WEYL COMPATIBLE TENSORS

CARLO ALBERTO MANTICA AND LUCA GUIDO MOLINARI

ABSTRACT. The algebraic condition of Riemann compatibility for symmetric
tensors generalizes the differential Codazzi condition, but preserves much of
the geometric content. The compatibility condition can be extended to other
curvature tensors. This paper is about Weyl compatible symmetric tensors
and vectors. In particular it is shown that the existence of a Weyl compat-
ible vector implies the Weyl tensor to be algebraically special, and it is a
necessary and sufficient condition for the magnetic part to vanish. Some the-
orems (Derdzinski and Shen, Hall) are extended to the broader hypothesis of
Weyl or Riemann compatibility; Weyl compatibility includes conditions that
were investigated in the literature of general relativity (as Mclntosh et al.)
Hypersurfaces of pseudo Euclidean spaces provide a simple example of Weyl
compatible Ricci tensor.

1. INTRODUCTION

The geometry of Riemannian or pseudo-Riemannian manifolds of dimension n >
3is intrinsically described by 4" = &5n(n—1)(n—2)(n+3) algebraically independent
scalar fields, constructed with the Riemann and the metric tensors. The same
counting is provided by the Weyl, the Ricci and the metric tensors. The Weyl
tensor bears the symmetries of the Riemann tensor, with the extra property of
being traceless!:

B my oy L
(1) ™ = Rjm™ + —— (" R + By ™ guar) (n—1)(n—2)

R(S[jmgk]l.
The trace condition Cjabj = 0 reduces the parameters of the Riemann tensor by
a number zn(n + 1) that is accounted for by considering the Ricci tensor as al-
gebraically independent. The two tensors are linked by functional relations as the
following one [17, 14]:

n—3

(2) ~VimCap™ = m V[aRb]c - v[agb]cR

1
2(n—1)
In the coordinate frame that locally diagonalizes the Ricci and the metric tensors
(the latter with diagonal elements +1), the parameters that survive are the compo-
nents of the Weyl tensor and the n eigenvalues of the Ricci tensor, whose number
is precisely .4 [32]. This choice of fundamental tensors offers advantages, as in the
classification of manifolds and in general relativity.
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Debever and Penrose [26] proved that in four-dimensional space-time manifolds
the equation

(3) ki Cajrsighn Kk = 0

always admits four null solutions (principal null directions). When two or more
coincide, the Weyl tensor is named algebraically special, and the condition for de-
generacy is

(4) ki Caprsgk K = 0

The degeneracies classify space-time manifolds in classes that coincide with the
Petrov types, which are determined by the degeneracies of the eigenvalues of the
self-dual part of the Weyl tensor [27]. Milson et al. showed in 2005 that also
in n > 4 there are always n null (Weyl aligned) solutions [24], that provide the
backbone for a classification of high dimensional space-times [25].

The Einstein equations of general relativity link the energy momentum tensor
T;; to the Ricci tensor and the curvature scalar, but not to the Weyl tensor:

R
(5) RU — E 9ij = 87TT7;J'.

The Weyl tensor in n = 4 may be replaced by two symmetric tensors, the electric
and magnetic components, and the identity (2) for the Weyl tensor translates into
Maxwell-like equations for the components [30, 2]. The construction was extended
ton >4 [15].

In the study of Derdziniski and Shen’s theorem [9, 3] on the restrictions imposed

by a Codazzi tensor on the structure of the Riemann tensor, we introduced the new
algebraic notion of Riemann compatible tensors [18]. This enabled us to extend
the theorem in two directions: the replacement of the Codazzi condition with the
milder hypothesis of Riemann compatibility together with a drastic simplification
of the proof, the restatement of the theorem for curvature tensors other than Rie-
mann’s.
Riemann compatible tensors were investigated in [19]. Most of the statements valid
for (pseudo) Riemannian manifolds equipped with a nontrivial Codazzi tensor, such
as the vanishing of Pontryagin forms, were shown to persist in presence of a non-
trivial Riemann compatible tensor. The application to geodesic mappings was then
discussed.

This paper is mainly about Weyl compatibility of symmetric tensors, a property
which is broader than Riemann compatibility. The restrictions on the structure
of the Weyl tensor has consequences on the Petrov type of the manifold and the
electric and magnetic components of the Weyl tensor.

Definitions and main properties of Riemann and Weyl compatibile symmetric ten-
sors are reviewed in Sect. 2, with the subcase of Riemann and Weyl-permutable
tensors. Tensors u;u; naturally define Riemann and Weyl compatibility for vec-
tors, which is discussed in Sect. 3 with various new results, as the extensions of
Derdzinski and Shen’s theorem and of Hall’s theorem. Riemann (Weyl) permutable
vectors are considered in Sect. 4, where results by McIntosh and others for the spe-
cial case Rijklul = 0 are reobtained.

In Sect. 5 it is shown that the existence of a Weyl compatible vector is a sufficient
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condition for the Weyl tensor to be special, with results regarding the Penrose-
Debever classification of spacetimes. The electric and magnetic components of the
Weyl tensor are considered in Sect. 6, with the statements that existence of a Weyl
compatible vector is necessary and sufficient for the Weyl tensor to be purely elec-
tric, and that Weyl permutability implies a conformally flat space-time.

Sect. 7 is devoted to hypersurfaces; the Gauss and Codazzi equations specify the
induced Riemann tensor of the hypersurface as a quadratic expression of a Codazzi
tensor. It is shown that the corresponding Ricci tensor is Riemann and Weyl com-
patible.

Conformal maps obviously preserve Weyl compatibility, geodesic maps preserve
Riemann compatibility [19] but not necessarily Weyl compatibility; a sufficient
condition is presented in Sect. 8.

2. RIEMANN AND WEYL COMPATIBLE TENSORS

We briefly review the concept of compatibility for symmetric tensors, first intro-
duced in [18], and investigated in [19]. Permutable tensors are then defined, as a
special class.

Definition 2.1. A symmetric tensor b;; is Riemann compatible if:

(6) bamRbclm + bmecalm + bcmfiablm =0.

The metric tensor is trivially Riemann compatible because of the first Bianchi
identity.

Remark 2.2. The definition has a natural origin. Consider the vector-valued 1-
form By = byydx®, where b is a symmetric tensor. A covariant exterior derivative
gives
1 ,

DB, = 5 ki dx? N difk,
where Cji =: Vibji, — Vb ts the “Codazzi deviation tensor”, defined in [19]. As
it is well known, DB; = 0 if and only if by is a Codazzi tensor [4, 20].
If DB; # 0, another derivative gives

1 . ,
D?B, = 3 (ViCiti + VjCrit + ViCiji) de* AN da? A daz®.
The following identity links the Codazzi deviation to Riemann compatibility [19]:
(7) ViCir + ViCra + ViCiji = bimRjr™ + bjmRea™ + bemRiji™

Therefore, D?B; = 0 (i.e. DBy is closed) if and only if b is Riemann compatible.
1t follows that Codazzi tensors, V;bji, = Vb, are Riemann compatible.

As an example, consider the Ricci tensor. Its Codazzi deviation is upe =: Vo Ry =
—VmBRap™, by the contracted Bianchi identity. If the deviation is nonzero, one
may consider the possibility that the Ricci tensor is Riemann compatible. The
identity (7) implies another identity, by Lovelock [16]

_(vavabcdm + vbvacadm + vcvm]%abdm) =
RamRbcdm + Rmecadm + RcmRabdm

Compatibility was extended to generalized curvature tensors K, i.e. tensors
having the symmetries of the Riemann tensor for the exchange of indices, and
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the first Bianchi property. The Weyl tensor (1) is the most notable example. A
symmetric tensor b;; is Weyl compatible if:

(8) bamcbclm + bbmccalm + bcm,cablm =0.

A Weyl compatible tensor poses strong restrictions on the Weyl tensor. In [18]
we proved a broad generalization of Derdzinski and Shen’s theorem that holds both
in Riemannian and pseudo-Riemannian manifolds. For the Weyl tensor it reads:

Proposition 2.3. On a pseudo-Riemannian manifold with a Weyl compatible ten-
sorb, if X, Y and Z are eigenvectors of b with eigenvalues A, p, v (b'; X7 = \X",
etc.) then:

(9) CabchaYbZC = 0, 14 7& A,,u

The following algebraic identity relates a symmetric tensor b;; to the Weyl, the
Riemann and the Ricci tensors [19]:

(10) bimCikt™ + bjmCrit™ + bkmCijt™ = bimRjr™ + bjmRia™ + bemRiji™
1

+m (981 (DimR;™ — bjmRi™) + git(bjm Re™ — bem R;™) + gt (bkm Ri™ — bim Ri™)] .

Any contraction with the metric tensor gives zero; the identity is trivial if b is the

metric tensor. An immediate consequence is:

Theorem 2.4. A symmetric tensor is Riemann compatible if and only if it is Weyl
compatible and it commutes with the Ricci tensor.

Proof. If b is Riemann compatible, contraction of (6) with g gives ba, Rpy™ —
bymRe™ = 0, i.e. b commutes with the Ricci tensor. Then b is Weyl compatible by
identity (10). The converse is obvious, by the same identity. O

In particular, Riemann and Weyl compatibility are equivalent for the Ricci tensor,
or any symmetric tensor that commutes with it.

An example of a Riemann tensor with a Riemann compatible symmetric tensor

is constructed, based on the Kulkarni-Nomizu product of two symmetric tensors
[3, 4, 9]:

Proposition 2.5. Suppose that the Riemann tensor has the form:
(11) Rijkim = bijjarm + bmpra

with symmetric tensor fields a;; and b;;. Then, if a and b commute, a;"by,; =
a;""bm;, the tensors a and b are Riemann compatible.

Proof. Evaluate: b;" Rjiim = by;(ba)ir —bi(ba)i; —l—bfkaﬂ—b?jakl. The sum on cyclic
permutations of ijk cancels all terms in the r.h.s. and b is Riemann compatible.
Because of the symmetry of (11) in the exchange of a and b, also a is Riemann
compatible. O

The Weyl tensors may be evaluated from the Riemann tensor (11), and both a and
b will be Weyl compatible tensors.

The same Kulkarni-Nomizu product of two symmetric tensors can be used to
construct a Weyl tensor:
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Proposition 2.6. Let a and b be commuting symmetric tensor fields, such that
(12) b maks + a™ b — 2bgma™; = 0,

then the tensor Cjgim = bijarm + bmra;y has the symmetries of the Weyl tensor,
and a and b are Weyl compatible.

The additional equation (12) is required to enforce tracelessness; it can be solved
to obtain the “potential” a that produces b.

Definition 2.7. A symmetric tensor b;; is Riemann permutable if:
(13) bim Rjra™ = bim Rjri™

It is Weyl permutable if:

(14) bimCirt™ = bimCini™

Proposition 2.8. If a symmetric tensor is Riemann (Weyl) permutable then it is
Riemann (Weyl) compatible.

Proof. In the relation for Riemann compatibility use (13) for each term: b;p, Rju™+
bimRit™ + bemRiji™ = bim(Rjni™ + Rii;™ + Rijx™) = 0 by the first Bianchi
identity. An analogous proof holds for Weyl permutable tensors. O

Note that Riemann permutability does not imply Weyl permutability. A Rie-
mann permutable tensor (being Riemann compatible) commutes with the Ricci
tensor.

Derdzinski and Shen’s theorem for the Riemann tensor, or theorem 2.3 for the Weyl
tensor, become more stringent for permutable tensors:

Proposition 2.9. If b is a symmetric tensor and X, Y are two eigenvectors,
b ;X7 =AX® and b';Y7 = puY', with A+ p # 0, then

1) if b is Riemann permutable it is: RjklleYm =0,

2) if b is Weyl permutable it is: CjklleYm =0.

Proof. Contraction of (13) with XY gives /\RjklmeYl = R X"Y,,, then
0=+ ,u)RjklleYm. The proof for the Weyl tensor is analogous. O

3. RIEMANN AND WEYL COMPATIBLE VECTORS

The notion of K-compatible symmetric tensor includes vectors u; in a natural
way, through the symmetric tensor wu;u;:

Definition 3.1. A vector field u; is K-compatible (where K is the Riemann, the
Weyl or a generalized tensor) if:

(15) (iK™ + uj Kpa™ + up K™ )um =0

Theorem 3.2. A vector field u with u? # 0 is K-compatible if and only if there is
a symmetric tensor D;; such that:

(16) Kabcmum = Dacub - Dbcua
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Proof. Multiplication by u4 and cyclic summation on abd makes the r.h.s. vanish
and K-compatibility is obtained.
If u is K-compatible then multiplication of (15) by u® gives

(uszklm - UjulKiklm + ukulKijlm)um =0
where we read Dj; = Kjjimu'u™ /u?. O

For the Weyl tensor, D will be identified with its electric component (see Sect.5).
It can be easily shown that u is an eigenvector of the symmetric tensor D.

Suppose that in a pseudo-Riemannian manifold there is a concircular vector
such that Viu; = Agg; + Buguy, with constant A and B. The condition gives
Rjii™um = AB(u;gx — ukgji), which has the form (16). Therefore, a concircular
vector is both Riemann and Weyl compatible.

Some theorems and propositions valid for compatible tensors [19] become stronger,
and new facts are presented. For example, the generalized Derdzinski and Shen’s
theorem has now a surprisingly simple proof, with no need of auxiliary tensors:

Theorem 3.3. If K is a generalized curvature tensor, u is a non null K-compatible
vector (u? # 0) and v, w are vectors orthogonal to u (u,v® =0, u,w® =0), then:

(17) Kopeqv®wbu® =0

Proof. The condition that u is K-compatible, (tq Kpede +1p K cade +te K abde ) u® = 0,
is contracted with u®vPwe:

(U ) 0P Kpegeti® + u®(upv?)w K eqgeu® + u0? (wue) Kapgeu® = 0.
The last two terms cancel because of orthogonality. Il

Remark 3.4. For the Riemann tensor, Repeqv®wPu® is the vector obtained through

parallel transport of u along a parallelogram with infinitesimal vectors v and w. It
is known that, if Rapequ®wbu® =0 for any v and w, then it is Rapequ® = 0. If u is
Riemann compatible, then it has zero variations along infinitesimal parallelograms
with directions orthogonal to it.

Hereafter we concentrate on Riemann or Weyl compatible vectors. The identity
(10) that relates the two properties for vectors is:

(18) (uacbclm + ubccalm + uccablm)um - (uaRbclm + ubRcalm + ucRablm)um
1
t— [9erta Rym + Gartp Rejm + goitteRajm ] u™

A first consequence is the restatement of theorem 2.4 for vectors:

Proposition 3.5. A vector field u is Riemann compatible if and only if it is Weyl
compatible and up, Ry tp, = 0.

Remark 3.6. The statement ujqRy™um = 0 is equivalent to the statement that u
is an eigenvector of the Ricci tensor, Ry Uy, = Aug. It follows that a null vector
is Riemann compatible if and only if it is Weyl compatible.

A second consequence is an extension of a theorem by Hall, which he proved for null
vectors in n = 4 space-times [12]. It is valid in any dimension and metric signature,
and for vectors not necessarily null:
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Theorem 3.7. Consider the following conditions on a vector field wu:
A) u[aRb]clmucum =+ UQRablmum =0,
B) u[acb]clmucum + UQCablmum = 0;
C) u[aRb]mum =0.

Two conditions imply the third one. In particular, if u?> # 0 the stronger statement
holds: A is true if and only if B and C' are true.

Proof. Eq.(18) is contracted with u¢,

(19) u[acb]clmucum + U2Cablmum = u[aRb]clmucum + quablmum

—|—n i 5 [ Rypmt™ + (garts — goitia)uw"™ Rem — u?(gar Rom — guiRam)u™] .

If condition C' is true, its contraction with ub gives (uaubRbm — u2Ram)um =0 and
(19) becomes u[aCb]Clmucum—i—uQCablmk‘m = u[aRb]Clmucum+u2Rablmum. Therefore
B and C imply A, or A and C imply B.

Suppose now that A is true; contraction of condition A by g gives u?Rpmu™ —
up(u®u™Rem) = 0, and (19) becomes:

(20) u[acb]clmucum + UQCablmem = ulu[aRb]mU,m

n—2
Validity of A and B imply that wjuqRy,u™ = 0 ie. C is true.

A stronger result holds if u? # 0. Contraction of (20) by u! makes the left-hand-side
vanish and condition C is true. Then, the same equation (20) states that also B is
true, i.e. A implies B and C. U

Remark 3.8. Condition C is met in Finstein spaces, defined by Rqp— % R g =0.

Remark 3.9. Condition B plays a special role in the classification of manifolds.
Some cases where it holds are listed:

1) 4™ Rapem = 0, [22, 30];

2) k is a recurrent null vector, Vo ky = Aoky, with closed Ny (VigAy) = 0), [31] page
69;

3) Manifold with constant curvature, [31] page 101:

R
Rycim = ———= m — JelGbm
belm n(n_l)(gblgc gelGom)

Proof. 1) The relation implies Rqpmu™ = 0 and then the whole r.h.s. of (18) is zero;
then (uqCheim + ubClratm + UeCabim)u™ = 0. Multiply by ¢ and obtain A.

2) [Va, Vo|tte = Rape™um; because of recurrency and closedness, the lLh.s. is
Va(Mpte) = Vi(Ague) = (M Ve — Ao V)ue = 0. Then case 1) is obtained.

3) Contraction with g™ shows that the manifold is Einstein, then condition C'1
holds. If u is a vector, obtain wu,Rpcmu‘u™ = %ua(gbﬂﬂ — upuy); then

_ 2 R _ 2 . o . .
Ufa, Ry)amu™ = u m(uagbl — Upgal) = —Uu*Rapmu™ i.e. condition B is true,

and B and C imply A. O

In cases 1,2 the vector is Riemann compatible.
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4. PERMUTABLE VECTORS

In the same way that compatibility is defined for vectors, permutability of a
vector is defined by permutability of the tensor u;u;:

Definition 4.1. A vector is Riemann (Weyl) permutable if Ry ujju, = 0
(C’kl[imuj]um = 0).

Remark 4.2. If u is Riemann (Weyl) permutable and u? # 0, it follows that
Rijmu™ =0 (Ckljmum =0).

A special class of Riemann permutable vectors is:
(21) Rabcmum =0.

Null vectors of this sort describe gravitational waves in Einstein’s linearized theory
(see [30] page 244). A complete classification of space times that satisfy (21) is
given in Theorem 1.1 of ref.[22].

Eq.(21) arises as the integrability condition for the equation V,up + Vg = 2Agap
with constant A and the constraint V,up — Vyu, = 0 (then w is a homothetic vector,
see [31] pp. 69, 564).

Vectors that fullfill (21) also arise in the symmetric solution of the equation

(22) Rape" Tam + Rapd" Tem =0

which, by the Ricci identity, is equivalent to [V, Vp]ze.q = 0. The equation has
a trivial solution z., = @gap (¢ a scalar). McIntosh and Halford [21] investigated
spacetimes whose Riemann tensor admits a non trivial solution, such as Einstein
spaces, Godel metric, Bertotti-Robinson metric. It was then proven by Mclntosh
and Hall [13] that the only nontrivial solution is z., = aqugup, where u has the
property (21) and « is a scalar field.

Besides the uniqueness stated above in n = 4, we prove in general:

Theorem 4.3. If x4, is a symmetric tensor that fulfills (22), X and Y are two
eigenvectors, X xem = AXe and Y™ x ey = pY, with X\ # u, then:

1) xqp is Riemann (and Weyl) compatible;

2) Raperm XY™ = 0.

Proof. Summation on cyclic permutations of indices abc in (22) gives a vanishing
term (first Bianchi identity) and Riemann compatibility. Property 2 is proven
exactly as in Prop.2.9. O

5. PETROV TYPES AND WEYL COMPATIBLE VECTORS

In 1954 Petrov classified n = 4 space-times according to the degeneracy of the
eigenvalues of the self-dual part of the Weyl tensor. The eigenvalues solve an equa-
tion of degree four [27]. In type I spaces they are distinct, in type II spaces two are
coincident and two are distint, in type D spaces they are pairwise coincident, type
IIT spaces have three equal eigenvalues, and finally in type N spaces all eigenvalues
coincide [30]. Type O spaces are conformally flat. The same types arise in the
classification by Bel and Debever [1, 7], which is based on null vectors that solve
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increasingly restricted equations:

(23) type I kpCaprsighn k" k* =0
(24) type 1, D kpCoajrsgkk® =0
(25) type Il k[bca]rsqkr =0
(26) type N Corsqgk” =0
(27) type O Carsq =0

When at least two vectors k are degenerate, i.e. k meets condition (24), the Weyl
tensor is named algebraically special [28, 30].

The classification was generalized to n > 4 and contains the above relations as
necessary conditions [5, 6, 15].

Let’s consider the above classification in the perspective of Weyl compatibility.
According to the general definition (15), a vector is Weyl compatible if

(28) (uiClikim + 1 Chitm + urCijim)u™ = 0.

Theorem 5.1. If a null vector k is Weyl compatible (or Riemann compatible), then
the Weyl tensor is algebraically special.

Proof. Multiply (28) by k¢ and use the antisymmetry of Weyl’s tensor:
0= (kacbcdm + kbccadm)kckm = k[acb]cdmkckm = _k[acb]cmdkckm~ 0

For example, if a space-time admits a null concircular vector such that Viu; =
Agr; + Bugug, then the Weyl tensor is algebraically special.

The theorem extends Theorem 1.1 in [22], which holds for null vectors such that
Rij™km = 0.

Space-times with a null Weyl-compatible vector are Petrov type IT or D. Are they
more special than Il or D? In general the answer is no. In a type III space-time
there are three coincident principal directions, i.e. there is a null vector such that
kiCajrsqgk”™ = 0. This means that the null k is Weyl-permutable, a property that
implies Weyl compatibility (see def. 4.1):

Proposition 5.2. If a null k solves (25), which corresponds to n = 4 space-times
of Petrov type III, then it is Weyl-permutable.

Proposition 5.3. If upy; is a Codazzi tensor and u; is a closed 1-form, then:
1) if w is a null vector, the Weyl tensor is algebraically special;
2) if u is a not null vector, the integral curves of u are geodesic lines.

Proof. 1) Codazzi tensors are Riemann compatibile, and thus Weyl compatible. If
moreover u?> = 0, prop. 5.1 applies. 2) From the Codazzi condition V,(upu.) =
Vi(uqu.), and closedness V,up = Vipug, it follows that w,Vaue — uqVoue = 0.
Exchange a with ¢ and subtract to obtain: u.Vyu, — ueVeue. = 0. Multiply by
uCub:

c,b
(29) (u’Vy)ug = {vauc} Ug

u2

i.e. the integral curves of u are geodesics (see [8], egs. 2.9.4 and 2.9.5). O
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6. ELECTRIC AND MAGNETIC TENSORS

In a n = 4 space-time the Weyl tensor has 10 independent components that can

be accounted for by two symmetric tensors. Given a vector u with u*u, = —1, the
electric and magnetic components of the Weyl tensor are:

(30) Eab = ujumcjabm s Hab = ujuméjabm

where C‘abcd = %eabrsC”cd is the dual tensor. The two tensors are symmetric,

traceless, and satisfy Eupub =0, Hypu? = 0. Then they each have 5 independent
components, and completely describe the Weyl tensor.

If the electric and magnetic components are proportional, vFE = pH for some scalar
fields p and v (including the case when one of them is zero), the space is type I, D
or O [31] (page 73). We prove:

Theorem 6.1. A vector u is Weyl-compatible if and only if H = 0.

Proof. Consider the following chain of identities:

- 1 )
H% = uu™C?%, = §ujumCrsbmeJ‘"S

1 . ) ‘
- g[ujCTSbmejars + urcsjbmerasj + Uscjrbmesajr]um
1 .
(31) = 6 [u.jc’f‘sbm + urCsjbm + USerbm]umejaTS
The equality shows that H = 0 is equivalent to Weyl compatibility. .

It then follows that a n = 4 space-time with a Weyl compatible time-like vector
is type I, D or O. This extends Theorem 1.1 in [22].

If a spacetime admits a time-like concircular vector Viu; = Agx; + Buguy, with
constant A and B, then the magnetic part vanishes.

Theorem 6.2. A n = 4 space-time with a non-null Weyl permutable vector is
conformally flat, Cji™ = 0.

Proof. Let E and H be the electric and magnetic components evaluated with u. If
u is Weyl permutable, then it is Weyl compatible and H = 0. Let’s show that also
E is zero. Multiply the relation (28) for Weyl compatibility by u’: u?Chipmu™ =
ur By — u; Ey. Because u is Weyl permutable, it is Cimu™ = 0 (see remark 4.2);
then 0 = ug Fy; — u; Ey;. Multiply by uF and use u*FEy; = 0 to obtain E; = 0. O

The definitions of electric and magnetic components of the Weyl tensor can be
generalized by replacing the symmetric tensor u*u’ by a symmetric tensor 7%:
(32) Eup = T7"Cjapm, Hap =TT Clapm.

Proposition 6.3. FE and H are symmetric and traceless.
Proof. The first statement follows from the symmetry of Cyjp or Cijp in the ex-

change of 75 with k[, and symmetry of T". The second follows from tracelessness of
the Weyl tensor and its dual. (I

Proposition 6.4.
1) If T is Weyl-compatible then E commutes with T';
2) H =0 if and only if T is Weyl compatible.
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Proof. The proof is based on the following identities:

(33) EabTbc - TabEbc = - [chcjamb + Tabccjmb + ijcacmb]ij
1

(34) Hab :E[ijcrsbm + Trmcsjbm + Tsmcjrbm]ejars

The second identity is proven along the same line as (31). The first equation is
proven here:

EabTbc - TabEbc :[Cjamebc - CjbcmTab]ij
= [Tbccjamb + Tbaccjmb + Tbjcacmb]ij
- — [chcjam,b + Tabccjm,b + ijcacm,b]ij

where the last term added in the second line is identically zero. O

7. HYPERSURFACES

Let 4, be a hypersurface in a pseudo Riemannian manifold (V,11,§). The
metric tensor (first fundamental form) is gn; = §(Bn, B;), where B ... B, are the
tangent vectors. If N is the vector normal to the hypersurface it is g(Bp, N) = 0.
The Riemann tensor is given by the Gauss equation:

(35) Rjklm = R/J,VpaBlthkapanm =+ (Q]lem - Qjmﬂkl)

with a symmetric tensor €;; (second fundamental form) constrained by the Codazzi
equation:

(36) Vi — VjQu = N*Ry,.0 B jB? B},

If V,,11 is a constant curvature manifold, the Gauss and Codazzi equations simplify:

(37) Rjkim = )(gﬂgkm — gjm8kt) £ (i m — Ljm Q)

n(n+1
(38) Vijl — Vijl =0,

If V,,11 is (pseudo)-Euclidean, the terms proportional to the scalar curvature R
vanish [31]. For this case Stephani proved that (37),(38) are sufficient conditions
for a manifold .#4 to have an embedding in V5, [31] (page 587). A general theorem
by Goenner, restricted to pseudo-Euclidean manifolds V, 11, states that if Q; is

invertible, then it is a Codazzi tensor ([31], page 587). A simple proof of the same
fact is here given, for the case of constant curvature V,,1:

Theorem 7.1. If Rjiim has the form (37) and Q is invertible, then Q is a Codazzi
tensor.

Proof. The second Bianchi identity for the Riemann tensor is
Qe (Vilit — Vi Q) + Qi (Vi Qe — Vi) + Qi (Vi — Vil )+
+Q (Vi — ViQim) + Qe (Vi Qi — Vi) + Qi (Vi — Vi Qgm) =0
Moltiplication by (Q2~1)*™ gives:
(n—3)(Vid — V,; Q)
= —(QY*Q(Vilmk — Villim) + Qi (VieQmj — Vi Q).
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Multiplication by (Q~1)Y gives: 2(n — 2)(Q 1) (V;Q; — V;€;) = 0. This result
is used to simplify the previous equation: (n — 3)(V;Q; — V;Q;) = 0, which for
n > 3 is the Codazzi property. O

Theorem 7.2. Let #, be a hypersurface isometrically embedded in a pseudo-
Riemannian space V1 with constant curvature. Then:

1) Q is Weyl compatible;

2) the eigenvectors of Q0 are Weyl compatible;

3) the Ricci tensor is Weyl compatible.

Proof. 1) For a hypersurface that is isometrically embedded in a constant curvature
space, €2;; is a Codazzi tensor, and then it is both Riemann and Weyl compatible.
2) Given the form (37) of the Riemann tensor, if Q. u™ = Auy then:

wit" Rjpim = kui(urgj — wigr) £ Aui(Qjuue — 1 Q)

where, for shortness, k = R/n(n + 1). Summation on cyclic permutations of i, j, k
cancels all terms in the right-hand-side, and one is left with Riemann compatibility:
U™ Rjpim + 0™ Riitm + upu™ Rijim = 0.

3) The Ricci tensor for a hypersurface isometrically embedded in a costant curvature
space is Ry = (0%, — Q,PQu1) + k(n —1)gr. Let us first show that Q2 is Riemann
compatible. Evaluate the expression (%), Rju™ + (22)jmRra™ + (%) kmRiji™
with the Riemann tensor (37). The first term is:

Q7 Riw™ =k (915 — gr€%;) £ (2% — Q)

While summing on cyclic permutations of ijk, all terms in the r.h.s cancel. There-
fore the tensor Q2 is Riemann compatible and thus Weyl compatible. Since the Ricci
tensor is the sum of Riemann - compatible terms, it is itself Riemann compatible,
and thus Weyl compatible. O

By considering Einstein’s equation (5) one also has:

Corollary 7.3. In a space-time that is isometrically embedded as a hypersurface is
a pseudo Riemannian space V11 with constant curvature, the energy momentum
tensor is Weyl compatible.

If the energy momentum tensor has the form Ty = aupu; + bgw with v'u; = —1,
then the Weyl tensor is purely electric.

8. GEODESIC MAPS

Let (A, g) be a pseudo-Riemannian manifold. A geodesic map .# — .# induces
a pseudo-Riemannian structure (.#, §) with Christoffel symbols f‘fj = Pfj +6FX i+
5iji, where X is a closed 1-form [11, 23, 29]. Accordingly, the new Riemann tensor
is

Ri™ = Rji™ + ;" Py — 0™ Pjy

with deformation tensor Py = Vi X; — X X;. Since X is closed, the deformation
tensor is symmetric. The new Ricci tensor is Ry = Ry — (n—1)Py.

In [19] we showed that for geodesic maps the following identity holds for any
symmetric tensor:

(39)  bimRj™ + bjm Ria™ 4 bkm Riji™ = bim Rijtt™ + bjm Riit™ + bk Riji™;
As a consequence, the property of Riemann compatibility is conserved. What about
Weyl compatibility? For general symmetric tensors the answer is difficult by the
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fact that the expression (1) for the new Weyl tensor contains g, which is not simply
related to g. This is a sufficient condition:

Proposition 8.1. If a symmetric tensor b commutes with the Ricci and the defor-
mation tensors, then

(40)  bimCir™ + bjmCrit™ + bk Ciji™ = bimCiga™ + bjm Crit™ + b Ciji™

Proof. If b commutes with the Ricci and the deformation tensors, then it commutes
with R;;. With these conditions, (10) implies that

bimCirt™ + bjimCra™ + bkmCiji™ = bimBRjia™ + bjmBRra™ + bem Riji™

and the same relation with tensors C'jklm and Rjklm. Since (39) holds for geodesic
maps, (40) follows. O

A simplification occurs for special geodesic maps, defined by the property Py =
Ygrl, i.e. X is a concircular vector: Vi X; — X X; = v g [10].
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