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In tro duction

The methods of Quantum Field Theory have led to a huge step towards the un-
derstanding of the weak, strong and electromagnetic interactions of elemerary
particles. The samemethods are also applicable to condensedmatter physicsand
o er afruitful approad to the study of phasetransitions. The key of thesesuccess
relies in the Renormalization Group procedures,sincethey provide a way to join
together the physical quantities at di erent energy scalesand give a qualitativ e
description of the asymptotic behaviour at high or low energy

This work of thesis takes place in the context of the theoretical physics in
which the Field Theory formalism is an useful approac to a Statistical Mechanics
problem.

We study the model of a fermionic eld theory, that allows the description of
statistical ensenbles on a graph. In fact, it is a recert result [1] that it is possible
for a graph to construct a particular Hamiltonian, in term of Grassmannvariables,
sudh that the related partition function coincideswith the generating function of
spanning forestson the graph, and thus give insights into its graph-theoretical and
combinatoric characteristics.

Graph theory has many applications in dierents elds of mathematics and
physics, and one of its task is to supply the description of somepeculiar objects of
the graph, asthe paths of minimal length, the cycles,the subgraphsnamed\trees",
which are connected,and branch without having closedpaths, and \forests", which
are as above, but can have more connectedcomponerts.

In particular, a connectionbetweenGraph Theory and Statistical Field Theory
arisein the cortext of the Potts Model. The Potts model is a Statistical Mechanics
model, that can be seenasthe generalization of the Ising model in which the spin
variable can assumeq colors. A reformulation of the partition function expression
(Fortuin-Kasteleyn) leadsto an expansionin terms of spanningsubgraphs,weighted
both with local \thermo dynamic" factors, and with global \top ological" properties
of the diagrams, such as number of connected componerts, or alternatively of
independent cycles. This expansionis deeply related with the Tutte polynomial
of a graph, introduced purely in the context of Graph Theory by the mathematic
W.T. Tutte in the 50's.

The correspondenceamong our fermionic model and the g-state Potts model
on a graph appearsin the limit of the parameter g and the coupling v going to zero
simultaneouly, with a xed ratio w: in that casethe partition function of the Potts
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model is the partition function for the unrooted spanning forestsof the graph, eath
connectedcomponert being weighted with a factor t = 1=w.

As we said above, the model that we study is able to expressan interesting
polynomial assaiated to a given graph trough a fermionic integral. The secret
of this corrispondencerelies in the matrix-tree theorem, this is a result due by
Kirchho in 1847[13], that links the number of spanningtrees of a graph with the
Laplacian matrix of sudch graph.

Furthermore with the introduction of a particular form of interaction, our
fermionic Hamiltonian is suc that its integral represens the number of all the
possibleunrooted forests of the graph, soit is the generating function of them.

We study that fermionic model for unrooted spanning forest, in the casein
which the graph is a regular lattice, using the perturbativ e theory for small values
of the multiplier which \counts" the number of connectedcomponerts.

It is aninteresting fact that our model is equivalen, in a perturbativ e approad,
to the non-linear -model in the peculiar caseof the analityc extension of the
variable N, that is the number of vector componerts, to the value 1. So the
analytic results of the two models are the same.

We have dealt with regular two-dimensionallattices. The non-linear -model is
perturbativ ely renormalizable in two dimensions,as showvn by E. Brezin, J. Zinn-
Justin and J.C. Le Guillou, [9]; moreover, from the analysis of the beta function
of the Renormalization Group, it is known to shonv asymptotic freedombehaviour.
This meansthat, around the T = 0 xed point (which now we know, for N =

1, to correspond to a free-fermion theory, with only one scalar fermion), the
Renormalization ow in the parameter T for T < 0 is marginally repulsive, and
ows toward the high-temperature xed point. This is expected in general for
O(N) theory at N < 2 (and, corversely to happenfor T > 0 in the caseN > 2,
with the caseN = 2 being the very special caseleading to the Kosterlitz-Thouless
transition of X Y -model).

The asymptotic freedomis the peculiar ingrediert of the quantum chromody-
namicstheory in four dimensions,that is the modern theory describingthe quarks,
which is nowadays still far form a full comprehension,in particular for what con-
cerns the crucial phenomenonof con nement; so it is of big interest to study a
(much simpler) related model that shows this samecharcteristic.

For this reasons,we evaluated the beta function for the case of the square
and triangular lattices, up to the third non-vanishing coe cient (i.e. the rst non-
universalone). We start from the squarelattice asa bendimark of the new purely-
fermionic theory, although we know that the calculus of the beta function for
our model is equivalert to the one for the generalN non-linear -model, when
specializedto N = 1, and in this casethe calculus has beenalready performed
up to four loopsin diagrammatic expansion|[2, 3].

We gave the basisfor the perturbativ e expansionof the fermionic model, writing
the Feynman rules and evaluating the diagrams involved in the calculation up to
the desired order. After computation, we found a matching with the expected
results.
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Subsequetly, we applied the procedureto the caseof the triangular lattice.
The perturbativ e expansionis essetially the same of the square lattice, but the
integration procedure preseris some new features. In particular, the geometri-
cal characteristics of the triangular lattice, which lead to a not-so-trivial Brillouin
zone, causeda certain new care in the manipulation of momertum-space integra-
tions which allowed for analytic results. Essetially, formulations which presene
the invariance under discrete rotations of angle 2 n=6 lead to unfeasibletrigono-
metrics, while formulations which break this symmetry, leadingto standard angular
integrations, need an extra e ort to exploit the underlying symmetry of the the-
ory in terms of identities which allow to reducethe number of independert lattice
integrals. Although a large number of suc relations has beenindividuated (which
are often more tricky and essetially new with respect to the square-lattice coun-
terparts), the classof di erent contributions is fairly larger than the one arising
from squarelattice, or even hypercubic lattice in genericdimension.

A collaudated technique for the evaluation of lattice integrals involving propa-
gators in momertum spacehas beendeweloped by Lusther and Weiszin the 90's,
and is known as Coordinate Method. We generalizedthis procedureto the case
of the triangular lattice. Non-trivial new features arised also at this point, but we
can state that the generalizedprocedurenow exists, both under the theoretical as-
pects,and in the form of a computer Mathematica program with relative front-end
exibilit y.

The results obtained for the triangular-lattice beta function also nd applica-
tion in the comparisonwith numerical data recertly obtained by A.D. Solal and
collaborators [4] for the Potts model on a cylindric strip, in which the zeroesin
the complex plane of the parameter w have beenstudied for di erent valuesof the
strip width, with a transfer matrix technique.

The regionof smallw (that is, larget, i.e. the high-temperature regimein which
almost all the treesare isolated points) is studied with good results, in particular a
good numerical convergenceof the locum of zercesis achieved. On the other side,
it is expected that, in the region of large real part of w (that is, small t, which
is our perturbativ e regime), the locum of zeroes corverge to a pair of complex-
conjugate curveswith horizontal asymptote, but this corvergenceis far more slov
in this numerical context. It turns out that the shape of this curve can be deduced
perturbatively in t = 1=w from the expressionof the beta function. This has
beendonewith good results for the squarelattice, while the analogueresults were
lacking on the triangular lattice.



1. Graph theory

1.1 De nitions

A graphis an ensenble of points and lines. The linesjoin pairs of points. In general
the samepair of points may bejoined by se\eral lines, and a point may be joined to
itself by a\lo op" line, likein aring. Nonethelessfor most of “intrinsic' properties of
graphs, thesepatological situations are irrelevant, and lead to notational confusion.
For this reason, it is common to restrict to simple graphs, i.e. graphs without
multiple lines for ead pair of points and without rings. This restriction will be
assumedn this work, unlessdi erently speci ed. In this case,ead line is univocally
identi ed by an unordered pair of distinct points.

The large amourt of applications of graph theory, in many elds of mathematics
and physics, has led to a variety of di erent nomenclatures. In the following, it
will beintended that \p oint” is synonimousof vertex, or site, and \edge" of bond,
or link.

A graph G will beidentied by the (nite) setsof its verticesV(G) and edges
E(G) V(G) V(G). Cardinality of nite setswill bedenotedby j j. A subgraph
S of G is a pair (VAE9 with VO Vv and E® E, sud that all the vertices
neighbouring edgesin E%arein V° It is spanning if V® V. The setS of spanning
subgraphsis thus in natural bijection with the set of subsetsof E(G), and has a
vector-spacestructure on Z,, where the sum is the symmetric di erence of nite
sets,E1+ Eo>:= (E1[ E2)r (E1\ E»).

An edgee 2 E that joins the vertices v;v° 2 V(G) is written ase = (v;Vv9,
and vertices v and v° are said to be adjacert. Givenv;v°2 V(G), apath onG

(vi;v2);:::;8 = (v 1;v9. A cycleis a closedpath, i.e. a path such that v v°

A graph is connectedif every pair of verticesis joined by at least one path on
G. We denoteby C(G) the number of connectedcomponerts.

For ead vertex of the graph is de ned a coordination number c(v), that is
the number of edgescorverging on it. Naturally, for a given subgraph S, the
coordination number of a given vertex v on S, cs(v), is de ned asthe number of
edgesin E(S) converging on it.

A vector subspaceof S closedunder the sum de ned above is the spaceL of
subgraphsL (loops) such that ¢ (v) is even for ead vertex v. This spacehas
dimension L (G), which is the number of independent loopsin G. Loops suc that
contain asingleconnectedcomponert, and for which all the coordinations are either
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Figure 1.1 A graph, a spanningtree and a spanning forest (an isolated
vertex is highlighted for clarity).

0 or 2, are the cyclesde ned above. It turns out that a basisfor L can be found,
sudh that all the basiselemerts are cycles.

For ewvery graph is valid the Euler formula, which relatesthe number of vertices
and edgesto the number of connectedcomponenrts and independert loops:

jVi+ L =j|Ej+C (1.1)

A graph S sud that L(S) = O is called a forest In the caseC(S) = 1 it is called
atree. For this case,Euler formula reducesto

iVi=jEj+ 1: (1.2)

A planar graph is a graph with the special property that an embedding on a gerus-
0 surface (a sphere)can be found such that there are no edgecrossings. For these
graphs, a notion of duality canbeintroduced. The dual graph G of a graph G has
vertices corresponding to the facesof G, (say, draw ead vertex in a point inside the
corresponding face), and, for every edgee of G, there is an edgee of G joining
the two facesof G that contains e. The number of sidesof a given face in the
original graph G is equal to the coordination of the corresponding vertex on the
dual graph.

This notion of duality hasa natural extensionto the set of spanningsubgraphs.
Given a spanning subgraph S = (V;E9 on G, its dual subgraphS = (V ;E%) is
such that, for eah pair of edgeand dual-edge(e;e ), either e2 ECand e 62E°,
or e 62E%and e 2 E°. With this de nition, it is clear that a cycle on the
original subgraph correspondsto a non-spanningconnectedcomponert on the dual
graph, and vice-versa, thus we have the following corresppndencesamong subsets
of spanning subgraphs,under the application of duality (D) on a graph:

connectedsubgraphs subgraphswithout loops (1.3)

!
D
subgraphswithout loops I!3 connectedsubgraphs (1.4)

Thusthe setof spanningsubgraphsof a given planar graph hasthe special property
that its de ning characteristic is self-dual:
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Figure 1.2 A planar graph, its planar dual, and a pair of dual spanning
subtrees.

. connected no loops
spanning trees= !
no loops D connected

= spanningtrees:
(1.5)
Besidesthe property of being spanning is presened going from G to its dual. It
results the the number of spanningtreesis the samefor a graph and its dual graph,
and ead spanning tree is in one-to-onecorrespondencewith a spanning tree on

dual.

1.2 Algebraic graph theory

The study of the properties of a graph is strongly helped by an algebraic approad.
The power of this tool relies on the fact that the local description of the graph
(i.e. the information deriving from local properties such vertex coordinations, ad-
jacency...), it is easyto obtain informations about global properties, suth asthe
number of loops, spanningtrees, dimer coveringsand soon (for a completeoverview
of algebraic graph theory see[6]).

For a given graph G with V vertices and E edges,we de ne the adjaancy
matrix asthe V.V matrix A with ertries

1 if vertexi and | are adjacert

Aij = 0 otherwise

It follows directly from its de nition that A is a real symmetric matrix with zeros
on the diagonal. It is interesting to study the spectral properties of A and we
call the spectrum of graph G the set of eigervalues of its adjacency matrix. From
a spectral analysis we gain further information on the graph, for example, if we
considerthe characteristic polynomial of A

(G,)= V+b1Vl+QV2+b3V3+ +b\/, (16)

the coe cien ts by can be interpreted as sumsof principal minors of A, and soit is
easyto prove that:

(i) b=0,
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(i) b= number of edgesof G,
(iii)  bs= twice the number of triangles in G.

It is useful to introduce an orientation for the graph, i.e. for ead edge(i;j) we
choosea direction betweenthe two possible:from i to j, or from j to i, sowe can
draw an arrow on ewvery edgee.

Given an orientation for G, the incidence matrix D of G isthe V. E matrix

with ertries 8
< +1 if arrow e starts from i

Die = . 1 if arrow e nishes in i
0 otherwise

For ead vertex i we de ne the coordination ¢; asthe number of edgesdeparting
from it (independertly from their orientation), and we collect all the coordinations
of the graph in the diagonalV  V matrix  with j = ¢.

Then it can be proved that

DDT = A (1.7)

and DDT is independert of the orientation. We call this matrix L = DD T the
unweighted Laplacian matrix, becauseit has the features of a Laplacian operator
(that is, on a regular lattice it acts asthe lattice Laplacian operator r ?2). If we
asswiate a weight we  w;; to ead edgee = (i; j), then the Laplacian matrix L is
written in this way

PRy

k=1 Wik Ifi=]

The sum of the elemerts in a row or a column is always equalto zero, sothe matrix
annihilates the vector with all ertries equal to 1; sinceL hasa null eigervalue it
follows that detL = 0.

1.3 The matrix-tree theorem

The matrix-tree theorem is a powerful tool in conbinatorial theory. It is an old
result, already discoveredby Kirchho in 1847[13], rst appliedin theory of electric
circuits, and that in recert times hasfound many applications in combinatorics and
theoretical physics[14, 15].

In its simplest formulation, it says that any cofactor of the Laplacian matrix of
the graph G givesthe exact number of spanning trees of the graph. We appoint
with Zst the generatingfunction of the spanningtreesand, if we assigneda weight
We to eath edge(as we made above), it is

X Y
ZsT = We ; (1.8)
T2T e2T
where T is the ensenble of the spanning trees of G. Kirchho 's theorem states
that Zst is equalto a cofactor of L, i.e. to the determinant of the Laplacian matrix
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after the removal of the i-th row and the j-th column (we denote this matrix by
L(i;j)), multiplied by a factor ( 1)'*!, with no attention to which i and j we

(for a proof see[6]).

Zst = any cofactor of L (1.9
= ( 1)*idetL(i;j):
In particular if we choosei = | the cofactor is a principal minor of L and soit is
XY
detL (i) = We ! (1.10)
T2T e2T

We quote heretwo algebraicfacts on the cofactor of a principal minor of a Laplacian
matrix, which can be useful in derivations and applications of the Matrix-T ree
theorem

detL(i) = %det(L +J) (1.112)
=y i (1.12)

i=1

whereJ isthe V.V matrix with all the elemens equalto 1, and is intended that
the rst omitted eigervalue ¢ isthe null one. The rst relation is called Temgerley
formula. Both theserelations are proved in A.

1.4 Graph theory applications

The most famous example of a problem set on a weighted graph is the Travelling
SalesmanProblem (TSP): a salesmarhasto visit a setof towns joined by a network
of roads, to ead road is assigneda length (its weight); he is interested in nding
the bestitinerary, that onethat passedrom all the towns and that hasthe minimal
length (weight). In spite of its simple formulation, this problem hasnot beensolved
completely; the number of possibleitineraries grows so fast with the system size,
that it is not possibleto solve it on a large calculator; it is known to belongto
the Non-deterministic Polynomial-time problems (NP problems), i.e. there is not
an algorithm for it that givesa solution of the problem in a polynomial time, that
meansthat there is not a solution, but it is only possibleto ched a feasiblesolution
in a polynomial time. The study of NP problems is one of the most interesting
challengesin Computer Science.

Other similar questions about enumeration of objects on a graph has been
solved by algorithms; for the generationsof random spanningtreeswith at proba-
bility is possibleto usethe Wilson algorithm [31] that usea Loop-ErasedRandom
Walk procedure. The enumeration of such quantities as spanning trees, minimal
trees, maximal ow etc. has a big interest in all the kind of network system, a
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classicalapplication is to electrical networks, where the weights of the graph are
the resistencesof the electrical circuits; but today it is easyto nd many other
network system, starting from the Web, to application in biophysics problems and
in economicmodels.

In Statistical Mechanicsthe lattice models,i.e. modelson regular graphs, have
beenwidely studied (for example: Ising model rst of all and percolation); a graph
description gives big advantagesto formulate the problem.

Furthermore in chemistry, the setting on a graph allows to describe in an easier
way the possiblestructural formulae of a chemical compound; if we consider the
problem of enumerating the possiblestructures of hydrocarbon chain, the carbon
atom is a vertex with coordination four and the hydrogen atom with coordina-
tion one; so for example the enumeration of the paran series(chains of carbon
atoms that make only simple bonds and without cycles)reducesto the problem of
enumerating the rooted trees with vertices with coordination four.



2. A model for trees and
forests

2.1 Integrals with Grassmann variables

Now we want to intro ducea new languageto talk about a graph, that is the Grass-
mann variables, the advantages and the rich developmeris of this new approad
are the essenceof the trees and forests model and are going to be shaved.

We put in appendix B the basicde nitions and known results for a Grassmann
algebra, from which we will start.

How it is well-known, the determinant of a matrix can be expressedby an
integral in fermionic variables. For the caseof Laplacian matrix, that has null
determinant, we have 7 v o
did;e i iti i=0: (2.1)

|
Moreover we can use fermionic integrals to expressthe determinant of minors of
L, and sothe matrix-tree theorem shonvn before(1.10) becomes
z X Y
detL(O)= D(; ) o ogel = We | (2.2)
T2T e2T

sowe linked the fermionic formalism to a description of the graph; let us analyse
the details of the fermionic integration to seewhat sort of objects it createson a

graph.
Fix vertex i and leave running j, expanding the exponertial we have
P X
e b= 1+ Ly i+ iLi (2.3)
| 6]
X ' X
= 1+ Wik i i iWij
k i6]

Now consideredge(ij ): its weight w;; appearsin the Laplacian matrix in two kind
of terms: on the diagonal elemens ii and jj as+wj ; j and +w; j ; and on
the o -diagonal elemens ij andji with  jw; jand jw; ;.

So, the weight wj; canappear asa factor in a Gibbs weight only from thesefour
terms. Wewant to shav with conmbinatorial argumerts that the Grassmannalgebra
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related to the elds \sticked" to these four terms is suc that only combinations
describingspanningtreessurvive. At this aim, we choosea graphical represertation
for eath of theseterms:

Wi Wij
P — P —

iWij | Wi i
P = P

The crucial fact is theZGrassmannintegration rule
(didi)(@+bi+ci+d;i=d (2.4)

which forcesthe combinatorics of link occupation to put one and exactly one pair
of Grassmann elds per vertex. Now, with the correspondenceof the gure above,
thin edgeshave a pair of elds in the tail vertex, while thick edgeshave one eld
in the head, and one conjugate eld in the tail.

The constraint of having exactly one conjugate eld per site forcesevery vertex
(dierent from the root vertex 0) to be touched by exactly onearrow tail (and, for
the root, by no arrow tails). Then, if a vertex is visted by the tail of a thich arrow,
in order to complete the pair of Grassmannvariables, it must be visited also by a
thick-arrow head, and then it can be visited by an arbitrary number of thin-arrow
heads. On the other side, if a vertex is visted by the tail of a thin arrow, or it is
the root vertex, we already have a full pair of Grassmannvariables, and it can be
visited only by an arbitrary number of thin-arrow heads.

Thus, we concludethat thick arrows only comein closedself-asoiding circuits,
while thin arrows makesa sort of arborescencespanning the whole graph in a set
of connectedcomponerts. For ead connectedcomponert, as for ead vertex we
have exactly one out-going arrow, there must be one\ro ot" structure such that, for
ead vertex in the componen, either it is in the root structure, or there is a single
path which connectit to the root structure touching it only at the last vertex, and
this path must be oriented toward the root. So, ead componert besidesthe root
structure is a tree attached to the root.

The only allowed root structures are either the original root vertex 0, or a closed
oriented cycle of thin arrows, or a closed oriented cycle of thick arrows. Here
another crucial ingredient of Grassmann algebra play a role. Anticommutation
of the variables implies that a given oriented cycle, when composed of thick or
thin arrows, comeswith a relative minus sign, due to the famous fermionic-loop
phenomenon(indeed, in thin lines, the pairs ; ; acts as composite bosons,while
in thick lines the two elds ; and ; are at all e ects fermions). Consider for

(1 2w)( 2 aWwz2z) (- aw) = ( 1waia)( 2 2W23) (- W) 1
= (1 ww)( 2 2w23) (- ~wq) (25)
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Figure 2.1 Three typical con gurations on the 3 4 square lattice
rooted at the bottom-left corner site. The rst one, corresponding to
a spanning tree, gives a cortribution to the partition function, while

the other two have cortributions which cancelout becauseof fermionic
loop cancellation.

So we have found that, if we remove from the ensenble of con gurations these
pairs which exactly cancelout, we are left only with con gurations containing an
unique componert rooted in the root vertex 0. Also arrow orientation does not
give any entropic cortribution, asthe choice of orientation is uniquely xed by the
constraint that all the paths going to the root should be oriented towards the root
itself. This provesthe Matrix-T ree theorem statemert.

The reasoningeasily extend to the caseof more than oneroot given a priori .
The fact which comesout is that the term St = L of the action is a sort of
generator of \spanning arborescences"which Il the part of the graph which has
not beenvisited by other pairs of conjugate Grassmann elds.

Evaluating the expectation value of a set of rooting elds with the action St
above, we can explore all the possible spanning-forest con gurations compatible
with this set of roots. The possibilities of rooting con gurations are seweral: the
simplest caseis that one of a vertex-root

Z

D(; ) iiet (2.6)
already seenin (2.2) matrix tree theorem; we can choosealso an edge-ramt

Z
D(; ) i et (2.7

D( ;) i ioel (2.8)

With this choice,we have to obsenethat every root isin one-to-onecorrespondence
with atree, becausea tree cannot have more than oneroot; in fact if it were, there
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would be a path joining two vertex-root, this path canbe madeonly by f -links and
the rst andthe lastf -link nearthe vertex-root must be directed toward it (because
the headtakesno elds); but this meansthe the path changesits orientation going
from one end to the other and this is not possible. Sotaking asrooting set a set of
n vertices-root asin (2.8), instead of onerooted tree, we enumerate n rooted trees,
i.e. aforest of n spanningtrees (a n-forest).

From (B.17) we know also that

O
—~
~

D

-
1

Q.

D

—

I
e
e

i1;::750n) (2.9)
= We (2.10)
F2F (i1;::5in) €2F

,,,,, i, Is the set of all the

Going on, we can x all strange objects as we like, for example in chemistry
application, we construct somering form objects that reproducecarbon compounds
as benzenering.

2.2 The generating function for unro oted spanning forests

Now we follow the derivation procedureproposedin [1], to arrive at an interesting
fermionic model.
To a given a subgraph = (V ;E ) of G, we assaiate the operator

Y Y
Q = We PP (2.11)
e2E i2Vv
Takeafamily =f 4;:::; gwith ° 0 and considerthe integral
z
D(;)Q, Q.et (2.12)
we proceedas follows:
- we note that the integral is non vanishingonly if V., \ vV, = ; for all i 6 j;

- without the factor QeZE We we already know that

Z Y Y ] X Y
D( ;) iioe- = . We (2.13)
k=1i2V F2F (T V ) e2F

S.
i.e. it is a sum over all the possibleforestsrootedin V.= |, _; V ;
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- theseforests do not include the edgesE = S‘kzl E . sinceotherwise they
would have a path joining two root-vertex that is impossible(as we explained
under the (2.8)) or one of the root vertices would be connectedto itself by a
loop edgein contrast with no-loop property;

- if we add to theseforeststhe edgesin E , we connecttogether all the trees
that were rooted in a samesetV ,, and so the forest becomesa subgraph
H = ,_; Hj, collection of © connectedcomponerts, with the property that
eah componert H; corntains a single ;, no loops other than those lying
entirely within ;. We say in this casethat ; marks H; ( ; H;). Wecall
this new ensenble of subgraphs -forests

- the addiction of the edgesE hasrestored the factor QeZE We to (2.13),
SO we can write
z XY
D(;)Q., Q,e" = We (2.14)
H2F e2H

where H is an elemerts from the ensenble F of the -forests.

Now we make alittle bit of manipulation on (2.14): intro ducea coupling costart
t  to eadh Q ,, and usethe identity 1+t ,Q , = € 1% i that also allows us to
sum over all family  (i.e. over every value of its cardinality *, 8i in the binomial
we chooset ;Q , or 1 respectively if ; is oris not in the family), sowe have

|
2 p X Y X Y
D(; )elt* Q= t We (2.15)
vertex-disjoin t 2 H2F e2H

now we interchange, in the right hand side, the summationsover and H, sowe
obtain
" #
‘ p X Y Y
D(; e+ tQi= W (H) We (2.16)

H spanning G i e2H
H=(Hq;:HY)

with W(H;) = P n, t . sonow we sum beforeover H, that is a genericspanning
ensenble of subgraphsof G, and then we ched if its componerts are marked by
the in a -forest. We stressat this point the generality of this formula. In

principle, one can sum over the ensenble of spanning subgraphs,with any choice
of weights W (H;) per connected componert. For general weights, it would be
necessarya certain skill choice of the family  of diagrams, and of the weights t
such that the desiredW (H;) is reproduced, but it can be seenthat in many cases
of interest this family is relatively simple, and contains only diagrams of nite

size,for combinatorial problemson graphsof arbitrary size. In particular, if all the

componerts H; are required to be trees, also all the can be chosento be trees.
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The casein which the only allowed is the single-vertex diagram ( ) leadsto the
enumeration of rooted spanningforeststhat we discussedabove. The rst simplest
diagram other than a single vertex is the onewhich corntains an edgeof the graph
(—— ). Sowe can analizethis casein deeper detail, with the choice of weights

if is asinglevertex ( ), it hasweigh t;
if is adimer (two vertex linked by a single edge, ——), it hasweight u;
otherwiset = 0.

In this casethe integral is
Z

X X
D(; )exp L +t it u Wi
i hij |
" #
X Y Y
= (VR + UEF]) We (2.17)
F2F i e2H

wherethe summation on the right hand sideruns over the spanningforestsF, and
iVE, ]}, JEE, ] are respectively the number of vertices and edgesin the tree F;. In the
casein which all the weights wjj are real positive, the conbinatorics on the right
sideinvolvesonly positive weights for ead con guration of spanningforest, for the
range of parameterst Oandt+ u 0. Whent+ u is strictly larger than 0, large
componerts F; are asymptotically weighted with a factor which scaleswith their
size,and thus the generating function can be reasonablyexpectedto have critical
properties in the sameuniversality classof rooted spanning forests (that is, in the
fermionic description, a pure massinsertion). A specially interesting caseis the
oneu = t. Indeed, becauseof Euler formula V. E = 1, the weight simplies in
a factor t for ead tree, the dependencefrom the number of vertices and edgesin
the componerts F; disappears,and we obtain

z X X X Y
D(; )exp L +t it Wi iijj = t We
i hij i F2F e2H
F=(Fq;:5F)

(2.18)
this is the fermionic model which describes the generating function of unrooted
spanningforests: although in the combinatorial derivation we made use of rootings
on vertices and edgesof the trees, becauseof the crucial cancellationV E = 1, we
can interpret the result as a pure combinatorics of forests, eath componert being
weighted with a factor t, independert of size parameters. Moreover, noticing that

X 1 X
A
hij i ]

i il (2.19)



2.3 Corresp ondence with lattice non-linear mo del 13

we can write alsothe interaction part of the Lagrangian in terms of the Laplacian
matrix

Z X 1 X
Ze= D(; )exp L +t it ik g
i j
X Y (2.20)
F 2F e2H
F=(Fq;:5F)

2.3 Corresp ondence with lattice non-linear mo del

The generating function for unrooted spanning forests, described in the previous
section, has an interesting correspondencewith the non-linear -model. In partic-
ular we show in this paragraphthat the low-temperature perturbativ e expansionof
the non-linear -model at N = 1, on a certain graph G, coincideswith the gen-
erating function for spanning forests on graph G, with parametert = T, where
T is the temperature.

For integer positive N, the non-linear -model on graph G is the theory de-
scribed by V = jV(G)j spin variables ; 2 RN, (i.e. a real vector with N compo-

nens ;=f 1:::; Ng), constrainedto lie on the unit sphere( 2 = 1), and the
Hamiltonian couples rst-neigh bouring spins hij i on the graph
1 X
H( )= T wi (i § 1) (2.21)

hij i

If there were no constraints on the norm of the spins, the theory would be purely
guadratic. The non-linearity introduced by the delta constraints is the crucial
ingredient that producesinteraction. In order to seBthis fact, gve can consider

a parametrization which solvesthe constain: =( 1 T 2% T ), with 2
Dn 1(T ¥2), the disk of radius T 2 in RN 1 and = 1. The Jacobian of this
transformation is % 1
i 1 T2
and sothe new Hamiltonian is
1 X
HY ;)=H( )+ 5 logit T 2) (2.23)
i
In a perturbation theory around the fully orderedphase ; = (1;0;0;:::), we can
take = +1, neglectthe constraint 2 D and expandin powersof . We have
1 X TX TX
HY)=5 L 3 5 F 7w 7P Ff+oCi ) (29
i i hij i
R
and the partition function is Z = Qi d et ”.
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This is the traditional perturbativ e approad for integer positive N. Our claim
concernsthe choice N = 1, sowe should be able to de ne the model in analytic
cortinuation in N, and perform a limit N ! 1. This task is particularly hard.
Nonetheless, at the special values of integer non-positive N we can invoke the
bosonic-fermioniccorrespondence sud that fermionic degreesof freedoms\counts”
as 1, and arguethat a -model in which the N -componert sphereis replacedby
a supersphee with one real (bosonic) and two Grassmann(fermionic) componerts
could describethe N = 1 non-linear -model.

De ne the spin variables

i=Cis v i) (2.25)
with 2 Rand , pairs of Grassmannvariables, and introduce the orthosym-
plectic bilinear form de ned by the matrix

0 1
10 0
@o o0 tA (2.26)
Ot O
that is, giventwo spins j, j, the new\scalar product” is
i = gt i j) (2.27)
We can solve the constraint 1 = j {j> = 2+ 2t ; ; w.r.t. the bosonicvariable,
exploiting the nilpotency of the Grassmannvariables, obtaining ;=1 t ; ;=
e ''i i, and similarly for the Jacobian,
Y 1 X 1 X
| | |
Collecting all the cortributions, we end up with the Hamiltonian
X t X
H(; )= L +t it i il o (2.29)

i ij
which coincideswith the onein formula (2.20). We remark that the only delicate
point in the procedurehas beenthe formal correspondence

i i (2.30)
which directly leadsto
1 X X
5 Li i j ! iLij j (2.31)
i i
TX X
| |
TX TX
2 Wijj |212 ! 5 i ilki oo (2.33)
hij i ij
o & ! 0 (2.34)
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and sotaking T = t we have that H{ ) = H( ; ). We remark the important
inversionof the sign, the generatingfunction for spanningforestsat a positive value
of parametert correspondsto the antiferromagnetic model.

Now that we showved the equivalence between the two models, we can argue
from the known results on the beta function for the non-linear model that our
model of spanning forests is asymptotically free, i.e. under renormalization group
in a positive neighbourhood of t = 0, the ow is marginally repulsive. This fact
follows from the statemert that at N = 1 (actually in all the range N < 2)
the non-linear model is asymptotically free in a negative neighbourhood of the
temperature T = 0, and that there is a crucial minus sign in the correspondence
betweenthe temperature parameter T of the non-linear model and the multiplier
t of the spanning-forestgenerating function.

A further important consequenceof this correspondenceis the following: the
perturbativ e expansionfor the non-linear -model has already beenperformed on
a square lattice up to four loops [2, 3], using the method that we will show in
Chapter 6, sowe are able to write the beta function up to four loop (we will de ne
beta function and talk about the generalformulaion of the Renormalization Group
analisysin Chapter 5). Sincethis is equivalent to write the beta function for the
forestsmodel on a squarelattice, we are able to write it in term of the t paramater
of the action

da _ 3 , 3 3 c

— = t =+

d  (2)? (2 )2 (2 )3
wherec is the rst non universal coe cien t that dependsfrom the lattice, that for
squarelattice is equalto 2:34278457 asreported in [1].

t*+ O(th (2.35)
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3. The Potts model

3.1 The model

The Potts model is one of the possible generalizations of the Ising model: eah
spin, instead of being allowed to be directed up or down, can be denoted by one of
g colors.

Let G = (V;E) a graph, with V and E respectively the sets of vertices and
edges;we label the vertices with a latin index i = 1;:::;V and we assaiate to
ead site i a ‘spin' j, which can take q values, with q a positive integer (for
in fred; blue; green :::g { remark that the ensenible of spin variable correspondsto
the caseq= 2, written in terms of \ro ots of unity").

For eadh pair hj i of adjacert spins,we have a delta-function interaction J ( i;
in the Hamiltonian, where J is the coupling costart. We write = f ;gj»v to de-
note the spin con guration of the system; the Hamiltonian of the Potts model on
Gis X
H()= 3 (i) (3.1)

hij i
If we introduce the costart
v=e’d 1; (3.2)

P
the partition function Z = e HO) of the g-state Potts model on G with
parameter v can be written as
XY
Zs(q;v) = 1+v (i 5) - (3.3)
hij i

The model is ferromagneticif 3 0 (v 0), in this casenearby spins with same
color are energetically favorite, the model is antiferromagneticif J 2 f1 ;0g
(1 v 0,andifvz[ 1;1) it isunphysial, i.e. the Boltzmann weight is no
more a positive quartit y, as we expect for a statistical mecanic model.

3.2 Fortuin-Kasteleyn representation

The fact that the interaction is via delta functions has strong implications on the
combinatorial cortent of the model, which allows for a rede nition in which the

i)
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parameter g hasa natural analytic cortinuation. This rede nition is called Fortuin-
Kasteleyn representation of the Potts model. We look at the partition function in
the form (3.3)

XY
Zs(qv) = 1+v (i) s
hij i
Each term of the sum s a product of E = JE(G)j factors, one per edge;the factor
for edge(ij ) is either L or v ( i; j), in this secondcasewe place a mark on the

edge. The 2F choicesof factors are in bijection with subsetsof E(G), and thus,
in accord with de nition in 1.1, with spanning subgraphsof G. Each subgraph
takes a weight VIEY.  Furthermore ead connected componert, for the e ect of
the delta function, is made of spins of the same color; so summing over allowed
spin con gurations givesa cortribution ¢ for ead subgraphswith C componerts
(including isolated vertices). Sothe Potts partition function can berelated to sum
over the spanning subgraphsof G

X ) )
Zo(gv) = qCOVESI (3.4)
S

where C(S) is the number of connectedcomponerts of the subgraph S = (V;E9.
This is the Fortuin-Kasteleyn represetation in the simplest caseof couplings J
all equals. The samereasoningcan be repeated if we have a set f J;; g of coupling
constarts for the edges(ij ), soalsovj = exp( Jj) 1 becomesedge-degndert
and writing v = fvegere for the con guration of parameters of the system, we
obtain X Y

Zo(Gv)= &) v (3.5)

EC E e2E0

this subgraph expansion of the Potts model partition function was introduced in
the late 1960sby Fortuin and Kasteleyn. It is useful to rewrite it using the Euler
formula (1.1), that for ead spanningsubgraphS = (V;E9 is

Vit L(S) = JEA9)i+ C(S); (3.6)
with L(S) the number of its independert loops; so (3.5) is
o X Y v,
Zo(gv) =gV o) = (3.7)
EO E e2E° q

This alternativ e statemert is fruitful especially whenthe graph G is connectedand
planar. Indeed, in this case,as explained in Chapter 1, a dual graph G can be
introduced in a natural way, sud that duality also extendsto a bijection among
the spanningsubgraphsof the two dual graphs. Pairs (S= (V;E9;S = (V ;E?))
of spanning subgraphsin bijection are suc that

VvV V(G) V. V(G) (3.8)
E°[ (E®) = E(G) EO\ (E?) =; (3.9)
C(S)=L(S) L(S)= C(S) (3.10)
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that is, the vertex setscoincidewith the onesof the corresponding graphs(spanning
property), the edgesetsare complemernars, whenthe corresppndenceamongedges
and dual-edgesis understood, and the number of connectedcomponerts C and the
cyclomatic number L (the number of independert loops) are exchanged.

Now, the partition function for a graph G at a certain value v of the couplings
is in relation with the partition function for the dual graph G at a new set v° of
couplings, indeed

C(S) Y L(S) Y

X oY
Zg (qv9 = g ve= g ve=a ¥ vZe(gv)
S G e 2EO S G e6EO° e2E(G)
(3.11)
where vev? = q for ead edge.

At the starting point, in the basicde nition of the Potts model, q is a positive
integerand ve arereal numbersin the interval ( 1;+1 ), but the Fortuin-Kasteleyn
represeration shows that the partition function Zg(q;v) for a graph with all cou-
plings equal to v is in fact a polynomial in g and v. This allows to interpret q
and v as taking arbitrary real or even complex values, and to study the phase
diagram of the Potts model in the real (g; v)-plane or in complex (q; v)-space'; in
mathematical languagethis is equivalert to study the complex zerosof the Tutte
polynomial, indeed this polynomial and Zg(q;Vv) are essetially equivalent. The
Tutte polynomial Tg is a polynomial in two variables, de ned by

X
Te(xy)=  (x 1)CED Coy 1)-E) (3.12)
EO E

wherewith Cy we denotethe number of connectedcomponerts of the original graph
G and, as said above, with C(E9 the one of its subgraph S = (V;EY; Comparing
with (3.4) we nd that

c ...
Zg(qv) = Te(1+ 1+ V) g vVl (3.13)

The Tutte polynomial hasbeenwidely studied in the context of algebraicproperties
of graphs, seefor example[29].

From the location of the complex zerosof the partition function, accordingto
the Yang-Leetheorem of phasetransition, we gain information about the phase
transition of the model [4].

3.3 The q! O limit

Now that we have seenhow to study the Potts model partition function Zg(q;Vv)
with arbitrary and also non physical values for q and v, as g complex value or

1This is a particular result for Potts model with delta interaction, for Potts-Gauge model [28]
the Fortuin-Kasteleyn represertation cannot be extendedto analytic valuesof g. It isinteresting to
study the general classof models like Potts that admit an analytic extension of FK represertation.
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v < 1, we are allowed to deal with the q! O limit. This limit brings bad the
Potts model to our generating function (2.20) for unrooted spanning forests. We
performaq! Owith xed valuesw = v=q from (3.7) we seethat this selectsout
the subgraphsS = (V;E9 G = (V;E) having the smallest possible number of
independert loops. We therefore have

limq’ Y1Zg(g,aw) = Fo(w); (3.14)
where X v
Fe(w) = We (3.15)
EC E e2E°
C(E9=0

is the generating polynomial of spanningforests, i.e. spanning subgraphsnot con-
taining any loop, with a weight we for ead edgee in the forests. To seethe
correspondencewith our generating function (2.20)

X Y X LY
F 2F e2H EC E e2ED0
F=(F1;:5F) C(E9=0

we make the samepassagemade above (to passfrom the for the Fortuin-Kasteleyn
represermation (3.5) to the (3.7)) exploiting the Euler formula, we have

Y We

Zg =tV (3.17)

EC E e2H
C(E9=0

Sothe identi cation betweenthe Potts model and the fermionic model is obtained
trough

whots = % : (3.18)

Since we are going to dewvelop our fermionic model on a lattice where we have for
all the edgeswe = 1, we have the corresppndencemore easily trough

P otts
e

W

~l

(3.19)

3.4 Potts model phase diagram

On squarelattice the Potts model hasbeenwidely studied and it is possibleto draw
a phasediagram for it, eventhough there are someaspectsnot fully clear. A crucial
ingredient is the graph duality explained in the previous section, which for hte
suarelattice, that is self-dual, givesimportant consequence§for example, it allows
to identify directly with a simple reasoningthe transition point, in the veri ed
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conjecture that it coincideswith the only xed point of the duality corvolution).
We considerthe phasediagram in (q; v)-plane, and we draw the curves:

v=Pg; (3.20)
v= 2 p4 q; (3.21)

on which Baxter [21] has found the expressionfor the free energyin closedform.
The rst one corresponds to the ferromagnetic phase-transition line, the second
with + signhasbeenconjecturedto correspond to antiferromagnetic phase-transition
point 2. So above the (3.20) line we have the ferromagnetic region, in the region
boundedup by (3.20) and down by (3.21) with + signwe have a noncritical region,
and under (3.21) with  sign we have the antiferromagnetic region. In the limit
of g! O with w = v=gq xed, we distinguish the three regions around the point
(g;v) = (0;0), parametrized by the slope w = v=qg all the valuesof w in the range
[ 1=4 = wp;+1 ] are in a noncritical region, while the onesin [1 ; 1=4] arein
the antiferromagnetic region, and w = +1 is the ferromagnetic critical point.

A similar behaviour appearson the triangular lattice, but the antiferromagnetic
phase-transition curve is not known. Again, two special curveshas beenfound by
the group of Baxter, on which the free energyis known in closedform

vi+ 3?2 q=0; (3.22)
v 1: (3.23)

the rst of them, in the half-plane v > 0, correspondsto the ferromagnetic phase-
transition point. Unfortunately, the secondone is not critical in general but it

cointains the critical point for g = 2 and q = 4. On the other side, the antifer-

romagnetic critical curve is not known, and neither its existencein generalis a
conrmed fact (remark that, in the antiferromagnetic region, the triangular and
the square lattice are deeply di erent, asthe rst one shows the important in-
gredient of frustration). Nonetheless,A.D. Solal et al. proposethe existenceof a
‘mystery' curve of xed points that, like the one on the squarelattice, goesfrom
(g;v) = (0;0) in the quadrant v < 0 and g > 0. They also have strong numerical
suggestionson the fact that this curve must exist at leastin a right-neighbourhood
of (g;v) = (0;0). Following their convertion, the slope of this “mystery' curve is
calledwg(tr i), and asfor the squarelattice, in the limit gq! 0 with w = v=q xed,

they distinguish the noncritical region for all the valueswp(tri) w +1 , and
an antiferromagnetic region for all the values 1 w  wo(tri). The results
obtained in [4] by a transfer-matrix method, suggestthat, both for square and
triangular lattice, the w = wg is a rst-or der critical point, i.e. it is a rst order
transition point becauseit shows discortinuity of the rst derivatives of the free
energy but also it preseris a correlation length that divergesfor w & wg from
above, and that isin nite forw wy.

2This conjecture agreeswith other known results for the Potts model with q= 2 (Ising) q= 3;4,
see[4] for a complete overview of known results and conjectures for the Potts model phasediagram,
alsoin terms of conformal eld theory, and a wide source of referenceson it.
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Figure 3.1 A schematic description of the Potts model phasediagram
in the parameter spaceof real g and v, on the left for the squarelattice,

and on the right for the triangular lattice. The integer valuesof q are
highlighted with the dashedgray vertical lines. The Baxter lines are
plotted asbold lines, with di erent dashing depending on their physi-
cal meaning. The v = 0 real axix correspondsto in nite temperature.
The dotted v = 1 line corresponds to the zero-temperature antifer-

romagnet (pure \colouring" problem). The solid parabolic curvesare
the ferromagnetic (up) and antiferromagnetic (down, for the square
lattice) curves. The dashedlines are prosecutionsof the Baxter lines,
whosephysical meaningis lessclear. Remark, for the triangular-lattice

gure, the line which starts at g = v = 0 ang goes down with slope
approx. 0:1753, corresponding to wq(tri), whose prosecution is un-
known.

Furthermore in [4] it is found for the squarelattice wo = 1=4 asexpected,and
it is estimated on the triangular lattice wp(tri) = 0:1753 0:0002.



4. Renormalization of the
non-linear -model In two
dimensions

4.1 The non-linear -model

How we saw in 2.3, the generating function for unrooted spanning forests can be
put in relation with the partition function ofthe N = 1 lattice non-linear -model
de ned by the Hamiltonian
X

wi( i j 1) (4.1)
hij i

HO)= <

where ;| 2 RN is a vector with N componerts ; = f 1;:::; Ng constrainedto

lie on the unit sphere: ,2 = 1;i isthe site index (i = 1;:::;V), and the sumin
(4.1) runs over all the pairs of rst neighbours amongthe V sites of the graph.
Here we consider as graph a regular d-dimensional hypercubic lattice and so
the sum becomes X X
! (4.2)
hij i i
with i = 1;:::;V and = 1;2;:::;d, sothe rst neighbours of site i will be
fi ~ ~g, with ” the versorin the direction. For wj;+~ = 1, in the continuum

limit the Hamiltonian reducesto
Z

H( )= dx@ () @ (¥ (4.3)

1
2T
which is the widely-studied eld theory in the continuum, counterpart of the non-

linear -model in Statistical Mechanics. The action in standard notation is
Z

1
S()= 5 dx(@ (x))? (4.4)
g
where the coupling costart is g= T, and the Euclidean partition function is
Z
Y
Z(9) = d (x) (2 1e>0); (4.5)
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Figure 4.1 The decomposition of the -model eld, for the caseN = 3.
The magnetic eld is directed along the z axis.

the delta function setsthe modulus of the N -componert eld
2(x) = 1; (4.6)

from this quadratic form follows the name non-linear model.

In the continuum limit we have to adopt a cortinuum regularization, we shall
usedimensional regularization. To satisfy the O(N) invariant constraint it is usual
to split the N-vector in a (N 1) componert eld and in a one-compnert (or
scalar) eld
(x)

=y

with

p

= (x) =1::N 1 xX)= 1 2(x): 4.7)
this particular choice is conveniert for the renormalization procedure, as we will
seein the next section.

Taking into account the Jacobian of the transformation, the model in terms of
the new elds is

Z
Y od® _s()

Z= Jpﬁ e (4.8)
z )
S()= 5 dx (@ ()7 G @9)

4.2 The renormalization metho d

4.2.1 Power counting and regularization

The rst way to look if atheory is renormalizable, it is the power counting method,
i.e. goingto look the super cial degreeof divergencef its Feynman diagrams. By
power courting, it can be seenthat the non-linear -model is super renormalizable
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in 1 dimension, renormalizablein d = 2 and not renormalizablein d > 2; in fact
the dimension[ ] of the eld is

[1= 55~ (4.10)

and soin d = 2, sincethe eld is dimensionless,all the terms of the Lagrangian
are of dimension 2 and the model is just renormalizable (that is neither super nor
non-renormalizable). Sofrom now on in this chapter, we will focus on the model
in two dimensions,sinceit is the only one perturbativ ely renormalizable. We also
make use of dimensional regularization, that is, we considerthe theory at a generic
dimensiond, and reac the limit d = 2 (which su ers from divergences)from above.
We stressthis fact using the notation d = 2+

Furthermore, in order to make a perturbativ e expansion, we have to take a
classicalminimum of the action (the vacuum of the theory) and expand around it,
but, as a consequenceof the O(N) invariance, the action (4.4) has a cortinuous
set of degenerateminima, and there exist N 1 masslesg5oldstone modes, which
also shawv up asdivergencesn the propagator in the d = 2 limit.

We solve both problems adding to the action an external magnetic eld h,
linearly coupledto the rst componert of the eld . The new action is

L P
S(;h)=S() h d’ 1 2(x) (4.11)

where S( ) is the action in (4.9). As the new term in (4.11) givesa massh'™ to
ead Goldstone mode ;, we provide a geruine classicalminimum of the action

0= 3

The classicalexpectations for transverse elds, j (x)j, are of order P g; this allows
usto expandin powersof 2 the action. As a consequencethe term h alsoappears
as a massregularization of the diverging masslesspropagator (p 2! (p?+ h) 1),
which causedthe infrared divergences.On the other side, ultraviolet divergencies
are regularized by our choice of dimensional regularization.

The apperanceof theseinfrared divergencess expected from the statemert of
the Mermin-Wagner-Colemantheorem, which assertsthat in d = 2 can not be
found a local gauge-irvariant order parameter and so O(N) symmetry is newver
broken; in fact it is not possibleto x one minimum of the energy becausethe
presenceof Goldstone modes (i.e. our masslessmodes) makes easyto passfrom
one minimun to another.

422 Ward identities

Now that we regularized the model, we discussthe Ward identities expressingthe
consequencef the O(N) symmetry for correlation functions.
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Considerthe generating functional of the  Green functions
z z
Yod )

Z[3:h] = p%——zem S(m+g Px I (%) (4.12)
with
14 1 1( @ )2 R
SCi=g % 5@ )+ 55y M1 ) 1 @13)

here we took for a more generaldiscussionh(x), depending from position#. After
the parametrization that we showved above (4.7)

(x) .
(x)

we can decomposethe generatorsof the O(N) algebrainto the set of generators
of O(N 1) and the complemenary set, these are respectively W and
N 1 generators.The rst onesact linearly on and leave unchanged , sothey
get a particular in nitesimal rotation becauseit doesnot mix together and
componerts, moreover these transformations has only trivial consequencesn the
Ward identities. For thesereasonswe want to considerthe secondones,that are
the generatorsof the complemertary set, they act non-linearly on (x) asit is for
a genericO(N) rotation, if! ; = 1;:::;N 1 arethe in nitesimal parameters,
the in nitesimal transformation induced on the elds are

(x) =

xX)=! X; (4.14)
x)= (x): (4.15)

Sowe perform a changeof variableson the elds which correspondsto an in nitesi-
mal rotation Ofﬂ‘e group. In such transformation new operators may be generated,
hereit isonly 1 2, Sowe have to add new sourcesfor this new operator in
the Lagrangian. Then we examinewhat is generatedby this new operator under a
group of transformation, and, if new operators arise, we add the corrisponding new
sources.This hasto be repeateduntil the systemis closedunder the group trans-
formations. With the pararTEatrization ( ; ) chosenhere, the system is already
closedafter onestep, in fact 1 2 generatesnothing but

The Ward identities are the conditions that we have to x in order to keep,to
all order of perturbation theory, the invariance of the generatingfunctional Z[J ; h]
under the transformations (4.14), (4.15). Sowe ask that

z
0= zZ[J;h]= d%

Z[3:h] Z[3:h]
A

We know that our starting action without external sources(neither h nor J) is
already invariant under rotations, sowe have to look at the new sourceterms. We

x) (4.16)
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solve the functional derivatives Z[‘zx;')‘] = J(x) and Z[‘(]X;;‘] = h(x), weusethe (4.14),

(4.15) to write the in nitesimal variations of the elds, and nally we expressJ (x)
and (x) asfunctional derivativesof Z[J ;h], sowe have from (4.16)

Z
0= d%PBXx)  ()+hx) (X
w1 Z ] ] (4.17)
= 1 d% J (x) ng‘z);)h] h(x) ZJ[J(’X r)\]

This last equation express,for all , the N 1 Ward identities for the generating
functional Z[J ; h] of the correlation functions. We want to write the sameidentities
for [ ;h] the generating functional of the one particle irreducible (1PI) Green
functions?.

In order to do this, we know that

WI[J;h] = glogZ[J;h] (4.18)

is the generating functional for the connectedGreen functions, and from (4.17) it
satis es the identities

Z
d WIJ;h] WIJ;h] e
d°x J (X)W h(x)Ji(X) L::;N 1 (4.19)
The [ ;h] functional is de ned asthe Legendretransformation of W[J ; h]
Z
[ hl= dx@ ) () WI:h) (4.20)
and so with 350
_ WQhl,
R (4.21)
Noticing that
W[;hl _ [ ;h] _ [ :h]
he) oo and J (x) = x) (4.22)
from (4.19) we obtain
Z . .
dix L1 ’h]+h(x) (x) =0 =1::N 1 (4.23)

(x)  h(x)

theseare the Ward identities that we are going to use.

1A Green function is one-particle irr educible or 1PI if its Feynman diagram is connected and
remains connected when any one internal line is cut.
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4.2.3 Renormalization

We want to exploit the Ward identities in order to renormalize the theory. We
proceed perturbativ ely, and so we make an expansionof in terms of |, that
cortains only diagramswith just n loops

[ ;h]= ng" ; (4.24)

o= S( ;h) isthe original action without sourceterms J (it follows for de nition
(4.20)). For the O(N) invariance of the model, we require to fulll conditions
(4.23): the casen = 0 is already satis ed, for the one-loop term the condition
reads 7 " #

d © @ w o
® he T 0 e D (4.25)

forall = 1;:::;N 1; from now on, we adopt the samenotation of [9] writing
this last expressionas’

© @ =0; (4.27)

At ead order the functional hasa nite part and a divergert part, in the ultra-
violet limit (i.e. in p-spacewhenp! 1 , wherewe seethe super cially divergen
diagrams) the divergert part is predominant and we have

) _ A
© @, (4.28)

with this condition we are able to write the right counterterm that remove the
divergencedrom the action S( ;h) at tree level. Sotaking

1
s&( ;h) = S( ;h) 5 & (4.29)

we constructed a one-loop renormalized action.

In the sameway we proceedfor the next orders, the procedureis inductive: if
the action is renormalized until order n 1, renormalization at n loopsis acieved
from the proper Ward identity that it is

© M= (@O C"DHy @ 0y (4.30)
and in the limit of large momerta, we have

© M-g (4.31)

2We de ne an operator

z () (k)

(k) _ _
H + P : (4.26)



4.2 The renormalization metho d 29

this equation allows usto nd the right courterterms in order to make the pertur-
bative expansionultraviolet nite up to n loops. The model in two dimension has
beenstudied, and in Ref.[9] it is shown that the theory can be renormalized with
only two renormalization constarts Zg and Z and the other are written in term
of them. Sowe de ne the renormalized quartities in the following way:

2d
g —Zg OR ; (4.32)
(x)  Z' r(x); (4.33)
q__
x) Z¥r(x)= 1 Z 2&(x); (4.34)
z
h ZTith : (4.35)
Where is the renormalization scaleand the factor Ng = %37:22) IS intro duced by
dimensional regularization. The renormalized action is
z z
yA (R @ R)? 1
‘h) = d 2 4 - d h :
Sr( ;h) 2077 dx (@ RN+ T 2 (%) - dxhr(x) r(X)

(4.36)
Furthermore from the condition of renormalization above (4.33), it follows the im-
portant relation betweenbare and renormalized 1PI n-points correlation functions

™ (p:gr:hr) = 272(; g ) M(piigh; ) (4.37)

424 Renormalization costant and M S-scheme

We provided an UV cut-0 using dimensional regularization and introducing the
parameterd = 2+ , sothe UV divergert quantities may arise only in the limit
I' 0 and we can expand the renormalization constart in polesof 1=:

X )
Z (g=1+ n(g) + nite quartities when ! 0 (4.38)
n=0
(n)
Zg(g) = 1+ gin(g) + nite quantities when ! O: (4.39)
n=0

The minimal subtraction schemeor M S is one of the possible schemesthat can
be implemented to remaove the divergert parts and to make the renormalization,
and that it is specially useful in dimensional regularization; it consistssimply in
removing the (1=) polesin potentially divergert quartities. In our case,since
these (1=) poles are accompaniedby powers of Ny, it is conveniert to subtract
theseterms as well, this is said the madi e d minimal subtraction schemeor M S.
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5. The renormalization group

5.1 The study of phase transitions

In order to study the properties of a physical sistem, we have to look if it presens
somecritical behaviour, i.e. we have to study its phasetransitions.

Given a model described by the Hamiltonian H and at the temperature T, if we
considera con guration ! of the system,we write H(! ), and its Gibbs distribution

ise H() with = 1=T; the partition function is
X
Z()= e H®) (5.1)
flg

and the free energy
F = 1IogZ( ): (5.2)

Investigating the analyticity of the free energy we gain information about the phase
transitions of the model. In generalwe said to have a phasetransition of n-order, if
oneof the n-th derivativesof F isthe rst to be discortinuos;usually we encourter
only transitions of rst or second-order.

The rst kind are said also discontinuos, becausepresen discortinuities in
thermodynamic quantities (rst derivatives of the free energy); so at the critical
point it is possibleto have coexistenceof di erent phasesand the correlation length
is generally nite (an example of rst kind transition is the condensationof gas
into a liquid).

The secondkind, instead, are said also continuos beacausethe physical quan-
tities change cortinuosly; there can not be a mixed phase, since the correlation
length ! 1, all the system approades the critical region (two examplesare:
the liquid-gas critical point in a uid and the paramagnetic to ferromagnetic re-
gion transition). This secondkind are more interesting, becausethey may showv
spontaneus symmetry breaking (SSB).

In order to de ne a spontaneus symmetry breaking, we have to introduce the
order parameter of the system. If we have an Hamiltonian H that is invariant
under a group of symmetry G, we have

H(g!)=H() 8g2G; (5.3)

(in which g! is the imagine of the con guration ! under the action of the trans-
formation g).
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exponert | physical quantity behaviour classicalvalue
Ch Ch It 0
m m (t) 1=
m m h¥" 3
T it 1
it 1=
G(r) G(r) jr @ 2) 0
G(K) G(R) jkj *)

Table 5.1 mytable

We said that M is an order parameter if:
(1) M is an exstensiwe quartit y;
(it) M doesnot respect the symmetry of H, i.e.
M(g!)=T@M(() 892 G: (5.4)
with T a linear operator that is a represenation of G.

If we have an order parameter, it breaks the symmetry of H, and so we have a
SSB. In the paramagnetic to ferromagnetic transition, choosing one of the two
direction of magnetization, we have a SSB, in fact such thermodynamic state does
not respect the invariance of the Hamiltonian under the spin ip (inversion of all
the local magnetization). In the caseof the critical point of liquid-gas transition
we do not have SSB beacusethe Hamiltonian do not have a symmetry. From now
on, if it is not said explicitly, we will refer to secondorder phasetransition.

In order to describe a phasetransition, it is commonto look at the behaviours
of the physical quantities in the surroundings of the critical temperature T, that
is the temperature at which the transition occurs. Sowe de ne as

T T

t
Te

(5.5)

the reduced temperature, and we nd the critical expnents i.e. for a quartity A
the critical exponert asscaiated is the exponert that describesits behaviour near
T in this way:

At (5.6)

In the tabular are shavn the classicalexponerts. Where the physical quartities
are referred to a magnetic system: Cy, is the speci ¢ heat at xed magnetic eld
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h , m is the magnetization, 7 is the correlation length at xed temperature, and
G(r), G(R) are respectively the two point function and its fourier transform.

The study of phase transition benets from the consolidated results of clas-
sical theories: the Van der Waals theory (1873), the Mean Field theory (rstly
intro ducted by Weisson 1907) and the Landau theory (1965). Theseclassicalthe-
ories provided the values for critical exponers, said so the classical exponerts.
Comparing thesevalueswith other results coming from experimental data or from
analytic computations, we nd that they are correct only in a particular range of
the dimensiond of the system;in fact the occurrenceof the phasetransitions in a
systemis strongly dependert on its dimension. To show this, we de ne two critical
dimension: the sugerior one dsyp, and the inferior one di,s . We have that for a
d-dimensional system: if d > dsyp the classicalexponerts are correct, if d < diy
there are no phasetransitions. Sowe are interested in the region dins < d < dsyp
where we expect to nd the occurrenceof critical phenomena.

In order to gain further information about this region, we needan other kind of
approad, the newideais provided in 1974by the Wilson and Kogut's work about
the Renormalization Group analysis ([32]).

We sketch their new basic idea: near the transition point, ! 1 and sothe
degreesof freedom e ectiv ely interacting with ead others is d soit also di-
vergesand every sort of approximated procedureis impossibleto handle; sincewe
are interestedin long distancesbehaviour, we make a coarse graining, i.e. we reduce
the degreeof freedomby integrating over short distances. The physical description
is the same, but now is described in terms of new coarsedor renormalized vari-
ables; iterating this transformation we identify a ux of the Hamiltonian toward
a point, that is the critical point of the model. Hystorically the Renormalization
Group technique dewelopesthe idea of the scalinglaw, already suggestedbefore by
Kadano .

5.2 The general form ulation

Consider a generalcritical (T = T¢; = 1) Hamiltonian H( ) depending on a
setof elds (x), that are cortinuos variableson a cortinuos d-dimensional space.
The Hamiltonian will in general depend on an in nite number of parameters or
coupling constarts. We assumethat H can be expandedin powers of

Z

X 1
HO)Y= dI%1d%; i dIXn Hn (X1 X050 xn) (X1) it (xn) @ (5.7)
n=0
and that the Fourier transform of the functions H, are regular at low momerta,
i.e. the theory is regularized at short distance.

Considering the generating functional W[J] = 1= logZ[J] of the connected
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We de ne the Hamiltonian H ( ), assumingthat its connectedcorrelation func-
tions are:
W (xe:mixn) = Z ™20 ) WM (X 2 X ) (5.8)

with Z(1) = 1. In the caseof models invariant under spacetranslations, (5.8) in
p-spacebecomes:

W (pyziipn) =2 ) ¢ MOW (py=; = ) (5.9)

The mapping H( ) ' H () is a RG transformation. The coupling constarts
appearing in H are now all explicit functions of . Let us assumethat, when

becomeslarge, the Hamiltonian H ( ) has a limit H?, called the xed point
Hamiltonian. If such a xed point existsin hamiltonian space,then the correlations

functions W have corrisponding limits w4 and the (5.8) becomes:

WO (x 150000 X ) Z"=20 YWY (x1: 0000 xn) (5.10)

WO (X 1500 X n) Z"2( )ngn)(xl;:::; X n) (5.11)

WO x 15 X n) Z"2( Y WS (x1:::71%n) (5.12)

WAV (X 12000 x ) = Z5720) WY (x1: 100 xn) (5.13)
with .
Zo() = fim %: (5.14)

The relation (5.13) says that W (") is a homogeneusfunction ! in n variables, and
from this it follows s
Zo()= ™ (5.16)

whered is a positive number, called the dimension of the order parameter (x),
and that is peculiar to the xed point. Becauseof the positivity of d , applying
the (5.13) to the 2-points connectedfunction, it results that it divergesat the xed
point Hamiltonian, and sothat H? is necessarilycritical.

LA function f (x) is homogeneusin x if
f(x)=9()f(x) 8 2R; (5.15)

from this it follows that g( ) = P, where p denotes the degree of homogeneity. In fact, taking
another parameter , we know that f( x ) = g( )f(x) = g( )g( )f(x), but alsof( x ) =
g( )f(x), soit isg( )ag( ) = g( ) and this is satis ed only if the function g has a power law
behaviour.
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From (5.14) it follows that alsoZ ( ) hasasymptotically a power law behaviour,
so we rewrite the (5.10) as

WM (X 13100 X ) d W (xq: 0 xn) (5.17)

from this relation, we know that the critical behaviour of the correlation functions
dependsonly on the xed point Hamiltonian. In other words the correlation func-
tions corresponding to all hamiltonians which o w, after RG transformations, into
the same xed point, have the same critical behaviour. This property is called
universality and the spaceof critical hamiltonians is thus divided into universality
classes.

In order to study this ow toward the xed point Hamiltonian, we write the
RG equations. We perform a small dilatation of the parameter until (1+ = ),
we describe this transformation in di erential form in terms of a mapping R of the
spaceof critical hamiltonians into itself and a real function de ned on the space
of hamiltonians:

diH = R[H |; (5.18)
9i0gz()=2 d [H1: (5.19)

d
In this way the xed Hamiltonian will satis es:

R[H?]= 0; (5.20)
and accordingto (5.16), the dimensionof the eld is:
d = %(d 2+ [H D: (5.21)

Sincewe are interestedin the study of the critical behaviour in the surroundings of
the critical temperature, we assumethat near T, i.e. closeto H?, we can linearize
the RG equations above, assuming:

H =H+ H ; (5.22)
di H =L H); (5.23)

where L” is a linear operator independert of , acting on hamiltonian space. If
L? has a discrete set of eigervaluesl; corresponding to a set of eigenogerators Oj,
then H canbe expandedon the O;:

X
H = h()0i; (5.24)

and the trasformation (5.23) becomes:

RO = i) (525)
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from which it follows
hi()= "hi(2): (5.26)

The eigenogerators O; can be classi ed into three families:

- relevant if the eigervalue assaiated |; > 0; the componert of H along a
similar operator will grow with  and so causesa relevant movemen from
H?:

- irrelevant if |; < 0; the corrispondert componert of H will goto zerowhen
grows;

- marginal, if I; = 0O; the corrispondert componert of H is stable in the linear
approximation, to study its behaviour we have to expand up the further
order, generically it is dihi( ) h?andsohi( ) 1=log( ); somarginal
operators usually take logarithmic approac to the critical point.

The ux toward the xed point is determined by the relevant operators, that
we expect to correspond to the signi cant physical quartities of the model (for
example the temperature or the external magnetic eld). If the Hamiltonian is
described by a set of k parameters, and we have m relevant operators, these are
like knobs to tune in order to arrive at the critical point; and soin the spaceof
hamiltonian parameterswe have a (k m)-dimensional surface,the critical surface,
in which from ead point we start, iterating the R map we necessarlyarrive at the
xed point.

5.3 Renormalization Group Equations for the non-linear
-mo del

In chapter 4 we described the renormalization procedure for the non linear -
modelin d = 2+ dimension, through the Ward-Identities method. We report the
renormalized action found there
z z 1 z
d +(@ &) = d%h :
w7, (@ RPH@F) oo dhe() r()

Sr( ;h) =

and the renormalization conditions

0r 29249;

rR(X) z'7 (x);

rR(X) z22 )= 1 Z 2x);
Zg .

hR Fh

In the previous section5.2 we talk about a di erent method of renormalization,
through the rescalingof the energy scale,in order to investigate the behaviour of
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Figure 5.1 A typical Renormalization-group o w in a two-dimensional
spaceof parameters. On the left, a xed point with one relevant and
oneirrelevant operator; on the right, a xed point with two irrelevant
operators.

a eld theory model with sliding coupling costarts. At the light of this dierent
formulation we want to apply the RG analysisto the non linear -model.

We haveto considera changeof scaleand for this reasonwe will usehere,instead
of dimensionalregularization, an ultraviolet cut-o , that actsasan inverselattice
spacing, xing jpj < . Furthermore to obsenethe dependenceofthe RG equations
from the dimension, we mantain the parameterd = 2+

In this regularization the relations (4.37) read:

(piteihr: )= 272 =1 t) O(pitih;) (5.27)
In the ultraviolet limit ! 1 g hasto be a nite quantity and to be cut-o
independen, sowe expect
dr  _g (5.28)
d R

with abd tg xed, or in terms of the bare constarts

@@ 22 it Ooph) =o 290 (5.29)

R

where p dependsfrom the perturbativ e order. We introducethe functions , and
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, that are dimensionlessand are de ned with the renormalization andtr xed,

(t) = @@ . t; (5.30)
(t) = @@ . logZ ; (5.31)
(t) = @@ . logh : (5.32)
By using them, we rewrite (5.29) as:
2+ g Z O+ Ohg Op: 9=0 (633

that is known asthe Callan-Symanzik (CS) equaBon.
Using the renormalization condition hg = Z4q= Z h we are ableto express (t)
in terms of (t) and (t):

=3 O+ 2+ 539
Applying the CS equationon @
4
1 dd
O@ = @M PN Dh om0 (6539)

and identifying the coe cien ts of p? and h, we derive two equationswhich determine
(t) and (t) at one-loop order

(t) = t N2—2t2+ ot3:t?) ; (5.36)

N 1
()= =

Looking back at their de nition, we know that these two functions describe the
behaviour of Hamiltonian under a variation of the parameter , i.e. the cut-o
on the momerta; if grows we analysethe ultra-violet limit, if decreaseghe
infra-red one.

For 6 Othe function hastwo xed points, atrivial oneat = 0 and a non
trivial one, located at

t+ O(t%t ) : (5.37)

te= ¢ (5.38)

For > 0 (when the model is perturbativ ely renormalizable) from the sign of
the function we seethat t. is an ultraviolet-stable xed point, andt = 0 an
ultraviolet instable xed point (or infrared-stable). The point t. represetts the
critical temperature, and when | 0 it approachest = 0, in accord with the
Mermin-Wagner theorem.

For d = 2 we have only the trivial zero xed point and we have to distinguish
among three cases:
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- if N = 2 the beta function vanishes,this is the well-known caseof the XY
model, which exhibits a line of xed point;

- if N > 2 the beta function is negative, sot = 0 is an ultraviolet-stable xed
point, i.e. at small distancesthe coupling costart becomessmall, and it grows
at large distances,this behaviour is called asymptotic freedom;

- if N < 2 the beta function is positive, soif we approac t = 0 asusual from
the right, we have an ultraviolet instable xed point, but if we approad from
the left, consideringnegative temperature, we have an ultraviolet xed point
at = 0 and sothe model is asymptotically free.

A negative temperature meansthat we are consideringa -model with negative
spin coupling, in fact looking at the lattice Hamiltonian (4.1)
1 X

H( )= T wi (i § 1) (5.39)
hij i

if we take the weights wj; > 0 we favourite the spinsto be parallel to ead other
and sowe construct a ferromagnetic model, instead choosingwjj < 0 we realizean
antiferromagnetic coupling; xing wii+e = 1, aswe did in chapter 4, we restore
the two possibilities choosing the correct sign of the temperature.

Resuming,in d = 2 we have two ways to nd an asymptotically free model: a
ferromagnetic model if N > 2, and an antiferromagnetic model if N < 2. Sowe
shown that the non-linear -model in two dimensionsis an important example of a
eld theory which is asymptotically free, that is its short distance behaviour is gov-
erned by the weak coupling xed poinat = O; it is interesting to study this model,
sincethis feature is believed to be sharedwith the quantum chromodynamics that
is the modern theory of strong interactions.

At this point the statemert reported at the end of Chapter 2 about the asymp-
totic freedom of the fermionic spanning-forestmodel is clear, sinceit is the caseof
N = 1 and negative temperature, it belongsto the third caseexplained above.

5.3.1 Univ ersality of the rst two terms of beta function

Finally we want to show here a general result about the beta function, since we
will useit in the next chapter. Given a theory with coupling costart g the form of

(g) dependson the model and on the regularization method utilized, for example
for lattice theory, it is di erent for squareor triangular lattice; neverthelessin the
power seriesexpansionof (g) this dependenceappearsonly from the third term
of the expansionand going on, the rst two terms are instead universal and not
model-dependert. This can be seenin the following way: supposeto have the
same model regularized in two di erent sthemes,so we call g and g the coupling
costarts. In the RG procedure,the costart are running, so they depend from the
renormalization scale in away peculiar of the stheme,sowehaveg andg . The
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couplingsdo not depend from other parameters, sincethey are dimensionless;soit
is possibleto write g = ¢(g ), from this it follows that

N d__ de((g)
() d_g = dg

(9) (5.40)

Furthermore the two couplings start from the samemodel, so at rst order they
are equal and in seriesexpansion

&(0) = g+ ag® + O(g®) (5.41)
from which it follows
g=g ag’+ O(¢): (5.42)
So we can write
g—g: 1+ 2ag+ O(g?) = 1+ 2ag+ O(&?) : (5.43)
Soif we write
(9) = c1g® + c2g® + O(g?) (5.44)
in terms of g
(0 = o+ (2 ac)g’+ O(g*) ; (5.45)

so from (5.40)

~(g) = (1+ 2ag+ O(&?))(cg+ (2 2ac)e” + O(&))

(5.46)
= ag+ e + O(¢)

and we obtain what said above: the form of ~(g) in terms of g for the rst two
term is the sameof (g), it is clearthat it is not true for the higher-order terms.



6. The calculus of the beta
function

In the previous chapter weintro ducedthe fundamertal conceptof the Renormaliza-
tion Group and we de ned the betafunction. We alsogave an hint of the important
role that this function plays, especially for our model, of which we want to investi-
gatethe important property of asymptotic freedom. This chapter is mainly dewted
to the description of the method that we usedto compute the beta function for
our spanning-forestmodel.

6.1 The metho d

We follow a procedurewhich already found application in [2] and [3]. For a lattice
theory, i.e. a theory regularized by introducing a discretization of the coordinates
space,in principle the beta function can be found by a direct lattice computation,
which also provides a regularization. Howewer, our lattice -model has a natural
cortinuum courterpart, with action
Z
‘hY = 2, 1 2,1 @) Po—sp~

S( ;h) = d-x 5(@ (X)) + 21 20 h 1 x) ; (6.1)
which has beenalready widely investigated. In particular, via a dimensional reg-
ularization, Brezin and Hikami [26] already performed the calculation up to three
loops.

A general theorem of Renormalization states that the n-loop beta function
within a certain regularization scheme can be deducedfrom the knowledge of the
beta function in any other stheme, at the same perturbativ e order, and of the
renormalization constarts in the desiredscheme,up to ordern 1. So,a possible
procedure,which we will indeed follow in this work, is to relate the beta function
on the squareand triangular lattice to the cortinuum results of Brezin and Hikami
via the calculation of the two renormalization constarts of the non-linear -model,
denotedby Z and Z .

More in detail, in our casewe have to compare our lattice theory with the
cortinuum theory renormalized in [26] using M S-scdheme (Minimal Subtraction
modi ed) and in dimensional regularization. The starting point is the relation

D cpns hi1=a) =22 W piz Yz Z Py ) (6.2)
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wherea and are respectively the lattice spacingand the scaleof renormalization
for the continuum, while p1,...,py are the external momerna.

This is the samerelation (5.27) already seenin the previous chapter, here it
statesthe generalresult about the possibility of leading back a schemeof renormal-
ization to another one, up to the de nition of the proper renormalization constarts.
Here we considerthe lattice theory (denoted by subscript latt) asthe bare theory
and we compare it with the cortinuum theory renormalized in the M S-scheme
(denoted by subscript M S).

We recall that we de ned the renormalized elds and coupling through

2 d
= R (6.3)
x)  Z' Rr(X); q (6.4)
x) Z¥?2r(x)= 1 Z 2&(x); (6.5)
h %hR: (6.6)

For both the regularizedtheories, the invariance under the Renormalization Group
leadsto the corresponding Callan-Symanzyk equations:

d d

a =0 da att = 0; (6.7)
where we added a minus sign for the lattice equation, becausewhena ! 0 we
are making a RG ux toward short distancesbehaviour, that hasthe reversedsign
respectto the ! 1 limit made for the continuum theory. We alsode ne in this
way the betaand functions (in the previous chapter the beta function wasindeed
denoted by the primitiv e notation , while here, in order to avoid confusion with
the coupling costart, and in accord with the literature on the subject, we denote
the beta function asW ( )):

wiS( gy GF sy TZLR e
wat( a:_a latt ( adlogdza( ) (6.9)

where we note that in the continuum theory we keepthe bare constart xed ( )
and instead on the lattice we take xed the renormalized constart ( r) and we
go looking at the variation of the lattice spacinga in order to keepunchangedthe
renormalized constarts.

In the Callan-Symanzik equation for the lattice theory
d o _ @ @

da lat = a@"‘ wat( )@ T
@

n al 1a al .
2 O+ 3 O W) ha

0= a

(6.10)
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using the condition (6.2), we are able to join together the beta and gammafunction
on the lattice to thosein M S-scheme,in fact we nd

wMS(z 1)= z + }@@z - owlat( ) (6.11)
MS — la 1 & a
MS(Z 1 ) - | tt( ) Z_WWI tt( ) (612)

The rst of them is the important relation that allows usto expressthe coe cien ts
of the beta function on the lattice in terms of the coe cien ts of the continuum
theory.

6.2 The beta function series expansion

Given the beta function for the non-linear -model with N the number of vector
componerts, we expandit in power of the coupling costart 1= in a genericscheme
of regularization

Wo Wy Wgcheme Wgcheme

Wscheme( ) = - = N e+ O( 6) : (6.13)

the rst two coe cien ts have not the superscript schemebecausethey are universal
(for a proof of this seethe end of the previous chapter), they come from the
calculation respectively at one and two loops (the term from order zerovanishesin
two dimensions); explicitly they are given by

N 2

—N 2.
e

all the other terms are scheme-degndert; the wSeh®™e coe cient is assaiated
with 1= "*2 term of seriesexpansionand correspond to a computation at (n + 1)
loops. We report herethe known resultsin M S-scheme([26], or see[2],[3] for other
references)

(6.15)

vis_ 1IN 2 4 ]

W2 - Z (2 )3 ’ (616)
vs_ N 2 1 5 3 )

WS T N7 2N 34 S QN Y (6.17)

where is the Riemann Zeta function and (3) t 1:2020569. We also expand in
1= the two renormalization constarts

70 7@ Z@

— (0 4
Z =727+ +—+ —5+0( %) (6.18)

;O ;0 50
+ +

— > (0
z =20+ -~ -

+0( % (6.19)
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With the above corventions on the seriesexpansions,now we look at (6.11) and
we rewrite it as: L
WM S(Z 1 ) .

latt —
W ()_Z+l@ ’

(6.20)
@
from this equation it can be seenthat the coe cien t of order n of the expansionof

w'at (ie. wat) can be evaluated as long as one knows the coe cien ts of WMS

up the sameorder (i.e. WS, w)'S, ..., wMS) and performs the computation on
the lattice of the constarts Z andZ up ordern 1.! Sowe canarguethe general
result:

WLattlz Wl(ﬁtt loop) =F fWiM Sgisz;l; n 1g;fZ(J)gj=f0;l; n 1g - (6-21)
For example, for the rst sdheme-degnden coe cien t leatt, from (6.20) we nd

Wit = wy (zM)2 2@+ wiz® + wlfS: (6.22)

6.3 Evaluation of the constants of renormalization

In order to obtain the perturbativ e expansionof the constarts Z and Z , we use
relation (6.2) for the two-point function 1PI. We proceedas follows: we compute
|(§Zt at n 1 loops and, from the knowledge of ‘2_ at the sameorder, and the

requiremert of validity of (6.2), we nd Z andZ atn 1loops.

The contin uum theory

For the continuum theory we considerthe expansion

@ &) s, s
- 2 MS MS o ... .
e = (p* + h) + e S (6.23)
we report the already known two-loop results [2, 3] in the caseof N = 1
w1, h
L= 4—(p h) log — (6.24a)
@ _1 1 ,h 3 2p 2
NS~ 72 Zlog—2+2Iog 7 2 32 )R p ot
1 1, ,h 1 h (6.24D)
* 52 Z,IOg — ZIOg 5 h
where R is an integral de ned as
Z 2 2
R= lim h &p 49 ! — (6.25)
Mo @)T@ DT e+ (b o+ )

1To be precise, only the constant Z is required. The expansionfor Z however comesout as
a side result of the computation.
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it is non vanishing in two dimensionsand it has beennumerically computed, but
it appearsonly in intermediate stagesof the computation and cancelsout in any
of the results, sowe are not interestedin its value.

The lattice theory

Analogously for the lattice theory

(2 1) l(zzt f?’it
P al al P
= (pP+h)+ + + A (6.26)

latt latt

where p are useful trigopnometric reparametrization of p (cfr. the next chapter),
such that, in the limit a! O,

b' p P p? (6.27)

Sincewe are interested in matching theseresults with those on the cortinuum, we
canindeedtake this limit, and note that the external magnetic eld h is assiated
to a factor a2, i.e. in the Hamiltonian it appearsasha? in order to keepthe action
dimensionless(we remenber that in two dimensionthe eld is dimensionless).
In general, in making the limit a! 0, we consider for ead diagram its Taylor
espansionin powers of the external momert p: if the diagram is described by an
integral 7

I (p;h) = ) f(gk;::;ph); (6.28)
ik
where g, k,. .. are the internal momerta over which we sum, we consider
x . 1 ,% . 5
L(pih) = 1O+ p @1 (PN + 20* @ 1 (pih)ip=o + O(P°)  (6:29)
=1 =1

where @ = @% In terms of derivatives of the integrand function f

Z X2 Z
I (p;h) = f(O;h;qgk;:::)+ p @f(p;h;q;k;:::)jp:0
g;k;i: =1 g;k;i:
1,27
+ sz ) @ f (pih;gk; )i + O(p%) 1 (6.30)
=1 ok

Sincethe corntinuum self-energydoes not cortain powers of p larger than p?, and
the p? dependencehas spherical symmetry, this expansionfor an | diagram on
the lattice is su cien t to make a comparison betweenthem, and furthermore the

formal substitution X
1 ,X
pZ@ ! EIO @
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is justi ed in this context. After performing the a! O limit, we obtain the results

(2]

1 ha? p?
W= Wlog+ 2 (6.31)
@ __1 1, 2h_a2+2| h_az_'_l 24 _ 302 )2 R) 2
2 2 2
01 log? ha” 1 log ha® - _ log ha® - _ h (6.32)

22 4 32 4 32 8 32 8

0 1
d’p d*q @XZ + q)4A l{""qz L 6.33
L e e ¢

it has beencomputed [2, 3] with the result
Gy 0:0461636 (6.34)

The computation technique involvessomere ned reasoning,that we sketck in Ap-
pendix C. We have reproduced this result, as a preliminary computation before
applying the sametechnique to triangular-lattice analogsof the quantity Gi.

Comparing the two expansionsfor the self energyon the squarelattice and the
continuum theory, we obtain

m_1, 8,42
Z 3 + 3 log 3 (6.35)
1 252
V= = _“
Z > log 32 (6.36)
242 2,52
@- 9 2 &,3,,1 a
27 = 12109 35 * g1+ )log =3
, (6.37)
i(4 2G 1 ) + 11
4 2 4 877 96
5 222 1 292
2 = 2 +
Z 16 2 log 3 8 log 3 (6.38)

Sincewe know theseconstarts of renormalization up to two loops, we can evaluate
wiAt using (6.22). We nd

3
@ )3

1 7
12 G, 5ts 1 2 (6.39)

leatt -

that is the same expressionalready found in [2] (equation (4.29)), in the case

N = 1 (furthermore for our model r = s = 0). Using for G; the value in (6.34)
we obtain 23427
wit = = ; (6.40)

@)3



6.3 Evaluation of the constan ts of renormalization 47

This is the rst non-universal coe cien t of the beta function seriesexpansionfor
the -model on square lattice in the caseN = 1, and thus also for the conbi-
natorial problem of spanning-forestenumeration on the squarelattice, where per-
turbation theory is performed with respect to the generating function parameter,
with an important inversion of sign. The value (6.40) is indeed the one reported
for comparisonand discussionin (16) of [1].
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/. The spanning-forest model
on square lattice

In this chapter we analisethe perturbativ e formalism for what we can call the Forest
model on square lattice, that is the statistical medanics model whose partition
function is the generatingfunction for spanningforestson the squarelattice. Since
the model is perturbativ ely equivalert to the non-linear -model on the lattice in
the caseN = 1, the results for the vacuum polarization are already known up to
four loops and reported in [2] and [3].

Here we apply the perturbativ e theory in terms of the new fermionic variables,
and with careto the featuresof the forest Hamiltonian, we describe the new Feyn-
man rules; with these new rules we write the self-energyup to two loops, and we
nd coincidencewith the one of the genericN -model, when specializedto the
caseN = 1.

We discussthe improvemerts in complexity of calculation due to the special-
ization of this problem, having in mind the feasibility of "pushing further' the
expansion.

7.1 The square lattice

The squarelattice is a two-dimensionalregular lattice: all the edgeshave the same
length a that is called the lattice spacing,and all the vertices are of the samekind,
ead onewith coordination 2d = 4 (it is the d = 2 caseof an hypercubic lattice).

7.1.1 Lattice variables

We denote two orthogonal directions with = 1;2 and with b the versorin the
-direction, jbj = a. Eadch vertex is described by two coordinates, %1 and %2 It is
usefulto assumefor the lattice spacinga = 1in all the intermediate calculationsand
recover the scalingin terms of a only whenwe will do the continuum limit a! 0. So
the site i with coordinates x1; x> is identi ed by the vector x; = x1b1 + x2by 2 Z2.
On a simple lattice, like the squareone, the property of two vertices of being
adjacert meansthat they are rst neighbouring sites, i.e. they are connectedby
an edgeof the lattice if and only if they are onelattice spacingfar away from ead
other.



50 The spanning-forest model on square lattice

Figure 7.1 A portion of the squarelattice.

On squarelattice, sinceead vertex hasfour rst neighbours, the coordination
for eat vertex is four. In particular the set of rst neigbours of site i is fi +
by;i by;i+ byi byg. We denote a pair of sitesi andj rst neighbours with
the notation hj i.

In order to de ne a Fourier transform, we intro duce a two-dimensionalmomen-
tum p with coordinates p = (p1;p2). The scalar product is as usual

P X = piX1+ pP2Xz: (7.1)

If we deal with an in nite squarelattice, the set of allowed momerta is [ ;pi]?:
this is a rst example of a simple Brilloin zone,that is a complete non-redundart
parametrization of Fourier modes on the lattice. We will seein the next chapter
that the identi cation of a suitable Brilloin zoneis a more delicate topic in the case
of the triangular lattice.

For lattice integrals it is fruitful to introduce the lattice momertum

p= (bs; b2) (7.2)
de ned as D
p = Zsin? (7.3)
with squaredmodulus
X2
=t (7.4)
=1
Somerecurrent trigonometric manipulations are
_, P _
cosp =1 — P’ =2 2cosp (7.5)
p* X
sinp? = p? 7 = (2 2cosp): (7.6)
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Furthermore the de nition of p is sud that in the continuum limit it gives the
usual momertum p. In fact, restoring the dependencefrom the lattice spacing, p
is scaledto pa, and pa is indeed pa+ O(a®), and we have

: - . pa_
{Lllmopa = AI!mOZSIn > = pa (7.7)
lim pa® = a?p? : (7.8)
al 0
7.1.2 The Laplacian matrix
In chapter 1 for a generalgraph we de ned the Laplacian as
Lij = pWij ?f I 6 J
k=1 Wik If 1 =]

where wjj is the weight assaiated to the edgese = (i; ] ).

On the squarelattice, setting w to 1 (this can be always done up to a rescaling
of the coupling t into t=w), we have Lj = 4and Lj = 1on rst neighbours,
which Fourier spacediagonalizes(as expected for a Laplacian operator, which is
translationally invariant), and gives

Lo gl e 2 koA g (€ +eP)
pg = ] =
Y ! (7.9)
= pq (2 2cosq)= pob?

where we used(7.6) in the last passage.Finally we can write for short

L(p) == Lpp= P*= pi+ p3: (7.10)

7.2 Perturbativ e expansion

We want to make a perturbativ e expansion for small t of the fermionic model
described by the Hamiltonian*

X t X
H(; )= L +t it iiki o (7.11)
i i
and sud that its partition function
z X 1 X
Ze= D(; )exp L +t it ik

i ij

We de ne the Hamiltgnian with a minus sign in order to maintain for the partition function
the usual de niton Z = D( ; )e™ (),
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is the generating function for the unrooted spanning forests on lattice (as we ex-
plained in chapter 2).

As seenfor the -model in chapter 4, the propagator of this model is infrared
divergert in two dimensions,sowe add a coupling to an external magnetic eld h
asinfrared regularization The new Hamiltonian is

X

H(:h=HC(;)+h (7.12)
i

For small valuesof t we are allowed to make a perturbativ e expansionof Z¢ (t; h)

z 2
tn X 1X "
Ze(tbh)y= D(; )e & — it s i ki oy 5 (7.13)
a0 [ 2 i

and the expectation value of the product of k fermionic elds is

1 Z
h i1 ih J1 Jk hi = m D( ;) i1 ih J1 ik h
X tn X 1X n
e (t*M — i it ik 0 (7.14)
nl 2
n=0 i ]

Using Wick theorem we are able to expressthis expectation value in terms of a
sum over total cortractions
X

Wick total
contractions

b3 tn X 1X n
i i+§ i il—ij i . (7.15)

n!
L ij

n=
Writing the Feynman rules of the theory, we can write ead total cortraction as
a Feynman diagram, so that a generic expectation is a sum of Feynman diagram
contributions.
7.2.1 Feynman rules

The Feynmanrulesinduced by the perturbativ e expansionin coordinate spaceread

r s = (L+hl)d=Hs
r s = 1lis
rQ s0

o> = trossoblrs
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where for handinesswe intro duced the matrix H
H=(L+h)!? (7.16)

We notice that, since we are dealing with fermionic variables, we have to take
care of the signsarising form their interchanges. For example,a diagram in which
a certain propagator has a massinsertion takes a relative minus sign w.r.t. the
diagram in which there is no massinsertion, as
X X
r S t i = t r

L
i ios (7.17)
Simil\arly, if we have aloop of fermions, it givesa global minus sign, beyond a factor
( 1), with ~ the number of propagators

- N = . — _
112235 =1 121325 =1 1 2

1—

]
3 2.5
(7.18)

After some combinatorics, one nds out that these are indeed all the sourcesof

sign inversions, that is, given the sign of a \reference" diagram (say, one without

massinsertion and closedloops), the relative sign of any other diagram is given by
the parity of the number of massinsertion, plus the number of closedloops.

It is useful to write the Feynman rules also in momertum space. All this
discussionon fermionic signs is unchanged (as the Fourier change of basisis a
linear transformation over the Grassmannalgebragenerators),while the propagator
diagonalize, so we have

1

_ 1
p P~ p2+h
P p =t
p k g+ k
k _ 2
s = tR
p q

7.2.2 Two-point function

The expectation value for the two-point function at every order is formally given

by
Z
h i_ ; D( . )e (L+h)
CS T Zeem "
A tn X 1X n
o it i iki jj 0 (7.19)
n=0
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Figure 7.2 The Feynman diagrams for the two-point function at order
1.

At the zero-th order we have the propagator of the theory
hi ji®=(L+ hi);ts (7.20)

For the rst order we evaluate
1 _ X X 1 X
fhr @ = rs it i Lo (7.21)

Wick total i ij
contractions

1
HriHis + > Lij (HyiHjHjs+ HyjHjiHis) : (7.22)
i i

Where we take care of the minus sign arising from an interchange of fermionic
variables and we usedthe fact that the Laplacian matrix is such that the sum of
all the elemerts in a row or a column is zero

X
Lij = 0; (7.23)

soit followsthat, in the vertex interaction ; j iLj j j,acortraction between
elds located in the samesite givesnull cortribute, since

X X _ X _ X
HiLijf(; ko) = f(; ki) HijLj =20 (7.24)
ik ik i

Furthermore we notice that the four-fermion interaction is non-punctual. Nonethe-
less, it is local, sinceit involves pairs of neighbouring sites of the lattice (\splitted
operator").

How explainedin the previous chapter, in order to compute the beta function
we have to ewaluate the two-point one-particle irreducible @ (that here we call
briey ) up to a certain order. The two-point 1PI function is related to the
two-point function in this way

H, 5h o siH: (7.25)
r 050

rs
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Soup to rst order we have
X

X t
rs = Hio Hroo tHfo+ SHia (Lj Hy + LjiHj)Hjo Heg
r0s0 ij
= Hrsl+ t s tHrskrs (7.26)

= (L+hl)s+t ;s (L+hl)JdLs

In order to write the samerules in p-space,we write (7.26) in a Fourier represen-
tation as X _
rs= € (pe P (7.27)
p

Now the Laplacian matrix takesdiagonal form, L(p) = p?, sowe have

X .
rs = elpxr(p2+ h)ePXs +

X
+t gp(xr xs) ¢ eipXr(q2+ h) lg iPXsgiax: pze igXs

p Pq
X
- eipxr (p2+ h) + t eipxS t ei(p+q)xr bz e i(p+ g)Xs
F+h
p Pq
X X z
— gl r (p2+ h) + t gPxs ¢ eiqoxr 310 P e iq%s
\ &+ h
p q q
in the last term we usethe generalresult
2 1 X X .
b g =p+& > P’y 2  sinp sing (7.28)
and X , X X
N L A i (7.29)

p p
since, summing p over a range symmetric around zero, the last term, that is an
odd function of p, vanishes. Then we evaluate

P

X pP+o¢ 3 Pt
q +h
X 1 X h 1 X 1
= - 4+ [ J— .
sincewe are on a regular and isotropic lattice we are allowed to use
p? = i (7.30)
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A() B (+)

C()<> D (+)
|
|

Figure 7.3 The Feynman diagramsfor the two-point function at second
order. On the top left corners,we report the identi cativ e letters and
the overall fermionic sign of the integral

where d is the dimension of the space,in our cased = 2. We de ne

X 1

="

(7.31)
p

this is the one-loop integral and in the caseof an in nite lattice, as we will use
here, it is evaluated at the end of this Chapetr in 7.3. Finally at the rts order we
nd

(p)=(p*+h)+t (p (7.32)

with ( p) the vacuum polarization

(p) = 2—1d 1+2£d I(h) + hi(h) : (7.33)

7.2.3 The second order Feynman diagrams

The diagrams at secondorder in t are the four onesshown in Figure 7.3.
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X 2
A= Bk (7.34)
) (p2+ h)2
2 2
B:X p+ kKk+ g (7.35)
q (& + h)(R2 + h)2
2
c-” (B+ k)7 , (7.36)
ka (2 + h)(R2+ h)(p¥ k+ g + h)
X 2
D = b+ ok (7.37)

ca (@ + (K o + h)(p+ Kk +h)

As we expected these are the sameFeynman diagramsthat appearsat the second
order of perturbativ e expansionof the -model [2]; evaluating them in terms of
I (h) and I, we found

A = p? 211| (h) + 1(h) + %hlz(h) + 1(h) hiy(h) (7.38)
B = p? 1(h)? % (h) + 1,(h) + %hlz(h) 2hl 5 (h)I (h) + 1_16 + (7.39)
+ 21 (h) 1 g (h)2  hiy(h) + gm (h) %h2|2(h)+ 2h21,(h)1 (h)  (7.40)
C=p I(h)2+ % I (h) 1_16+ 2G, 4R + (7.41)
1 h

+2(h) 7 3n (h)? + S1(h) (7.42)
D = p? 1(h)? Zil(h)+ 4i8 Gi R + (7.43)
+1(h) 2hl (h)? (7.44)

Where G; and R have beende ned in the previous chapter in (6.25, 6.33). Accord-
ing to the Feynmanrules we have to add a minus signto the diagramsA and C: for
the rst onesinceit hasa massinsertion, for the secondsinceit hasa loop. Finally
summing all the diagrams above, we can write the secondorder of the self-energy

@@E= A+B C+D= (7.45)
= p? 1(h)?+ g| (h)+ 3(G1 R)+ 418+ % + (7.46)
h 21(h)?+ %1' (h) + 2i| (h) % : (7.47)

Using the asymptotic form for | (h) and I2(h) in the limit h! O (reported in the
following section 7.3) this last expressionconcidewith the expression(6.32) in the
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previous chapter; as we expected the perturbativ e theory on the trees and forests
model is equivalent to that of the non-linear -model in the caseN = 1.

7.3 Technical details

7.3.1 The one-loop integrals

All the one-loop integrals can be reducedto a sum of | (h) and | ,, with the de ni-
tions

z
dp 1
I (h) = TR 7.4
N (7.48)
d’p 1
lo(h) = —_—— (7.49)
[ 12 (2 )%2(p?+ h)?
Here we prove that they can be written in terms of elliptic integrals.
Elliptic integrals
The elliptic integral of the rst kind is de ned as
Z p e
Ek; )= d 1 Kk2sin? (7.50)
0
with modulus k and amplitude ;if = 5 it is said the complete elliptic integral
of the rst kind
Z o p_
E(k) = d 1 Kk2sin® : (7.51)
0
The elliptic integral of the second kind is de ned as
‘ d
o 1 k2sin?
and analogouslyif = 5 it is said the complete elliptic integral of the second kind
0 1 k2sin?

The properties af elliptic integrals have beenwidely studied and are well known
(seefor example[8]). For our computation we are interestedin the limit of modulus
k21 1, sincewe will seethat it corresponds to the limit h ! 0 of the external
magnetic eld. The expansionof the completeintegrals around k? = 1 is known to
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be
2

E(k) = 1+ 1 log(1 k%) + 1 4log2+ O((k* 1)?) (7.54)

K (k) = %Iog(l k?) + log4

1 1 (7.55)
t7 5o0( k?) logd+ 1 (k? 1)+ O(k® 1)?):
Result 1 ) 4
I(h) = (4+h)K i h (7.56)
_ R d’p 1 : :
Proof We start from | (h) = [ iR @R Using the relations
p’=2 2cosp Cospy + cospy = Zcosp1 ; P2 cosIol > P2 (7.57)
we rewrite the denominator
pP’+h = 2 2cospi+ 2 2cosp+ h (7.58)
= 4 4cospl; P2 cosPt > P24 h

and then we make the changeof variablesk; = B3P2 and k, = BP2; the Jacobian
of the transformation is 2, but it simpli es with the factor 1=2 coming from the
new areaof integration; in fact k; and k, run inside the rhombus of vertices(  ;0)
and (0; ), that hasareaequalto half of the squarearea[ ; ]°. Sowe obtain

z d?k 1

I (h) = NP )24  4cosky cosky + h

(7.59)

We are now able to integrate in ky using the result

Z
d 1 1
2 + sin + cos 2z 2 2 ° (7.60)
we have
z dk 1
I(h) = bl (7.61)
2 (fH h)2 16cok;
_ 1 ) dky
© 2 (4+h 2
( ) 1 % cofk
_ s L= . dky
2 (4+h ' 2
( ) o 1 g% sinfky
2 4

= “a+mf 2+n
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Result 2
2(h) = (r?+ 8 4f h (7.62)
Proof We note that
|y(h) = % (7.63)
so we make the derivative of | (h) using the result 1 and the relation
dK (k) _  E(k) K (k) : (7.64)

dk k(1 k2 k

The limit h! O

For both the result 1 and 2, the limit h! 0 correspond to the limit k2! 1 for the
modulus of the elliptic integrals. Using the expansion(7.54) we write the leading
terms of the seriesexpansionof | (h) and I »(h) for small h

1 h h h h

I(h) = 4—I093—2+ 3—2Iog3—2+ 3 (7.65)
1 1 h 1
In our computation in the limit h! 0 we use
1 h
I (h) T log 2 (7.67)
1
hl»(h) T : (7.68)

7.3.2 The two-loop integrals

We want to note that the expressionsof the diagramsC and D, reported in (7.41)
and (7.43), agreerespectively with the integrals (A.117) and (A.118) of Appendix
A.2 of [3]. In particular since(A.117) and (A.118) are de ned in aslightly dierent
way

(A:117)= X (B K +h)?
ca P+ MR+ h)(p\ Kk g +h)
(A:118) = % b+ g+ hp+ K+ h)

ca (@ + h)(R2+ h)(pY k+ g + h)
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we have to subtract the new terms arising from the presenceof eld h in the
numerator and we have

C =(A:117) 2p’R+ 2hI(h)?2 hR (7.69)
D =(A:118) 2p’R+ 2hl (h)®> hR: (7.70)

Sincein the expressionof the self-energythe diagrams C and D appear with a
di erent sign, the new subtracted terms canceland we have

C+D= (A117)+ (A.118):
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8. The spanning-forest model
on triangular lattice

In this chapter we collect a large part of the original work of this thesis: we study the
spanning-forestmodel on a triangular lattice and we write the rst non-universal
coe cien t for the correspondert beta function.

8.1 The triangular lattice

The triangular lattice is the two-dimensionalregular lattice where eat vertex has
coordination equalto six, the six neighbours being placed all at the samedistance

which generatethe group of translations on the lattice is given by the rst two
cubic roots of 1, and all the edgesare parallel to one of the three directions that
form anglesof 2 =3 amongthem. In this way the planeis covered by elememetary
facesof triangular shape. The dual graph of a triangular lattice is the honeyconb
or hexagonallattice. Thus, dierently from the square lattice, it doesnot have
self-duality properties, unlessfor the caseslike the Ising model or the Potts model
in the g! O limit, in which there is alsoa star-triangle (Y $ ) relation [21].

8.1.1 Variables

Despite the triangular lattice is a two dimensional lattice, its geogietry suggests
to use a redundant basisof 3 vectors b with = 1;2;3 sudc that b= 0, and

b o= % for 6 O From that we notice that we can add a costart to all
the three coordinates without a ecting the x location, i.e. there is an equivalence
relation

X (X1;X2;X3) (X2 + m;Xa+ m; X3+ m): (8.1)

while, for example, an asymmetric gauge xing is x3 = 0. Within the description
in terms of this three-elemen basis, it is usefulto seethe triangular lattice asthe
projection of the three dimensionalhypercubic lattice on the planex;+ x>+ x3 = 0.
We take a redundant basisalsoin tt}g Fourier space,taking a py; vector, with
three componerts constrainedto satisfy p = 0. Sothe scalarproduct is de ned

by
Pri X = P1X1+ P2X2 + P3X3: (8.2)
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el éx

Figure 8.1 Triangular lattice

As for the squarelattice, we de ne a lattice-momentum p, in this casewith three
componerts p = 2sin®-, and with squaremodulus

2
B = B+ B+ (Pt p2) (8.3)

that can be alsowritten in terms of only two componerts (using 7.28) as
P2 = 22 + 2p5 %p%p% + 2sinpysinp : (8.4)

In the cortinuum limit, i.e. making the limit a! 0 and taking only the ordersin
a?, we seethat, through the expressionof the triangular componerts in terms of
the canonical basis:

Pri;az = P21 (8.5)
1 P3
Priz = SPit ?Pz (8.6)
1 3
Priz = SP1 —P2 (8.7)
we have that 3
phi! 5P (8.8)

We notice herean important di erence from the caseof the squarelattice: sincewe
havethe constraint on the p vector componerts (p1+ p2+ p3), a genericfunction
of 2., f (byi) is no more invariant under a change of sign of one componert (as it
was on the squarelattice), but only under a changeof sign simultaneusly of all the
vector componerts, i.e. the transformation

p= (Ppup2;pP3)!  pP=( P1; P2y P3): (8.9)
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[

Figure 8.2 Derivation of the hexagonal-shad Brilloin zonefrom the
three-dimensional construction.

or by permutations of the componerts

(P1;P2;P3) ! (P2; P1;P3) - (8.10)
(P1;P2;P3) ! (P2;P3;p1) (8.11)

The rst interesting consequence®f this fact is in the computation of integrals such
the following, that diently from the squarelattice, is no more vanishing

z
f (byri) sinpysinp, 6 O: (8.12)

this fact is relevant in technical computation of Feynman diagrams, asis shown in
the next section.

Feynmandiagrammaticsis a delicate task alsoin the merede nition of momertum-
spaceintegration. We must integrate over all momerta in the Brilloin zoneassai-
ated to the lattice. The coordinate-spacetranslational invariance of the lattice, and
the de nition of the scalar product in the redundant three-ertry vector notation,
implies that momerta p, p® are equivalert if p°= p+ 2 (n;m; n m), with n
and m integers, thus a possiblechoice of Brillouin zonewould be the hexagonfor
which the distance betwenn parallel sidesis 2 . This is indeed the zone which is
individuated by the standard solid-state construction of Brilloin zone, that is by
taking the Voronoi cell of the lattice (the polygonin which all the sidesare axesof
edgesof the original lattice). Nonethelessthe choice of Brilloin zoneis not unique,
and is de ned only up to valid translations of subsetsof the zone. It turns out that,
with a proper translation of four small triangles, the hexagoncan be reducedto a
rhombus with angles =3 and 2 =3, which, after a linear transformation (remark a
factor = 3=2 arising from this Jacobian), gives the traditional integration interval
[ : ]% This procedureis illustrated in the gure 8.3.
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Figure 8.3 Two possible choices for the Brilloin zone. In blue, the
hexagonal shape one would nd naturally by lattice duality starting
from the coordination-spacetriangular lattice. In red, the most useful
choicein which the region of integration is simply [ ; ]?. The arrows
show that the two choicesare both admissible, as they dier by the
translation of parts of the Brilloin zone by translation vectors. In
shadows, the gray-tone map p? is plotted in order to give a a vour of
the lattice symmetries.
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8.2 The spanning-forest model perturbativ e expansion

We are interested in studying the spanning-forestmodel

z X ¢ X
Z= D(; )exp[ L +t it i il gl (8.13)
[ i5j
in the caseof a triangular lattice. The form of the action in p-spaceremains
unchanged

VA Z ¢ Z

S= pplzri ptt p p+§ q k qptzri prk p (8.14)
P P piask
with careto the replacemen of p? with p2;, and p-spaceintegration intended as
Z Z

dp.d

= g (8.15)
0 2732

The description of perturbativ e expansiongiven in the previous chapter remains
essetially the same:the Feynmanrules are equal, and alsothe Feynman diagrams
are same,the peculiarity of the triangular lattice is contained only in the di c?;ent
form of the Laplacian matrix, i.e. trough the p2; and the Jacobian factor 2=" 3.

8.2.1 Loop expansion

Now we make a pertubativ e expansionin t of the action. Using the Feynman rules
we know that ead power of t is addedeither with a massinsertion, or with an extra
four-point interaction vertex; sincewe are interestedin the two-point function, ead
four-point interaction vertex addedto a diagram givesa new loop. Sowe sa that,
with abuse of terminology for what concernsdiagrams with massinsertions, our
perturbativ e expansionin powers of the coupling parameteris a \lo op" expansion.

At zeroorder, i.e. no loops and no massinsertions, we have that the free prop-
agator hasthe form

p2,+ h (8.16)
from now on we will use
(ky=p2,+h: (8.17)
The exact form for the propagator is
(p=(C(K+ (p; (8.18)

where ( p) is the self-energyi.e. the part of interaction addedto the free fermion
in order to considerthe interaction e ect of the non kinetic part of the action. Now
we expand perturbatively ( p) as

(p=t Op+t2 @pE+t2 O+ ot ; (8.19)
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in the following we evaluated the rst two terms, i.e with aloop expansionup to two
loops. This two terms are su cien t to compute the renormalization constarts that
allow to write the rst non-universal coe cien t of the beta function (seeChapter
6).

At the rst order we have the two Feynman diagrams already showvn in the
previous chapter. We have that the self-energyat oneloop is:

Z 2

@ (p) = B+ k
M=t v Po 820)
(M= 5 1+ g 170 +hlg(h); 8.21)

8.2.2 Second order

At the secondorder we have the same four diagrams of the square lattice, we
sum them with alternate signs, taking into accourt, as made in previous chapter,
of the ( 1) factor coming from the massinsertion in A diagram and the ( 1)
factor coming from the fermionic loop in C. Sothe expressionof the secondorder
contribution of self-energyis

@m=A B+C D (8.22)
with the four diagrams being still the onesdescribed in the previous chapter.
A=’ B < 8.23
= k (1?2 (8.23)

X 2 2

B = % (8.24)
g (OCK
X (p2)2

C= 8.25
o (P A(K( K0 629
X 2p2

D= b+ qR (8.26)

g (DCKk @ p+k)

The rst two diagrams are easyto ewvaluate exactly in terms of 1 "' (h) and 15 (h)
in the sameway made for the squarelattice, from now on we will write only | (h)
and I »(h) remenbering that all the quartities in this chapter are for the triangular
lattice. Sowe nd

A=p2, é| (h) + 1,(h) + :—6thz(h) +1(h)  hiy(h) (8.27)

B=p2 I(h)? %I (h) + 1(h) + %mz(h) 2hl »(h)I (h) + 3% + (8.28)

+ 21 (h) % 3hl (h)? hlz(h)+%h|(h) %hzlz(h)+ 2h?1,(h)I (h) (8.29)
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Taylor expansion for diagrams C and D

The diagrams C and D are the \bad guys", since we are not able to compute
them exactly but we are forced to make a Taylor expansion for small external
momenrtum. We already shown the procedurefor the squarelattice (6.29), but we
want to analizethe triangular casethat is a bit more delicate. We want to compare
the result for the integrals with those made on the continuum: the genericform of
an integral on the continuum is

I (p;h) = Czs(h) + P*Agrs(h) + O(p*) (8.30)

with C(h) and A(h) functions of h through a linear combination of cortributions

I (h), I2(h), hl(h), at most with a further factor h (for the function C(h)), and
terms which vanishin the cortinuum limit. To realizethe matching with cortinuum
theory we needonly the term up to p?, sowe make a Taylor expansionat the second
order. The linear terms in p are vanishing, as we expect from the cortinuum form.

we write the genericform of an integral on triangular lattice as

1(p;h) = Cyri(h) + P*Ari(h) + O(p%) : (8.31)

Our two diagram cortributions can be written as
z

C = (? (8.32)
i (p+ta)( k( k+a
D = (pra(k (8.33)

kg (DCk QCp+k)

where we replacein the numerator a term ast? with ( q), sincethe addedterms

(proportional to hl 2(h) and hR"') goto zeroin the limit h! 0, where, analogously

to what is donefor the squarelattice (6.25), we de ne the constart integral R"' as
Z

. 2 2
R = fim h *p dq L ) . (8:34)
o @DT@ D%, + hy(&g, + hy(h+ oy + h)
Sothe genericform of both diagram is
z Q
(p;g; k; h)
I(p= ‘P2 pP3):h) = Q 8.35
(p= (p1;p2;p3); h) » (g k) (8.35)

2
with = 1;2and = 1;2;3and i(p;q;k;h) = (i(p)+\i(q)+ i(k)) + h with
i = 0,1, 1. We evaluate A (h) trough

Ai(h) = tim 1(PP2ipa)ih) 1(O:h) . (8.36)

pl 02 jp%+ p§+ p%j

Becauseof the spherical symmetry of the leading p?> dependence we can choosean
in nitesimal incremert of p in any direction we want. We chooseto considerthe
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vector p= (p;0; p), with squaremodulus jpj? = (p 3p=2)%+ (p+ 1=2p)2 = 3p?, so
we have that
11(p;0; p);h) 1(0:h)

Ayi(h) = y!m06 > (8.37)
Sowe proceedexpanding ead term  i(p;q; k; h) in p, and we have
Z
1 ?\( +p@ +3p°@ ) 2 .
Agi(h) = = Q T Q : (8.38)
6 q;k ( + p@ + §p @ )

where @standsfor @ @. With a bit of manipulation we rewrite this formula in
a generalway as

7 8 9
Y <X 2 X 2=
Agi(h) = T a0 @ 7 @0
6 gk S 0 0 o 0 :
(8.39)
where all the propagators, after derivation, are intendedat p= 0,andn = 1for

propagators respectively at numerator or denominator (actually, the formula holds
for arbitrary n ).
Now we apply this last formula to our integral C and D, and we obtain

C = gZ 4 sin® g sing sings COoSty
3 gk (K(CACa+tk) (KCa(atk) ( K)( g+ k)2
2 (8.40)
D = 8 sinqu(sing.  sing) N sinky(singp  sing : (8.41)

3 g (K( 02 (K (@( a+ k)

For the evaluation of this integrals we useda proceduresimilar to the one of [2] to
isolate the divergert parts proportional to | (h)2 and I (h) (look at the end of this
chapter (8.4.3) for the de nitions of all the costart lattice integrals and a detailed
description of the evaluation procedure)so nally we found:

— 2 2 1 2 4 ri
C=p; 3+ 3 = 1 1(h+K(C) éRt + (8.42)
+ 21 (h) é hi (h)? + gl (h) (8.43)
D= P2, §|(h)2 3i|(h)+ K (D) + gR"i + 1(h) (8.44)

where K (C) and K (D) are constart terms, constituted of many summands (see
(8.4.3)). Most of them can be evaluated in closedform, by mean of the Luscer-
Weisz technique, becausethey involve a linear combination of coordinate-space
propagatorsinside a nite radius. Someother terms, involve a similar combination
of propagators, but this time with a sum over the whole lattice, which can be
performed only numerically, although, via this skill method, with large precision
and small numerical e ort (cfr. Appendix C).
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We nd for thesequartities

K (C) =0:05979 (8.45)
K(D)= 0:0639: (8.46)

8.3 The calculus of the beta function

From the evaluation of the Feynman diagrams we are able now to write the self-
energy up to two loops. We have

—h bt h o wi
(p)—ptr|"+h t 6 1+6 I (h)

¢, 120+ ()4 oo+ o K(C)+ K(D)+ 2RY!

36
#
+ h 2l 2(h) + %I (h) :—6LhI2(h) + 2hl»(h)I (h) (8.47)
where we usedthe fact that in the limit h! 0 we have
1
hiz(h) &= (8.48)

asit is explainedin details at the end of the chapter.

8.3.1 Contin uum limit

Now we make the continuum limit of the expression(8.47) in order to obtain the
leading part of it to comparewith the cortinuum self-energy;so we have to take
only the term proportional to a2. Since,as we saw for squarelattice, eath factor
h has a term a?, the terms as p?h are negligible. When we make the cortinuum
limit, we have to take careof the geometryand featuresof the triangular lattice and
follow the prescription that the lattice momertum py; in the limit a! O behaves
as

oo ! gpz ; (8.49)

Furthermore, in order to match the results with the self-energyon the continuum,
we have to adopt the samecorvertion for the parametersof the perturbativ e ex-
pansion usedthere, and usea form as

" 0 @ e
e = (PP P+ gt e g (8.50)

aswe usedin chapter 6 (6.13). In our case

-1
t

; (8.51)
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in order to meet the expression(8.50), we rescalethe elds and the weights w in
the action

1 1
;o ! p—f ;19—E (8.52)
w! wt (8.53)
obtaining the new scaledaction
1 X 1X
82? L + i i+§ i iI—ij i (854)
i i;j
and in Fourier represenation
lZ Z lZ
S= i pptzri pt ppt 2 q k qptzri p+k p - (8.55)
P p [SHeHS

After thesemanipulations we can write the continuum limit of the triangular self-
energyin the correctform to be matched with the result obtained in the M S-scheme
(see(6.24)); the leading term proportional to a? is

: 3, p> h  _ ha?

m(p=gpth 7 gleZm
3, 1 ,ha? 2 ha? 1 1 i
-p° =—log°— —log—+—+ —= K + K(D) + 2R"!
2P 35210075 20975 * 35 * 35 K(C)+K(D)

#
1 ha? 1 1 1 ha? 1

h = Jog? &y = 242 g, = .
1829 72718 2 975" 36 (8.56)

we usedthe fact that in the limit h! 0 we have

1 h

I (h) 5 Iog7—2
1

hi 2(h) 5 (8.58)

(8.57)

asit is explained at the end of the chapter, in formula (8.85).

8.3.2 Evaluation of renormalization constants

As explainedin chapter 6, the determination of the renormalization constarts relies
on the use of the relation

e (P iPn thil=a) = Z"F Dpr; iz T iZ Z *hi ) (859)
that links our two di erent ways of regularize the fermionic theory: the oneon the
triangular lattice, and the onein the continuum with M S-scheme of renormaliza-
tion. Now we have all the ingredients we need, and we are ready to determine the
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renormalization constarts Z and Z (we maintain the samenotation of chapter 6,
wherein the corresppndencewith non-linear -model, Z isthe constart assaiated
to the eld, and correspondsin fermionic formalism to the one assaiated to the
elds and ).

From the zero order we have to match

P —
Zp’+h =Z=— p?’+ Zh (8.60)

and the zero-ordercoe cien ts of the seriesexpansions
7O 7@ 7@

z=20+2 % 4% _vo( 4 (8.61)
(1) 2 (3)
Z Z Z
z =20+ + =+ =—+0( % (8.62)
are found to be
o _2
zW == 8.63
3 (8.63)
2O =1: (8.64)
From the rst order we have to match
p2 h ha2 3 (1) 3 (1) 2 h (1) 1 2h 2 2
LR — =z z + — = — —h (8.65
2t 09775 47 2T P2 grloggs ptogh (8:69)
and sowe nd
2 2
-1, 1 ,.4%°
z 5 3 og 18 (8.66)
1 a2 2
D= _— .
Z 3 log 18 (8.67)

In the sameway we comparethe secondorder, i.e. we write the relation (8.59) for
the terms proportional to and nally we nd

z® =2—14Iogz%+ 6i 1+ 33 Iog% (8.68)
+§ K(D) K(C) +8_12 %+1_16 (8.69)
z@ = B%Iog2 % + % log % (8.70)
At this point we usethe relation derived in chapter 6
W ilatt =\, (Z(l))z 7@ 4 WlZ(l) + WQ/IT (8.71)
23 z®y2 2@ (23)22(1) 4(23)3 ; ©.72)
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wherein the secondline we inserted the known results (they are reported in chapter
6) for the two rst universal coe cien ts and from the one from the M S-scheme.

We evaluate _
Wtrilatt — 1:986

@)

Finally we write the beta function Wt 2% in terms of coupling constart  of the
non-linear -model in the caseN = 1

d 3 3 1:986 ,

(8.73)

W irilat — + + 3 74
O dmaT @y @y Tep U0 6

or in terms of the coupling costart t = 1 of the fermionic model
wiriat gy = + 3 2 3 13, 1980, o(t% (8.75)

@) @) @)

8.4 Technical details

8.4.1 The one-loop integral

All the one-loop integrals can be reducedto a sum of 1 "i(h) and 1§, with the
de nitions

yi
- d’p 1
1R = S 8.76
® [ ip2 32pg+h (870
_ 2
15i(h) = dp ! (8.77)

(2 32+

as made for square lattice we compute in a similar way the rst one. Using the
relations:

p1+ p2 cospl P2 ;

p’=2 2cosp; cospy + CosSpy = 2C0S > 5

(8.78)

we rewrite the denominator as

p2,+h = 2 2cospi+2 2cosp;+2 2cogpi+p2)+h (8.79)

p1+ P2 cospl P2 2codpy + pa) + h

= 6 4cos
2 2

and then we make the change of variables k; = B3P and k, = BL-P2; the Jaco-
bian of the transformation is 2, but it simpli es with the factor 1=2 coming from
the new area of integration; in fact k; and k, run inside the rhombus of vertices
( ;0);(0; );( :0);(0; ), that hasareaequalto half of the squarearea[ ; ]2,
which indeed contains exactly two Brillouin zones. So we obtain

z a2k 1

[ tri (h) — p—
122 3 26 4coskycosky 2cog2k;) + h

(8.80)
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We are now able to integrate in k» using the result

yd
d 1 1 _
2 + sin + cos " 2z 2 2 ° (8.81)
we have
2 % 1
1) = Bz 5o (8.82)
3 2 (3 cog2ki)+ )2 4cofky
2 z dk; 1
B T R e e
, 2 (M8 + 2sin?k;)2  (h+ 9)
_ 2 % dkg 1

-5 Y
30 2 2 (MB cosky)? (h+9)

Finally, after the change cosk; = X, we can expressour integral by an elliptic
integral®

z 1
1"ih)y = p]_'— dx g B ! B
311 x)(Ba h+89 x) (& "h+9 X)
p——
1 2 4 h+9
= Pz B =K P9+ 3 (8.84)
6+2 h+9+3n+ 12 6+2 h+9+3n+ 7
Whenh! O 1 H
tri - = s .
["'(h) = 5 log 7 + O(hlogh): (8.85)
For the secondintegral | "'(h) we usethe fact that
) dl tri(h)
tri — .
1Ty = —g (8.86)

as shown in section(7.3) for square lattice, this is sucient to write the leading
term of 1! (h) simply deriving the expression(8.85), sowe have

1

hi »(h) 5 (8.87)

'From 3.148.20f [8]

Z u
dx p ! =p 2 F(;r) (8.83)
d (a x)(b x)(c x)(x d) (a o(b d

q_——— q _—
with a> b>c u>dand = arcsin @90 &, -~ (a blc g
h . PRz p=ns

p c a@ o ' (@ b a In our casea =
2 h+9 c=u=1 d= 1.
F(in= 4 pﬁ is the elliptic integral of the second kind, and if = =, F(5;r) = K(r)

is called the complete integral.
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8.4.2 Tricks

Sometricks usedon squarelattice for the integrals evaluation remainsvalid, asthe
replacemen 7

Z
(@R 1) (8.88)
q q

where we stressthe requiremert of the integrand function to be invariant under
discreterotations of vector §, and we denotewith m the number of the componerts
of lattice-momuntum & On the triangular lattice we have m = 3, and so we will
use 7 7

1
RICLaR

Other tricks are peculiar of the triangular lattice, in particular for the evaluation
of Feynman diagrams we use se\eral times the following rules.

. (&) b* : (8.89)

q q

Rule 1 7 7 7

(w@g=5 (df 5 (@O  (690)
g;k ;k k

q s

where we usedthe fact that

bri=pi+ P5+ P5: (8.91)

Rule 2
z 12
f(q;8%k ;R)sink = = f(q:tfk ;R?)sink
ak 2 ak
; ' Z
+ 2 f(q;:k ;R)R?>sink  (8.92)
2 gk
with 6 6
Rule 3
. Z .
sink foqa(@ 1 sing foqa(0)

g (K(D(a+rk) 2 g (K(Q(a+k
1 sing R2f o44(0) +}Z sink &2f oaa(Q)
4 g ((a(a+rk) 4 g (KW(A(g+k

+

(8.93)

where f ,qq(Q) is a function odd in the variable g; to prove this rule we make the
changeof variablesq+ k = k®andq= ¢
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Rule 4 for f(q) o,

z f@ % f@rkl %@+ (K (o)
gk (KCa( g+ k) ak (kK(q 2(q+ k%
£ (K)
"2 ko g %

whee the rst summandis a nite quantity, and the second one has a divergen@
of the kind | (h) factorized out. Similarly, still for f (q) q*,

z R?f (q) _Z Rr@rRl 2ark) (K (]
g (HCACark) g L(0Ca Havk
17 f(@@ 389 &t (o)
3, xg ' g €9

where the rst two summandsare nite quantities, and in the third one a divergene
of the kind 1 (h) is factorized out.
8.4.3 Evaluation of diagrams C and D

In order to write the result of integration of diagrams C and D we de ne the
following relevant lattice integrals (in a similar way as madein [2]):

ya ,
A® (h) = L 8.96
W= TR a(ar 1 (699
ink sing
A® (h) = Sl 8.97
W= TR D av 0 &40
B(l) h) = sing sing 8.98
W= TROaCar 1 (699
ink sing
B@(h) = Sl 8.99
N I I (6:99)
The rst oneis evaluated with the sameprocedureof [2] as
AW (h) = %Iz(h) %Rt“ %I(h)Kg‘ %G (8.100)
by the useof the constart integral G
Z d+k(ark (@ (K
c= 4 d (8.101)

ak (K(a(ag+k?

that we computed via Lusder-Weisztechnique (brie y in the following we will say
via L-W ) (cfr. Appendix C)
G= 0:08617: (8.102)



78 The spanning-forest model on triangular lattice

This is a rst application of the strategy of Rule 4 for isolating the divergert part
in a three-propagator integral. We remeber the de nition of R'!
z
i d’p d*q 1
R™ = |I'm h 5212 )2 5 :
o e (@%@ )T+ hy (8 + h)(B+ gy + h)

that is a constart integral, which at the end of the calculus simpli es with its
corrispondert R in the continuum self-energyexpression.

Furthermore we intro duced the notation
Z

(8.103)

dpl
Kl = ; 8.104
m q ( q)m ( )
in our integrals appear the terms K #, K4 and K §, that we evaluated via L-W as:
P p_
4 3 4 1 1 8 3
Ki= —= 3 Kg‘:é P5 KS= 4+ —=: (8.105)

For the secondintegral A®@ (h), in [2] it is shown the way to write it as

A® (h) .\ AG) (h)
2 24

A®@ (h) = (8.106)

where 7 5
R2 g7 q + k
(3) h = .
AT = TR (9( 9+ (8.107)

that we evaluated via L-W as

A® (h) = 0:11356: (8.108)
For the integral B (h), we usethe Rule 2 to write it as
Z
(1) i i (1)
sy = A (N, 1 gsing sing ___ ADMO) H .\ ) p (5.100)
2 2 gk (KCa(agt+k) 2 2

with H and P nite quantities which we explain below. Indeed, for the quartity
which is of the form: integral over two momerta of a genericfunction of q (of order
a*), divided by the three propagators, one can do a subtraction which allows to
isolate the divergert part, in a way similar to the what has been made above for
A®  and described in generalform in Rule 4. Here the statemert reads

¥sing sing  _ z @sing sinq _
w (O a(grig "HaM =g = Hr2AMmP (8110

where P is a shorthand notation for the linear combination of factors K |,

Z
sing sin 1 3 1
p= %:ZK%KS Ki+ o (8.111)
q
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and H is the nite integral

tFsing sing[( g+ k) (@ (k)

H = 8.112
" (A a+ k2 (8.112)
and via L-W we found
H = 0:00589: (8.113)
Finally, for the integral B (h) we usedthe Rule 3 to write it as
sing sin
BAM) = 2 sing sing__, 1 1 >na (8.114)
2 g (K(PCa+rk) 2 g (K a+k)
BW(hy) 1 1.1
2( ) 4 n (K3 gC+ S((WF1+ F) (8.115)

with F a properly-de ned constart. Indeed, in the secondline we used the fact
that, using Rule 2

z R?sing sing }Z R2 ¢
q;k(k)(CI)(q;k)_ 2q;k(k)(Q)(Zq+k)
2 242 ci :
L1 R2g L1 R2¢¢ sinq sing (8.116)

8 gk (N(D(A*K) 2 g (KW(QP(a+ k)

2
For the rst integral, we usethe trick 1R?¢¢ = k' + q~ R? & 2sink sinqg,
which allows to identify all the cortributions, and nd

R . S
2 g (K(a(atk 2

For the other two integrals, we can apply Rule 4 in its secondcase,with

1
I (h)K 3 2C

f(q) = }b4+ :—qusinq sinq
8 2
So, the part in | (h) hasa coe cien t

. _ L@
S C)

while the constart part gives

c_1f e @, f RrEeC Mark (0 (9)
3 q Z(CI) g;k ( k)( q) 2(q+ k)

The one-loop part gives

Fi= —p=+ — (8.117)
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while the two-loop part is computed via L-W, and gives
F = 0:00647: (8.118)

Finally we are ready to write the expressionof diagramsC and D : for the rst one
we usethe expressionof A (h) and B® (h) and we have

2 4 4 4 1

2 8 i
= ZI%th)y+ I(h) = 2K5 =P -H =R" A1
C=3"+ith g 2K PG FH 3 52 (8119
sowe have that the constart part is
4 1
K(C)= G :_BH 7 (8.120)

and we do not take in K (C) the term proportional to R, sinceas we expect, this
term, joined with the sameone coming from diagram D, givesa factor 2R"! that
cancelswith the corrispondert R in the cortinuum self-energyexpression,when
we usethe relation (8.59) to match the lattice with continuum theory. From our
evaluation of all the lattice integral constarts we found

K (C) = 0:05979: (8.121)

For D we usethe expressionof A®@ (h) and B (h) and we have

2 2 1 4 2 4 4 4
=_ + - — + — — )

D=2l +1(h) 5 ghlah) ZKZ+ 2P oF (8.122)

1 wi, 7 NG
+= 2R"+ G F+2H+ ZA®(h) (8.123)

3 2 3

>0 15 1

K(D)=3 5G 4F+2H+ éA(3)(h) (8.124)

and we evaluated
K(D)= 0:0639: (8.125)



A. Some results of Graph
Theory

We want to give hereproofsof the two results (1.11) and (1.12), quoted in chapter 1.

A.l The Temperley form ula

The Temperley formula
1

can be proved with algebraic argumerts about the cofactors of a matrix (see[6]),
here we want to give a proof in terms of fermionic integrals.

We know that the Laplacian matrix annihilates the vector with all ertries equal
to 1, sothe projector on the eigenspacewith eigervalue 0 is the matrix

J
=y (A.2)
where

Jj =1 8i;j (A.3)

and the projector on the orthogonal eigenspaces

J
? _ v

=1 v (A.4)

If we add to the Laplacian matrix a small perturbation along ? , we will leave
unchanged the eigenspaceof the 0-mode. Taking the subscript ? for the matrix
diagonalized, we have that, while the original matrix L, looks like

0 1
0O 0 O ::: 0
0O 1 O ::: 0
L?Z o O 2

0 (A.5)

0 0 O ::: v 1
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the perturb ed diagonalizedmatrix (L +  ?)» must look like

0 1
0 T 0
0 () 0 0
(L + ?)?: 0 0 20) o 0 (A.6)
0O O 0 i v ()
soalsodet(L + ?) = 0and, in terms of Grassmannintegrals,'
z
D(; )el:t* =9 (A.7)
and from this
q z z
0= D(;)e D)= p(;)(; 7)) (Ag)
j =0
Now considerthe right hand side: from | =+ 7
z z
D(;)( )t )= D) )ett) (A.9)
but
lZ
(G)=5 D(; )(;)et)
V
1Z
=g D et
1 z (A.10)
= D( ; )el b+ i)
1
= —Vdet(L+ )

where we usedthe vanishing of the determinant of the Laplacian and of the higher
powersin . In the last determinant the zero eigervalue of the Laplacian is substi-
tuted by , which is removed by the denominator, sothat we get

(G) = VidetOL (A.11)

where detis the determinant without the 0-mode. The particular choice = V
provides Temperley formula (A.1)

(G) = %det(L + ) (A.12)

P

YHere we use for shortness( ;A )= i 1A j,and ( ; )IfA=1.
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A.2  Pro of of det%detL (i) form ula

We prove the formula (1.12) of chapter one, which puts in relation the determinant
of a (whatever) principal minor of a Laplacian matrix with the product of its non-
vanishing eigervalues

1!
8j  detL()= : (A.13)
i=1
Since” hasa null eigervector, we write
w1
det(L 1)= (i ) (A.14)
i=1
Considerthe matrix A®K), such that
®_ li=jori=Kk
Ai"= 0 otherwise (A.15)

then we simply have detA®) = 1 for any k. Now considerthe transformed matrix

MK = (AT 1 )AM (A.16)
such that detM &) = det(L 1 ). It can be seenthat
8
< Lij ij i6kandj6k
M=o (i6 kandj = k) or(i = kandj 6 k) (A.17)
' \Y, i=kandj =k
and thus that
detM® = v det(L(k) 1) (A.18)

And from a small- limit the formula easily follows

Wl Y1
= lim (| y= fim deUE 1)

i=1 0., e — =V Ii!modet(L(k) 1) (A.19)
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B. Grassmann variables

A N -dimensional Grassmann algebra is the algebra generatedby a set f ;g of
variabiles, with i = 1; N, satisfying

i jt ji=0 8ij (B.1)
In particular, 2= 0 and the most generalfunction of a single variable ; is
f(i)=a+b; a,b2C (B.2)

as higher orders vanish becauseof nilp otency of the variables. For example, in
Grassmannalgebra, e 1+ exactly. Analogously, the most generalfunction of
N variablesis a p@lynomial, composedof complex coe cien ts multiplying mono-

mials of the form ~;,, i, with | a certain subsetof f1;:::;Ng.
The one-\ariable Berezin integral
Z
d f() (B.3)
is de ned in order to fulll the constraint of traslational invariance
Z Z
d a+b = d a+b + ) (B.4)
soit is required that
Z Z
d =0 and d =1 ; (B.5)

In order to memorizethis two properties, we can think that the Berezin integral
acts as a derivative.

In order to presene the secondof the (B.5) whenwe make a changeof variables,
instead of a Jacobian matrix aswe do for commuting variables, we have to useits
inverse;for exampleif we take = A

z Z

1= d = d()A!? (B.6)

but also Z
1= d (B.7)



86 Grassmann variables

so we need
d =A 'd (B.8)
(note that in the comnmuting casewe would haved = Ad ).

Berezin integral immediately extendsto the N -variable case,up to an overall
prescription on the sign of tge measure,that is

dny di11 N=1 (B.9)

and, if we have a product of all the variables, but in a dierent order (say, re-
orderedwith permutation ), the result must be multiplied by the signature of the
permutation.

For the N -valﬂable integral, extending the reasoningsabove, under the change

of variables j = ; Aj j we must have
Z
dn daf()= dn di(detA) f(): (B.10)
Now we have all the ingredierts to understand the useful result
Z vy P
did; e i Ai i=detA (B.11)

or in a compact notation
D( ; )e” =detA (B.12)

let us take a bit of time to explain (B.11). First of all we de ned a secondfamily
of anticommuting variabiles ;, the complexconjugatesof ;, that follow the same
rulesas(B.1) and (B.5), furthermore, in order to de ne alsothe derivative operator,
the Grassmannalgebrais de ned by the rules

@

iv j9 @i J

@ @ .

= — = =0 8j B.13

i @, @, j (B.13)
similarly for the f ;g. =

In (B.11) we make the change of variabiles ; = P Aii g according with
(B.10) we have |

Z vy P
detA did; e i i=detA (B.14)
[

to completethe proof, it is su cien t to prove that the Grassmannintegral is equal
to 1, this is easyto seeexpanding the exponertial and using (B.5)

z

dnd ndn 2d N2 dada(Q+ 11)3+ 220 A+ N N)
Z

= dnydndy1dn 1 dodo(@+ 22 (@A+ ~NN)= =
(B.15)
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The result of (B.11) can be generalizedto expectation valuesof monomials, which
give determinants of submatrices of A. If we denote with A(ljJ) the submatrix

of columns (with jlIj = jJj = k). For example,if we delete from A the 2nd and the
3th row and the 1st and N -th column, the determinant of the remaining matrix
will be
Z v P
detA(2;3j1;N) = did; 213 ne i A1 (23LN) (B.16)

in fact the presenceofthe elds , 1 3 n preverts, if wewant a non vanishing re-

sult, to take in the exponertial expansionthe termsas Ay j, 3A3z j, A1 1

or jAin ~N. Moreover, (i1;:::;ikjj1;:::;jk) = 1 accourts for the number of

interchangesamong the fermionic elds for ordering them beforethe integration.
In general

Z P

D( ;) i1 . i j €1 A = (1j3)detA(1jd) (B.17)

and in particular, for the casel J, wejust have (1 j1)= 1.

When | is composedof a single elemer, the determinant of the i-th principal
minor of A, which isthe rst non-trivial determinant of A in the caserankA = N 1
(asfor Laplacian matrices of connectedgraphs)is obtained by the expectation value
of a single pair of fermionic variables

z
detA(i)= D( ;) iie” : (B.18)

these\ro oting" variables, with a pictorial surprise, corresponding to the choice of
an \electrical ground" in the original Kirchho application to electrical networks.
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C. Luscher-W eisz metho d for
evaluation of lattice integrals

In the evaluation of two-dimensional lattice integrals, we used the method illus-
trated in the paper by Lusder and Weisz[27], and specializedto two dimensions
by Dong-Shih Shin [20]. The basicidea is to use somebasic relations for the free
propagator in coordinate space(the de ning Laplacian equation and a set of rela-
tions dueto Vohwinkel), in orderto nd arecursionwhich, starting from the values
in a certain number of sites neighbouring the origin (the \fundamental" lattice in-
tegrals), allows to nd the whole set of free propagatorsin lattice sitesin a large
radius R, in a time which scalespolynomially with R. As a side result, it givesa
simple proof of the fact that all thesevaluesare linear combinations with rational
coe cien ts of the fundamental lattice integrals.

C.1 Square lattice

On squarelattice we de ne the free propagator as

z

2 ipx
G(x) = d“p € 1

@) p

with the subtraction required by regularization (otherwise the integral would be
divergert for any value of x). This choice implies that

(C.1)

G(0;0) = 0; (C.2)
As usual, the right- and left-derivativeson the lattice are de ned as

@f(x)=f(x+b) f(x); (C.3)
@f(x)=f(x) f(x b); (C.4)
sothe Laplacian operator is written as
Xt
= Q@@; (C.5)

=0
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and it acts on a function as

X
f(x) = f(x+b)+f(x b) 2f(x) (C.6)

The free propagator G(x) satis es the Laplace equation

G(x)= @(x): (C7)
Furthermore for G(x) holds
G(x+b) G(x b)=x H(X) (C.8)
where H (x) is de ned as
4 &p
H(x) = We'IDX In p? (C.9)

An hint of proof is: on the right side, relate the factor x to a derivative @@ ,
then apply an integration by part, which, acting on the logarithm, producesa prop-
agator, and a translation factor in the numerator. The equation is thus valid only
for x 6 0. Using equation (C.8) in both directions and the Laplace equation, we
are ableto write H (x) only in terms of G(x) in lattice siteswith smaller coordinates

xt
H(x) = Plz—x 2G(x) G(x b) (C.10)
=0 =0

and so, eliminating H (x), we write the Vohwinkel relations in terms only of G(x)

% xt
Glx + b) = Pr—— 2G(x) G(X b) +G(X b): (C.11)
=0 =0

This relation, jointly with the symmetry properties of the propagator, G(x1; X2) =
G(x2;X1) = G( X1; X2), can be usedasa recursionformula that allows to deter-
mine G(x) rst on a given strip of width 2, along say the x axis, and then, along
vertical strips up to the diagonal, on the whole plane.

The initial conditions are

G(0;0)= 0 (C.12)
G(1;0) = % (C.13)
ca1= = (C.14)

While G(1;0) is trivially deducedfrom G(0; 0) and the Laplacian equation, G(1;1)
cannot berelated to the two other integrals by meansof our relations and is indeed
an \indep endert" lattice constart (this fact is evidert also from the fact that a
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factor  appears, while our relations involve only rational coe cien ts). Remark
how the function G(x) in an arbitrary point is in the setQ + 1Q.

Thus, assumewe know G(x) in a certain large radius R. What can we do with
them? Many lattice integrals arising from calculation of Feynman diagramscan be
calculated from them, a certain classexactly, someothers in an approximate way,
with an error scalingin a controlled way with R. Consider for example integrals

of the form 7 e
K@= Z_ (C.15)
o (P)
with n nite (smaller than R), then we have in coordinate space
2n
K (2n) — l n m . l
e (DN mG(m;0) (C.16)

m= n

Now considerintegrals like the following
z

2
plitﬁz (C.17)
ak R2gek + g
which in coordinate spacereadsas
X
G(x) G(x ")+ G(x+ ") 2G(x)
X222

G(X 2M)+ G(x+2%1) 4G(x ") 4G(x+ M)+ 6G(x)  (C.18)

The sum over the whole lattice is of course unfeasiblewith this tool, but, as the
integral is not singular (as can be deducedby simple power-courting in momert
space, rst integrating over g, then over k), the leading cortribution must be con-
ned to the lattice sites near the origin (which are known within a certain radius
R), and, the small cortribution deriving from lattice sites far away can be esti-
mated via the asymptotic form of the propagator, when expandedin (the leading
logarithmic term plus) powers of inverseradius, jxj 1. Thus, say we consideran
expansionup to order n of the propagator, then the error scalesasR "*"°, with
No someconstart, and can be reducedarbitrarily , both increasingR or n.

More generalterms arising from Feynman integrals contains higher powers of
the propagator. For example,we could try to calculate lattice integrals of the form

z
en_ K"
K = - C.19
» (P (€19
say, with = = 2. At this aim we should de ne also the Fourier transform of the
(regularized) square-propagator
z 20 d 1 2 2
el 1+ S(pExs+ pox

2 )? (b?)?
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or, more generically

2 dp @ 1+ J(BBx3+ BEx))

(2 )2 ()
wherethe proper subtraction is the oneinduced by (symmetrized) Taylor expansion

of the exponertial. The technique above, of Laplacian plus Vohwinkel relations,
still holds with minor modi cations. For example,the Laplacian relation reads

G (x) = (C.21)

G2(x) = G(x) (C.22)
while the Vohwinkel relation is
Go(x+ b) Ga(x b= x GX)+ 4i (C.23)

(remark the presenceof the corrective (4 ) ! factor, arising from regularization).
The ideais still of solvingw.r.t. Go(x) in alattice point immediately out of somere-
gion in which the function hasalready beencomputed, and then de ning arecursive
procedure. Still, a set of independert lattice integrals in a proper neighbourhood
of the origin must be known. It turns out that, asthe \support" of the relations is
identical to the oneof the previous case,the independert lattice integrals still must
be the oneslocated at the points x 2 f(0;0);(1;0);(1;1)g. The rst two vanish
becauseof the subtraction, while the last one is computed analytically, with the

result 1
G2(1;1) = g (C.24)

and thus, asit is in the setQ G(1; 1), still the function G,(x) at a genericpoint
isin the setQ + 1Q.

C.2 Vohwink el relations for triangular lattice

Generalization of the procedureto the triangular lattice is not straightforward, and
involves somedelicate points. Someof them are:

In the redundant set of variables (p1; p2; p3), the constraint P p = 0 does
not allow for derivativesin a singlevariable: one should either perform linear
conmbinations of derivativeswith null sum of coe cien ts (for example, (@
@)f (p1; p2; pP3)), or equivalertly, perform derivation within a non-redundart
choice of variables (for example, @f (p1;p2; pP1 P2))-

becauseof this fact, the Vohwinkel relations involve a larger number of terms,
and thus it is more di cult to manipulate them in order to have a recursion
relation. It will turn out that a larger strip is required for the rst x-axis
recursion.
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For G-(x) at valuesof  larger than 1, the choice of subtraction is now not
anymore easily deducedby the Taylor expansionof the exponertial and the
requiremert of periodicity. Now we also have the requiremert of gauge-
invariance under x ! x + m(1; 1; 1), which forcesthe application of \hat"
factors only to combinations of p; with null sum of coe cien ts.

So, sincenow on we assumethe standard \triangular" notations px = pix1+ i1+
pax3 and p? = pZ + :::+ p3. We adopt a free propagator normalized as

Z .
d’p e 1
= ey o

although, we know that the proper measureis 25(1%2 such that the Laplacian
operator, written as X
= @@ ; (C.26)

=1;2;3

(C.25)

doesnot lead to annoying coe cien ts in the Laplacian equation

G(x) = @D(x): (C.27)
and we have
G(0;0,0)=0 G(1;0;0) = & (C.28)
For the triangular function H(x) de ned as
z &
Hx) =  —P g jn p? (C.29)

(2 )2
a set of two independert Vohwinkel relations holds: for (; )= (1;2) or (1;3)
G(x+b) G(x b) Gx+b+G(x b=(x x)H(KX) (C.30)

Again, using the two equations (C.23) and the Laplace equation, we are able to
eliminate H (x), and write a recursionrelation. The onewe nd on a width-2 strip
along the x axis is given by the set of equations

X
0= 6G(x;10)+ G((x; 1,00 M (C.31)
; X
0= 6G(x;0;0)+ 2(G(x + 1,1;0) + G(x; 1,0)) + G(x 1,0;0) (C.32)

0=(G(x 1,10 G(x+ 110)+ x(G(x;2,0) G(x;0;0))

(C.33)
+ (x 1)(G(x+ 1,200 G(x 1,0;0)

which must be solved with respectto G(x+ 1;a;0), with a= 0;1; 2, in order to have
a consisten recursion. A new fundamental integral is required. A choice could be
G(2; 1;0), which is valued p_

3

G(2;1;0) = % = (C.34)
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In a similar fashion, given the valuesof G(x) on the width-2 strip, the function can
be determined in the whole plane (a sectorwith x = (n;m;0), with n  2m O0is
su cien t, becauseof symmetry). The Laplacian equation aloneis enoughto ful ll
this £a§k. So we concludethat at all valuesof x the function G(x) is in the set
Q+ Q.

The integrals of the form

z
eny_ K"

K = C.35

1 o (p2) ( )
which involve G(x) only on the real axis, are easily computed, the rst valuesbeing
! ! !

K4—pz— f‘+E’ KG—pz— 16 —24p§ Ks—pz— 448, 7288%

'3 3 T3 Y73 3

(C.36)

where we evidertiated the factor deriving purely from the measure.

The next ingredient we needin order to calculate all the triangular-lattice quan-
tity arising from our diagrammatics is the two-propagator function in coordinate
space. It turns out that the proper subtraction is the following

Z ®p e 1+ 1 (PP 2P8)(x1  x2)?+ cyclics

Ga(x) = C.37
The triangular-lattice Laplacian relation still reads
Ga(x) = G(x) (C.38)

while the Vohwinkel relation, still for (; )= (1;2) or (1;3), is
p_
Go(x+b) Gao(x b) Gox+b)+Ga(x b= (x x) GX)+ g (C.39)

(remark how the corrective factor changedto P 3=(12 )). At the aim of building

the recursion, alsoin this caseit turns out that, asthe \support" of the relations

is identical to the one of the triagular-lattice G(x) case,the independert lattice

integrals still must be the oneslocated at the points x 2 f(0; 0; 0); (1; 0; 0); (2; 1; 0)g.

The rst two vanish becauseof the subtraction, while the last one is computed
analytically, with the result p_
3

G2(2;1,0) = 17 (C.40)

and thus, asit isr;rl the setQ G(1;1), still the function G,(x) at a genericpoint

is in the setQ + —2Q.
The two-propagator analoguesof the quartities K 2" are the integrals of the
form

Z n
Kfn) = ; ($)2 (C.41)
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They still involve Gz(x) only on the real axis, and thus are easily computed, the
rst valuesbeing
! !

©

2
K§‘zp—§

!
2@104’05
P3 3

“|
Wl
No

N

[0e)

Wl
N oo

1
3
(C.42)

Of special interest (cfr. Rule 4 in chapter 8, and in analogy to what is done with
the quantity G; of Falcioni-Treves[12]) are the lattice integrals of the form

z R R g

(R2 + h)(g2 + h)(B2 + h)
X

RICEG!
CX X X
= G G(x + Vi) ?G(x + V) ?Ga(x + v (C43)

X222 Vi VP v

(q+ k+r)
gk

with f (q) and g(k) being some polynomials of trigonometric functions, su cien t
to give corvergenceof the whole integral (but not separately of the three sum-
mands in the fraction), and sets of the kind f(v;;c)g are the ones describing
these function (for example, for a dependencefrom g of the kind 42, we have
f(vi;c)g= 1(0;2);("1; 1):( "1, 1)9).
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