THE GENERATING FUNCTIONAL
OF THERMAL CORRELATORS
FOR FERMIONS

NOTES BY LUCA G. MOLINARI

ABSTRACT. Time-ordered thermal correlators and thermal Green functions
may be obtained from generating functionals, which depend on external fields
linearly coupled to the operators that enter the correlators. For Green func-
tions the generator depends on Grassmann fields.

Here the operator approach is used. In another note, a representation of the
generator as a functional integral with coherent states will be given. It has the
great advantage of treating fields and source-fields on an equal footing.

1. INTRODUCTION

Consider a many-particle system with Hamiltonian H, in thermal equilibrium
at inverse temperature S and chemical potential p. The thermal average of an
operator is

~ 1 PN
(1) (O)k = —tr(e”"X0)
ZK
where K = H — uN and Zx = tr(efﬁk) is the partition function and Q =
—(1/B)log Zk is the thermodynamic potential. The evolution in imaginary time
of an operator is:

(2) Ok (1) = e KO e tK | 0 <1 < hp.

Suppose that we are interested in thermal time-ordered correlators of the density,
(Thr(x1) ... "k (xn)) K, where x; stands for 7; and position x;. Such correlators
may be obtained from a generating functional. To this end, the Hamiltonian is
modified by a term that couples the density operators 71(x) to a fictitious external
field p(x,7) that depends on 7:

(3) Vr) = / dx A(x)p(x, 7)

In presence of time-dependent sources, the time-evolution is given by a two-
parameter propagator % (r,7’), that solves the Schrodinger equation [K +

V()% (1,7') = —hd.% (7,7'). In the interaction picture it factors into a source-
free and a residual propagator:
(4) %(r,0) = e F K% (7,0)
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The latter solves the equation Vi (7)%;(7,0) = —hd,%(7,0), and can be repre-
sented as a Dyson time-ordered expansion:

U (7,0) =T exp [—}11/ dT’VK(T,):| =T exp {—}I_L/ dT//dX/’flK(X/,T/)gO(X/,T/)
0 0

The system with sources is not in thermal equilibrium. However, it is useful to
introduce a source-dependent partition function that generalizes Gibbs’ static ex-
pression. Setting 7 = Af in (4) and taking the trace:

Zlg) = tr % (hB,0) = tr [ PK % (hB,0)] = Zic (%1 (hB,0))

This is the generating functional of the density correlators:

K

(5) Z[p] = ZK<Texp{ ; thT/dxﬁK(x,T)w(x,T)D

The expansion in the source-field gives the thermal correlators i.e. in absence of
the sources (here z = (x,7)):

ZZ[Tf] =1+ ; %/dm cdr Tk (21) . g (20)) k o(x) - (@)

Alternatively, functional derivatives of Z[p] in the source-field give correlators in
presence of sources (which may be put to zero in the end). For example,

2 2T (9,00 = ZLA(TA() ()
where we define the average in presence of the sources as:
. ) (T (h3,0)7(z1)...70(xn)) K
(6) (Ti(z1)..n(xn))y = @)k
1 0" Z[p]

_(_F\n [
== Z[p] dp(x1)...0p0(2n)
The thermal correlator is:

(7) (T(e)t(@n)) i = (—h)" — 0" Z]p]

Zlg] dp(x1)...0p(2n) le=0

2. GREEN FUNCTIONS

Since field operators are a basis for operators, the generating functional of their
thermal correlators is of special interest. Such correlators are named Green func-
tions. In absence of sources (thermal average):

(1D (1. xpiyr ... ys) = (TOr(@1) .. Or (@) (Ys) . O (h1))

Note the ordering of space-spin and time arguments. They are obtained from a
generating functional with two independent Grassmann sources:

® |20 = 2z (T e { - [dofe)in(o) + i @ni)})
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In evaluating derivatives within a 7-ordering, the Grassmann derivatives and the
field operators exactly anticommute:

0 0 0o 9 <Te— [ dz [ﬁ(w)a(x)+¢T<x)n<x)]>
on(z1) — on(zr) on(ys) — on(y1) K
- <T 0 0 ranwbw_ 0 0 -y dw*<w>n<w>>
on(zy)  on(zr) onlys) — only1) K

Now, the leftmost derivative §/67j(x1) is anticommuted with the next r — 1 deriva-
tives. Its action on the source replaces it with the operator —@(xl) which is anti-
commuted back to the left with the same number of sign changes. This is done for
all derivatives in 7j(z;). The derivatives §/6n(z;) exp[— [ dzt(z)n(z)] give factors
+4t(x;). The result is:

= (1) (Th(@r) .. b ) TG () Lt (gy)em e @)
= () (T8 00(@1) . ()b () )

K

If sources are not put to zero, a correlator with sources is obtained:
(=" ) ) 0 1) _
. ... Z
2] e Faen) o) Sty
(T (hB,0)k (x1) .. ;@K(%)WK(?JS) () K
(%1(hB,0)) K
9) = (Tep(x1) .. ()T (ys) T (1))

The factor Z[ij, n]~! normalizes the measure in presence of the sources. Now sources
may be turned off and:

_ b 0" 2211, ] ‘
Zk on(xa) ... 6m(xr)on(ys) - .. 69(yr) In.n=0

Double derivatives give two-point time-ordered correlators:

(10) G(x1 .. Ty Y1 ... Ys)

(11) G(@,y) = ~(Tox (@) x(y))x = Z[ﬁl 7l 52(5)[;77;?@]/) ’0
(12) F(x,y) = —(Tvr (@)Y (y)xk = —Z[ﬁl 7 52(5)[:;7;]@) ’0
1 6*Z[7,n)

(13) FHx,y) = ~(T (@) k() = —

~ Z[i,n) dn(x)dn(y) ‘0

The anomalous Green functions .% (x, y) and .# T (z, y) are non-zero in systems which
do not conserve the number of particles, as the B.C.S. model of superconductivity
or Bogoliubov’s model for superfluidity.

2.1. The classical field. A single functional derivative gives the average of the
Fermi field in presence of the sources, named classical field (a Grassmann field):

(14) | Yee(x) = ((2))in = Tr(hB.0) = 7l o

(T (hB,0) 0k (2)) L 0Z[n,n]
)
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Similarly one obtains

Boola) = 577‘(5) log Z[7, 7.

If the sources are turned off, the thermal averages of the Fermi fields are time
independent. They may be nonzero in theories where the total number of particles
is not an exact symmetry, as in superfluidity.

Another derivative and anticommutations give:

ee(x) 1 0*Z[,m] L 6Z[7,n] dZ[7,n]
on(y) Zm,nl on(y)on(z) — Z2Mm,ml dn(y) on(z)
= —(T(@)! (V))ni + Yee(@)Pee(y)

Let’s specify the T-ordering in the numerator of (14):
(U (7B, 7)er ™K (x)e™ 7Ky (r,0)) i (W (hB,0)% (7,0) " P(x) (7,0))

%e( )

(%1 (hB,0)) x - (%1 (hB,0))x
rFhe equation of motion of the classical field is governed by K +h [ dx [7(x, (%) +
T (x)n(x,7)]. Then:
_pOerla) _ (%(nB,0)% (1,0) [
or (1 (15,0
_ (0B, ) (x,7),
(%1 (hB,0)) K
_ (T%(h8,0) [k (2), K] &
(%r(hB,0))

(x), K% (7,0)) k
) K
)% (7,0)) k

+ hn(x)

+ hn(x)

+ hn(x)

3. INDEPENDENT FERMIONS AND WICK’S THEOREM

The equation of motion (15) can be analytically solved for a quadratic Hamil-
tonian. The result can be used to evaluate the generator of Green functions. Let
Ko = [dx ¢T(x)[h(x) — p]Y)(x). The equation for the classical field is:

[nj A — u] berlo6,7) = —hig(,7)

A functional derivative in n(2’) followed by turn-off of the sources, gives the equa-
tion for the thermal propagator of non-interacting particles:

(16) {h;_ + h(x) — u} Gy (x, ;%' ,7") = —hd(x —x")o(r — 7")

This Green function is used to solve the equation for the classical field:

es(2) = 577‘2) o8 2071 = [ dy ol )n(o)

A functional integration gives the partition function with sources:

0|l = Zoexo { ~ [ dudyi@)hia )
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Proposition 3.1 (Wick expansion). For independent fermions, the thermal
Green functions of a k creation and k destruction operators factor in two-point
Green functions:

(18) | Go(rr iy ) = det{o(wi, ;) ij—1..m |

Proof. The expansion in the source fields of both sides of (17) is (i = x4, = y;):

_1)r+r’ R o .
ZZ%/dl...dr/dl’...dr’ by . bbbl o

—1)k
:%:(k!)

Terms with unequal numbers of 1& and Jf operators have null expectation. Com-
parison order by order in the sources gives the equality:

1 o PUN ~
7(]{')2 /dl ... dk’/dll codE <ﬁ1¢1 .. .ﬁklﬁkg/)}nlx L. ¢;2,77k,>0

/dldl’ L dkdK 5,0 (1,100 - %o (kK e

—1)k
= ( k') /dldl’...dkdk’ﬁlfﬁg(l,l')m/...ﬁkf%(k, K nwr
The sources exit the thermal average as 7,71/ . . . 7k @1 .. 1&;&[}1, e ’([J]t,>0. Equal-
ity follows after total antisymmetrization (sum on weighted permutations) of the
right hand side. O



