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A hierarchy of space-times

Warped and twisted metrics have the form

ds2 = −dt2 + a2g∗
µνdx

µdxν

where a is the scale factor.
1) Robertson-Walker: a(t), (M∗, g∗) maximally symmetric.
2) Generalized RW: a(t), (M∗, g∗) a Riemannian manifold.
3) Twisted: a(x, t), (M∗, g∗) a Riemannian manifold.
Bang-Yen Chen gave covariant characterizations of GRW and for twisted.
An alternative unifying scheme:

Theorem (Mantica & Molinari, 2017)

A Lorentzian manifold is Twisted iff ∃ a velocity field (ujuj = −1) such
that ∇iuj = ϕ(gij + uiuj). ϕ is Hubble’s parameter H.
- the manifold is GRW if Ri

juj = ξui .
- the manifold is RW if also Cijkl = 0.
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RICCI and WEYL TENSORS

General form of the Ricci tensor in a twisted space-time:

Rij = Agij + Buiuj − (n − 2)(uivj + viuj − Ckijmu
kum)

GRW: vi = 0 i.e. ui is eigenvector;
RW: vi = 0 and Cjklm = 0 (perfect fluid).
A simple statement (with long proof):

Theorem (Molinari & Mantica, 2017)

In a twisted space-time

∇mCjklm = 0 ⇐⇒ umCjklm = 0
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f(R) gravity

The Einstein equations Rij − R
2 gij = κTij descend from minimal action:

S =

∫
d4x
√
g R(x) + Smatt

⇒ a Ricci tensor of the form Rij = Auiuj + Bgij corresponds to a matter
tensor Tij = (p + µ)uiuj + pgij (perfect fluid).
In f (R) gravity the scalar curvature R is replaced by a function f (R) that
modifies the Einstein eqs. It is a viable route to describe DM effects
without new matter fields (Capozziello).

Theorem (Mantica & Molinari, to appear)

A perfect fluid Ricci tensor implies a perfect fluid matter tensor iff the
space-time is a GRW.
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