# y £ Q1L . NEal1T  Bhq 1UKT 4 w7 7 v rZ AWM wiZe?yl 1 40170 v o%tus zall 14 o0 1642 Jhpihei '
e 'WRAZE O M ry 1JJkDly 9pd 794 ab3 1118 X7 Po Cal 2 ¢ 4AMzAPIU B GaJyLiAa2l albQz1 UK 49 (ha0K2e  §8 JNATIYR
" (206D L0 6w gl 24 P oBOK 3 tgd 1V4) KUES Q o€ 14 Y1 u 0 g3RaI71 B B3LC lige  Xudw2' 0 P 91 '13000 CTLTE
NS fILILES . L 1Ny : Mmilgwl N / 19« vl m 4781 SlesmaiX L A0VBIN BENLY T T YNy M7I3%4 0 2 489
17 "Jl.cl 4 pred SBIETR  ANS Wpte I M Vo 100 ¢ 2 BIPTIUMEL My i0 MRS Bi5%80 T M wl 2 1024 LT p2di
) : 1M ¥e y W, 12L1 b 7yNR AT 51 1hzp 2 n N bixid § 297MEAC 2557 1JT8e w3 N Wi M Y02 9t
Q! FEs 113 Mcoeid nwi 9’13- S0al1VUN & M LLACHS IASICHZ (1Yg p sov?la 7 K L7 ek 23 YNV 9 Malh
Un A8 : s G5 194 e WUIE25n 310w 70412  SxobX MISOig | | 84 SEIRE | Z2¢NAIN 18Ik K OOk} 7 k7 w "BP JosJAibg %\H e
In'in R P DL SEv 0ol a gyirBtl aNiR (4:e2 15 Lol | I ooghul 2 XRJKPCXsNF  WPied LGk phalel 209" g LTI B8 ML
P o9 | s ) el 2N} " ’lll.' | XM 174 ) Mch LU 4 10542 coul ":(V’» rhO104 2 RG BILD2 NG r'~ﬂ:"$l“u ikl AR
8Cod io® { | ) LIX Onl 1 Svel2l “vin s 2143 Lpkil: 28 )006a Babr INIS2 COuC: (Gzpridd VITIYY PR AHICETN) COKY .I.rl.'
2Mrliv § \ 173 7 v A1 B4 | bBvALAL p7rd oizC ardl h Mn sisligy ob*D KHAS  B5TVAe NS bgdh51 7 Tolel T2N6LF1B1 1IN Ay
J3UEAT)e | dluw DPHTIR 01D 4% g IP2GeN2 C(zuP E218" -,H'Jg HABIEAN «giCY] 2721 AR hn"h 2 SIVEEY piThd S5 | I9I0NC 297P4Y ":L

(
5

.- -

SEORORLE By 116428 20 3674 0 704360l StElA NBID v6 d\.N,R #1148ty 8540 JOPelf 1411 Y LIBRIUVM ] x W54F: r-rl Hr ) eA?

i’lbu Jye JAN  CNAWS D23 § MANAZI210ute) ANTE =097 S2aNC -, FeawkR o) 252078 9i X | (BF3d 97 404 ENp o S-ok?2AYPIWTY Ayl 42
’ 3 3441 3G wBZ X0 20200584 7 xlacEt Dm0 00645 plh (521 Wral) 100 V405K 8500 « d b A1aFil D BLY Ylg BAtRINZENT*16Y qbakk
#FT 2% i K5ula? d5CI0LCs \w.uu‘f‘lll?t:}l) 204 Shn yJE33Y  Ade Yigdir 5wl ¢ o2 DR, 0T T B4R 7e D ep? BO2VT S

J
J
|
J
1
’
1
|

.
i

R PR S R

ni ™
A (5358 K04 00 I'NMT 10770324 S4sNenb?7LammiN7Z9021l 27 hat? - G 5% 15 iﬂur..",y (i3 D 1°G22 1" :ﬂ’nl A70P1VSS) TER FR7
'b‘.l o 1047 D SK B71840  S9CKIZD (LMY TuTn? .I')'( Lp3 3 257y 3 yfwAl  JIC tkiBle RDva | Sexy 30 ¥ 1IFTCun31)TM5e PRLsa2Y
iny JNAYS 23] ?0)1!0}87 KT 7 AGITeta sy 22N 08 LTy Dxbitl  tel L5000 NI ] ?.’r Thaxhi IR A ITY . BT &
h S

B de I o >~

@)Y anklS J94 D08pa¥? o« T ¥ QIS 2001 SRDIDIIAe 1l ‘hglwe SF6 LolY i A | P U2 Pm: ' By) ThhmloarTigh 0k APISGAG
17 | |x. \ o7 AXNG) {2C W Wiy L I 597 073 2C J0k%0 AP B1bA ‘et

) 1I{TTY Lo MNITTLIMAS 7486 s 5¢46 CA g 1x2s] ANC B177 Jc D716
Ein Tcd 1 L !:Llu 7 HA{abedh Tu Be7441S

P 190 1IN BN bbd 7S ell w8 710ee W TYASICT
06 M gl yBkpby® FXN2TEIx 2q 7 NGKR2
? o ® d) ' | J“"rl" 12100 "] '.'.EQX
AME 9 1) 7 PIARZaT MRFoLINQ LY A 8171
Uy .‘ 0 " ,"lQIV ‘l("'l \s tw '-’v.‘u‘
0y ¥ | 2 KAAOK 79493881 53 P Vibsk
LOME r "‘."3')‘. WEBE od 9 n T2
1017\ - 104%: 7y 45ARSSD 'l ! aNplt
41 Y ( Disda ,ingd(h H..rn {3 ih. 0

' Y403 el Uliak

T Y 07 (7e520234 708 7 BUIS 0 AN 2718 7 2V
Barll 29 7h KUBRE SI36F4BCA 170 o o570 v 040 7887 %51 WY
pidls 14 54 WL BUVCADACT MR 5 IR K539 o332 C D2k PP S
The AL IS I 2.0P wthbJ2RIE Og¥ 7ebkt) 2L I E RIXK (N 6
29 le2dl O ehQisaz? /1 R7pKAES Silg 29 1M M2
B JZIP B My FXMIXC5N I V4ud O I 1 3 Kn 3D )
M B Tkl 218 Jole 1°RZRLMH hqOl ] 1Y M, mk |
':“J y ST 7 0814 anTIDGARN: 251 baF723C BGAL § » ' »
dbms MiJip 7 har.n fuki28a2Py 5ib vaiB571 JZNM C R yhI'l}
AP e WJIAK 3 NS 22 ks XN el 7 BNCE B ) 1YV
IYSG YI5XT ¥ DICKY M 17e 7Y w1 :l N2 ¥ XUSe o
SONDU WUWES p 7647+ 900w STk D Jidd F Jit < $1
b} Ppl oo iQn J 1620 e iB 63L] JaX LI D a1 % S upt f n-uu‘s |W 1) BT M ATe 154 |
PREASY Udgh dk L))ai gakio JTUB 14Y 1 wiB63 4 Sbr ) S plls Y Blliales ;: JTwlPl 57 A4 §) 651 V kbl 81 FYinilPp ¢ :’f}\ aNNC ) 06
(GOKIB BSMY M1 2ATAC BeyR Th U aFeks B i Jul P2 x PilpiSiL e MPIL T 3y 0% m s P4I08 { lf:l IU »\ lo‘fM E7et) 540 Mo 39
s SRF' ':u-l") wB2F J IB17Y W3R The I B INyCH) 5% (%) Z/Rshd T BB xR DCB)s la 70 47 &3 Ik N !nmv W A cbIBLEd eVl (9 Wdx?in 2l
Mtukep 4 9taV Q2 99017 16ak HIP O U Y xUATD fea 2044 t'a/.‘ Rh@??°ST el FA2C 2 1 f¢ L5 o1 @ E7DIRRF4 14 !‘:4811 AN EIITE LTRSS,
el .:MM 10aZ Tee 70 uSIN BAULO | BLudsry %0 W50 G fogehald 47 o6 PS5 W )7 " BAR R LN oy JHI2I5xENS Ladde't m-’ & L) kY™
.'-I‘.' "o”{"o-lh."" I"'? Ly "”" '-'OJ | 250 ’-" (“l " ’ S|u7’\48’ I" |ﬂ) '\' F | /)l“'q“! ) !," ql.\"IUHI e :\‘;' 051' 4‘&[". 1L ]

| THIFCH "!‘J vp Y. %es k 1F8
) YRSPIN STIR A 43413 1 2 00
IO YIPZ7IT » 300G 0 M58 v [
TERJIW: i1t yl07eV 1 *:27R4
e a1 10 DQIF 5 38170 1 Wl
17075 luant 255p0 7t DEORASL k §p 1r
,1; STIRRITE w255 N Cedi2Y J DMWY

OF YMOFE 718¢q4 74 B T 5 rh‘gu
10791

“

_ =
b B B R BB B W

s TN I R NwWERY -E

J
|
/ AT H AUCFACRIALE Sulds 25 W€ Sul @
| 1141 7 “ G0y TUBS PINIR GF dok ) 0
‘

'

NE W . g

o e RN e e TN
»
-~




THEORY IN ANUTSHELL

Gaussian Ensembles: independent, idenftically distributed
Gaussian entries

Gaussian Orthogonal Ensemble: real symmetric matrices
Gaussian Unitary Ensemble: complex Hermitian matrices

Gaussian Symplectic Ensemble: quaternionic Hermitian
matrices

Dyson index [} : counts the
E number of real components
N per matrix element




THEORY IN ANUTSHELL

These matrices can be diagonalized as

M = UAU™!

N Composi’riu A
A=(Qy,...,0)ER"

The matrix U is

— a real orthogonal matrix if M € GOE

— a complex unitary matrix if M € GUE

— a complex symplectic matrix if M € GSE




THEORY IN ANUTSHELL

Wigner semicircle law

Let X be a n-dimensional complex Hermitian matrix with

« (Xj)icj i.i.d. with zero mean and finite variance o,

* (Xj) i.i.d. with bounded mean and variance.

Then the eigenvalues of n~"°X tend in distribution to the
semicircle law

Gaussian Ensembles follow this eigenvalue distribution

10



APPLICATION TO GW DETECTION




APDLICATION TO GW DETECTION

Gravitational waves: perturbations of the gravitational field
that travel at the speed of light

14 September 2015: FIRST direct detection

M2V IRGO

__first detection of .
#7" this type of event | U

- two low mass black ho_l
merger L ! effective proof that these

... phenomena may take place
~ within the current age of
the universe

GRAVITATIONAL WAVE ASTRONOMY ERA



APDLICATION TO GW DETECTION

Gravitational wave stochastic background: superposition of
signals from unresolved sources

(' Gaussian

Problem: the stochastic background data may hide a
gravitational wave signal

We need a method to look for long-memory effect in the
background

Idea: RANDOM MATRICES

| Random matrix approach in search of weak signals f

- immersed in background noise |
¢ D. Grech & J. MiSkiewicz, Europhysics Letters, Volume 97, Issue 3, February 2012 |

13



APDLICATION TO GW DETECTION

I STEP: BUILD THE MATRICES AND THE ENSEMBLE

®time series

{xl-} oi=],....N+1
oN>>1
{Ax-} eincrement time series

ewe have Ax; = x;, | — x;

ok=1,..,N/L
Sk = {Ax(k—l)LH» - Aka} olenght L

Renormalize according fo

S = S =

\/ZUk

14



APDLICATION TO GW DETECTION

I STEP: BUILD THE MATRICES AND THE ENSEMBLE

e the first L subseries build the first LxL matrix
 the second L subseries build the second LxL matrix

+ thus, we get N/L"2 matrices M (n=1,..,N/L"2)

. Strategy: Further steps rely on examination |
. of eigenvalue spectra properties for the |
ensamble of symmetrized matrices with (i,j)
entries (M;” +M;")/2 and on a comparison
| with a spectrum known a priori. Any
\ distortion from this a priori spectrum is
interpreted as a weak signal hidden in the |
! background ?

15



APDLICATION TO GW DETECTION

II STEP:SIMPLE EXAMPLE

» assume that the noise is pure white noise

- add a sinusoidal signal for different s/n

«if only white noise the eigenvalue spectrum should
disappear for [4| > 2

16



APDLICATION TO GW DETECTION

II STEP:SIMPLE EXAMPLE

ensemble of 1000 matrices of size 200x200

05 | | | | ) . |
White nousg
04 k=10'1
k=10-0 X
0.3 k=10
Q.
0.2
0.1 F
0 o= fl' 1 .
-6 -4 2 0 2 4

17



APDLICATION TO GW DETECTION

III STEP: CHARACHTERIZE THE NOISE OF A REAL EXPERIMENT

« NAUTILUS, ultra-cryogenic resonant gravitational wave detector
* built to detect gravitational bursts
* no longer running, yet it collected some data

/

r
w
}
J
:




APDLICATION TO GW DETECTION

III STEP: CHARACHTERIZE THE NOISE OF A REAL EXPERIMENT

» ensemble of 1000 matrices of dimension 200x200

* triangular shape in the spectrum due to the specifics of
the instrument

* if we shuffle the data we get Wigner

0.5

l Nautillius
, Shuffled
H
0.4 iy
A

0.3
0.2

0.1 |

0 : g.m-’*"ﬁ ] | | | Qo td
4 -3 2 -1 0 1 2 3 4

19



APDLICATION TO GW DETECTION

III STEP: CHARACHTERIZE THE NOISE OF A REAL EXPERIMENT

if we compare real noise and simulated noise we see a
difference in the fail

0.5 10

|
Nautilius

T T
Nautilius
(a » Noise (b Noise
04
0.3 o
(o)
- X
0.2 + 1
0.1
\;}:*7 ‘
0 I | ] ] ] [ ,.: TPYPY YOO l ] ]
-4 -3 -2 -1 0 1 2 3 ) -3 -2.8 -2.6 -2.4 -2.2 -2
A A

this can be important for the detection of periodic weak signals

20



APDLICATION TO GW DETECTION

P

IV STEP: A SIMPLE EXAMPLE

0.5 . T
(a
04 |
0.3 |
0.2 I
0.1 |
0 /\ <
5 -4 3

A_=0
A =230,
Ag=120, --------
As=2/50,
A=1/30,
noise

' tails matter!

21




APDLICATION TO GW DETECTION

V STEP: A PHYSICAL EXAMPLE

- gravitational wave signal from a freely precessing anti-
symmetric star

+ the level of background noise was reduced by a factor 10

(k=0,-1,-2,-3)

3 10

C k=-3
i k=-2
25 1 ° 8 | k=-1
4 | k=0
2 »
c}T\ 2t 6
e 15 ¥ 0 K Q
= ~ X
= K, 8 4 0 %4 8 4
1 + *
Ly + )
05 |
+ .
-8 8 8 6 -4 2 0 2 4 6 8

response of a detector with response of a detector with
background switched off background switched on

22



APDLICATION TO GW DETECTION

V STEP: A PHYSICAL EXAMPLE

10

d 4 I Il I l I I Il l I L I Il l 4 1 4 Il I
' T Y T Y Y Y Y y Y Y Y T Y Y y Y
. .

Magnified central part of the
spectra

p(x107%)

25

! ;z«' W 1 =3
* =-
3 ; k=-2
20 |- x ¥ k=
15 5 4
10 f %
5 ?
Nip - + %

W it
0 e b Lt T

Magnified tail }par’r of the
spectra

good performance of the method
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CONCLUSIONS

e weak signal may be hidden in the background data

e random matrix approach can help in revealing fthis
coded signal

e compare the density distribution of the eigenvalues
with a known one

® pay attention to the tails

FIN
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